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PEEFACE. 


In  this  text-book,  compiled  at  the  request  of  the  publisliers,  a 
rigid  adherence  to  Kobert  Simsou's  well-known  editions  of 
Euclid's  Elements  has  not  been  observed  ;  but  no  change  has 
been  made  on  Euclid's  sequence  of  propositions,  and  com- 
paratively little  on  his  modes  of  proof.  Here  and  there  useful 
corollaries  and  converses  have  been  inserted,  and  a  few  of 
Simsou's  additions  have  been  omitted.  Intimation  of  such 
insertions  and  omissions  has  been  given,  when  it  was  deemed 
necessary,  in  the  proper  place.  Several  changes,  mostly,  now*- 
ever,  of  arrangement,  have  been  made  on  the  definitions. 

By  a  slight  alteration  of  the  lettering  or  the  construction  oi 
the  figure,  an  attempt  has  been  made  throughout,  and  par- 
ticularly in  the  Second  Book,  to  draw  the  attention  of  the 
reader  to  the  analogy  which  exists  between  certain  paiis  oi 
propositions.     By  Euclid  this  analogy  is  well-nigh  ignored. 

In  the  naming  of  both  congruent  and  similar  figures,  care 
has  been  taken  to  write  the  letters  which  denote  correspondiag 
points  in  a  corresponding  order.  This  is  a  matter  of  minor 
importance,  but  it  does  not  deserve  to  be  neglected,  as  is  too 
often  the  case.  • 

The  deductions  or  exercises  appended  to  the  various  pro- 
positions ('riders,'  as  they  are  sometimes  termed)  have  been 
intentionally  made  easy  and,  in  the  First  Book,  numerous.  It 
is  hoped  that  beginners,  who  have  little  confidence  in  their 
own  reasoning  power,  will  thereby  be  encouraged  to  do  more 
than  merely  learn  the  text  of  Euclid.  It  is  hoped  also  that 
sufficient  provision  has  been  made  for  ail  classes  of  beginners, 
seeing   that   the   questions,   ileductious,   and   corollaries   to ,  be 
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proved  number  considerably  over  fifteen  hundred.  It  should 
be  stated  that  when  a  deduction  is  repeated  once  or  oftener,  in 
the  same  words,  a  different  mode  of  proof  is  expected  in  each 
case. 

In  the  appendices,  much  curtailed  from  considerations  of 
space,  a  few  of  the  more  useful  and  interesting  theorems  of 
elementary  geometry  have  been  given.  It  has  not  been  thought 
expedient  to  introduce  the  signs  +  and  — ,  to  indicate  opposite 
directions  of  measurement.  The  important  advantages  which 
result  from  this  use  of  these  signs  are  readily  apprehended  by 
readers  who  advance  beyond  the  '  elements,'  and  it  is  only  of 
the  'elements'  that  the  present  manual  treats. 

The  historical  notes,  which  are  not  specially  intended  for 
beginners,  may  save  time  and  trouble  to  any  one  who  wishes 
to  investigate  more  fully  certain  of  the  questions  which  occur 
throughout  the  work.  It  would  perhaps  be  well  if  such  notes 
were  more  Irequently  to  be  Ibund  in  mathematical  text-books  : 
the  names  of  those  who  have  extended  the  boundaries,  or 
successfully  cultivated  any  part  of  the  domain,  of  science 
should  not  be  unknown  to  those  who  inherit  the  results  of 
their  labour. 

Though  the  utmost  pains  have  been  taken  by  all  concerned 
in   the   production    of  this   volume   to   make   it   accurate   and. 
workmanlike,    a   few   errors    may   have    escaped   notice.     Cor- 
rections of  these  will  be  gratefully  received. 

The  editor  desires  to  express  his  thanks  to  Mr  J.  R.  Pairman 
for  the  excellence  of  the  diagrams,  and  to  Mr  David  Traill, 
M.A.,  B.Sc,  and  Mr  A.  Y.  Fraser,  M.A.,  for  valuable  hints 
while  the  work  wa»  going  through  the  press. 

Edinbukgh  Academy, 
April  1884. 
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DEFINITIONS. 

1.  A  point  lias  position,  but  it  lias  no  magnitude. 

A  point  is  indicated  by  a  Jot  with  a  letter  attaclu-d,  as  the 
point  1'.  •  1' 

The  (U)ts  employed  to  represent  points  are  not  strictly  geometrical 
points,  for  they  have  some  size,  else  they  could  not  be  seen.  But 
in  geometry  the  only  thing  connected  with  a  jwint,  or  its  representa- 
tive a  dot,  which  we  consider,  is  its  position. 

2.  A  line  lias  position,  and  it  has  length,  but  neither 
breadth  nor  thickness. 

Hence  the   ends   of   a  line   are   j)oints, 
and  the  intersection  of  two  lines  is  a  point. 

A  line  is  indicated  by  a  stroke  with  a  letter  attached,  as  the 
line  a  C 

Oftener,  liowever,  a  letter  is  placed  at  each  end  of  the  line,  as 
the  line  AB.  A B 

The  strokes,  whether  of  pen  or  pencil,  emjiloyed  to  represent  lines, 
are  not  strictly  geometrical  lines,  for  they  have  some  breadth  and 
some  thickness.  But  in  geometry  the  only  things  connected  with  a 
line  which  we  consider,  are  its  position  and  its  length. 

3.  If  two  lines  are  such  that  they  cannot  coincide  in  any 
two  points  without  coinciding  altogether,  each  of  them  is 
called  a  straight  line. 

Hence  two  straight  lines  cannot  inclose  a  space,  nor  can  they 
have  any  part  in  common.  P 

Thus  the  two  lines  ABC  and  ABD, 
which  have  the  part  AB  in  common, 
cannot  both  be  straight  lines.  * . 

Euclid's  definition  of  a  straight  line  ^ 

is  '  that  which  lies  evenly  to  the  jioints  within  itself.' 
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4.  A  curved  line,  or  a  curve,  is  a  line  of  which  no  part 
is  straight.  ^^__^  ^  ^,. 

Thus  ABC  is  a  curve.  y^  ^\^ 

5.  A  surface   (or   superficies)  has  position,  and   it  has 

length  and  Ijreadth,  but  not  thickness. 

Hence  the  bound- 
aries of  a  surface, 
and  the  intersection 
of  two  surfaces,  are 
lines.  Thus  AB, 
AGB,  and  DE  are 
lines. 

6.  A  plane  surface  (or  a  plane)  is  such  that  if  any  two 
points  whatever  be  taken  on  it,  the  straight  line  joining 
them  lies  whoUy  in  that  surface. 

This  definition  (which  is  not  Euclid's,  but  is  due  to  Heron  of 
Alexandria)  affords  the  practical  test  by  which  we  ascertain  whether 
a  given  surface  is  a  plane  or  not.  We  take  a  piece  of  wood  or  iron 
with  one  of  its  edges  straight,  and  apply  this  edge  iu  various 
positions  to  the  surface.  If  the  straiglit  edge  fits  closely  to  the 
surface  in  every  position,  we  conclude  that  tht  surface  is  plane. 

7.  "When  two  straight  lines  are  drawn  from  the  same 
point,  they  are  said  to  contain  a  plane  angle.  The  straight 
lines  are  called  the  arms  of  the  angle,  and  the  point  is 
called  the  vertex. 

Thus  the  straight  hues  AB,  ^4 C drawn 
from  A  are  said  to  contain  the  angle 
BAG ;  AB  and  ^Care  the  arms  of  the 
angle,  and  A  is  the  vertex. 

An  angle   is   sometimes  denoted    by       .^ _p 

three  letters,  but  these  letters  must  be 

l)laced  so  that  the  one  at  the  vertex  shall  always  be  between  the 
other  two.  Thus  the  given  angle  is  called  BAG  or  GAB,  never 
ABC,  AGB,  CBA,  BCA.  When  only  one  angle  is  formed  at  a 
vertex  it  is  often  denoted  by  a  single  letter,  that  letter,  namely,  at 

I 


Book  I.] 


DEFINITIONS. 


the  vertex.  Thus  the  given  angle  may  be  called  the  angle  A. 
when  there  are  several  angles  at  the 
same  vertex,  it  is  necessary,  in  order  to 
avoid  ambiguity,  to  use  three  letters  to 
exi)ress  the  angle  intended.  Thus,  in  the 
annexed  figure,  there  are  three  angles  at 
the  vertex  .4,  namely,  BAC,  CAD,  BAD. 
Sometimes  the  arms  of  an  angle  have 
several  letters  attached  to  them  ;  iu  which  case  I  he  angle  may  be 
denoted  in  various  wajs. 


Fig.  1. 


Fig.  2. 


F  G 

Thus  the  angle  F  (fig.  I)  may  be  called  AFC  or  BFC  indifferently ; 
the  angle  G  (fig.  2)  may  be  called  AGB  or  CGB ;  the  angle  A 
(fig.  3)  may  be  called  BAC,  FAG,  DAE,  FAC,  GAB,  and  so  oij. 

It  is  important  to  observe  that  aU  these  ways  of  denoting  any 
particular  angle  do  not  alter  the  angle  ;  for  example,  the  angle  BAG 
(fig.  3)  is  not  made  any  larger  by  calling  it  the  angle  FAG,  or  the 
angle  DAE.  In  other  words,  the  size  of  an  angle  does  not  depend 
on  the  length  of  its  arms  ;  and  hence,  if  the  two  arms  of  one  angle 
are  respectively  equal  to  the  two  arms  of  another  angle,  the  angles 
themselves  are  not  necessarily  equal. 


As  a  further  illustration,  the  angles  A,  B,  C  with  unequal  arms 
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are  all  equal ;  of  the  angles  I),  E,  F,  that  with  the  shortest  arms  is 
the  largest,  and  that  with  the  longest  arms  is  the  smallest. 

8.  If  three  straight  lines  are  drawn  from  the  same  point, 
three   different    angles    are    formed. 
Thus  AB,  AC,  AD,  drawn  from  A, 
form  the  tliree  angles  BAC,   CAD, 
BAD. 

The  angles  BAG,  CAD,  which 
have  a  common  arm  AC,  and  lie  on 
opposite  sides  of  it,  are  called  adjacent  angles ;  and  the 
angle  BAD,  which  is  equal  to  angle  BAC  wmX  angle  CAD 
added  together,  is  called  the  sum  of  the  angles  BAC  i\m\ 
CAD.  Since  the  angle  BAD  is  obtained  by  adding  together 
the  two  angles  BAC  and  CAD,  the  angle  CAD  Avill  be 
obtained  by  subtracting  the  angle  BAC  from  the  angle 
BAD;  and  similarly  the  angle  i?^C  will  be  obtained  by 
subtracting  the  angle  CAD  from  the  angle  BAD.  Hence  the 
angle  CAD  is  called  the  difference  of  the  angles  BAD  and 
BAC ;  and  the  angle  BAC  is  called  the  difference  of  the 
angles  BAD  and  CAD. 

9.  The  bisector  of  an  angle  is  the  straight  line  that 
divides  it  into  two  equal  angles. 

Thus  (see  preceding  tig.),  if  angle  BAC  is  equal  to  angle  CAD, 
^C  is  called  the  bisector  of  angle  BAD. 

The  word  bisect,  in  Mathematics,  means  always,  to  cut  into  two 
equal  parts. 

10.  When  a  straight  line  stands  on 
another  straight  line,  and  makes  the 
adjacent  angles  equal  to  each  other,  each 
of  the  angles  is  called  a  right  angle ;  and 
the  straight  line  which  stands  on  the  other 
is  called  a  perpendicular  to  it. 


C  B  P 

Thus,  \i  AB  stands  on  CD  in  such  a  manner 

that  the  adjacent  angles  ABC,  ABD  are  equal  to  one  another,  then 
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these  angles  are  called  right  augles,  and  AB  is  said  to  be  perpen- 
dicular to  CD. 

11.  An  obtuse  angle  is  one  which  is  greater  than  a  rij.rht 
angle. 

Thus  A  is  an  obtuse  auijle. 


A 

12.  An  acute  angle  is  one  which  is  less  tlian  a  ri'-'ht 
angle. 
Thus  B  is  an  acute  angle. 


13.  When  two  straight  lines  intersect  each  other,  the 
opposite  angles  are  called  vertically  opposite  angles. 

Thus  AEC  nnd  BED  are  vertically 
opposite  angles  ;  and  so  are  A  ED  and 
BEC.  ^. 

14.  Parallel    straight    lines    are    such    as    are    in 

same  plane,  and  being  produced  E 

ever  so  far   both  ways  do  not    ^  \q. 

meet. 

C- 
Thus   AB  and   CD  are   parallel 

straight  lines.  p 

If  a  straight  line  EF  intersect  two  parallel  straight  lines  AB,  CD, 
the  angles  AGH,  GHD  are  called  alternate  angles,  and  so  are 
angles  BGH,  GHC ;  angles  AGE,  BGE,  CHF,  DBF  are  called 
exterior  angles,  and  the  interior  opposite  angles  corresponding  to 
these  are  CHG,  DHG,  AGH,  BGH. 

15.  A  figure  is  that  which  is  inclosed  by  one  or  more 
boundaries  ;  and  a  plane  figure  is  one  bounded  by  a  line 
or  lines  drawn  upon  a  plane. 

The  space  contained  within  the  boundary  of  a  plane 
figure  is  called  its  surface ;  and  its  surface  in  reference  to 
that  of  another  figure,  with  which  it  is  compared,  is  called 
its  area. 
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The  word  Jifjiire.  as  here  defined,  is  restricted  to  closed  figures 
Thus  ABC,  BEFG,  ^  ^ 

according     to     the  ^' 

definition,  woidd 
not  be  figures.  The 
word    is,    liowever, 

very     frequently  ^  ^  E^ 'F 

used  in  a  wider  sense  to  mean  any  combination  of  points,  lines,  or 
surfaces. 

16.  A  circle  is  a  plane  figure  contained  by  one  (curved) 
line  which  is  called  the  circumference,  and  is  such  that  all 
straight  lines  drawn  from  a  certain  point  within  the  figure 
to  the  circumference  are  equal  to  one  another.  This  point 
is  called  the  centre  of  the  circle. 

Thus  A  BCDEFG  is  a  circle,  if  all  the  straight  lines  which  can 
be  drawn  from  0  to  the  circumference, 
such  as    OA,  OB,  OC,  &c.,  are  equal 
to  one  another ;    and  0  is  the  centre 
of  the  circle. 

Strictly  speaking,  a  circle  is  an 
inclosed  space  or  surface,  and  the  cir- 
cumference is  the  line  which  incloses 
it.  Frequently,  however,  the  word 
circle  is  employed  instead  of  circumfer- 
ence. 

It  is  usual  to  denote  a  circle  by  three 
letters  placed  at  i)oints  on  its  circumference, 
will  appear  later  on. 

17.  A  radius  (plural,  radii)  of  a  circle  is  a  straight  line 
drawn  from  the  centre  to  the  circumference. 

Thus  OA,  OB,  OC,  &c.  are  radii  of  the  circle  ACF. 

18.  A  diameter  of  a  circle  is  a  straight  luie  drawn 
through  the  centre,  and  terminated  both  -ways  by  the  cir- 
cumference. 

Thus  in  the  preceding  figure  BF  is  a  diameter  of  the  circle 
ACF. 


D     B 
The  reason  for  tliis 
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RECTILINEAL    FIGURES. 

19.  Rectilineal  figures  are  those  M'hich  are  contained  by 
straight  lines. 

The  straight  lines  are  called  sides,  and  the  sum  of  all  the 
sides  is  called  the  perimeter  of  the  figure. 

20.  Rectilineal  figures  contained  by  three  sides  are  called 
triangles. 

21.  Eectilineal  figures  contained  by  four  sides  are  called 
quadrilaterals. 

22.  Eectilineal  figures  contained  by  more  than  four  sides 
are  called  polygons. 

Sometimes  the  word  polygon  is  used  to  denote  a  rectilineal  figure 
of  any  number  of  sides,  the  triangle  and  the  quadrilateral  being 
included. 


CLASSIFICATION    OF   TRIANGLES. 

First,  according  io  their  sides — 

23.  An  equilateral  triangle  is  one  that 
has  three  equal  sides. 

Thus,  if  AB,  BC,  CA  are  all  equal,  the  triangle 
.4  5C  is  equilateral.         '  ^ 

24.  An  isosceles  triangle  is  one  that  has  two 
equal  sides 

Thus,  if  AB  is  equal  to  AC,  the  triangle  ABG  is 
isosceles. 


25.  A  scalene  triangle  is  one  that  has 
three  unequal  sides. 

Thus,  if  AB,  BC,  CA  are  all  unequal,  the 
triansle  A  BC  is  scalene. 
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Second,  according  to  their  angles — 

26.  A  right-angled    triangle    is   one   that 
has  a  ri'^ht  aniile. 


Thus,  if  ABC  is  a  right  angle,  the  triangle  ABC 
is  right-angled.  j3 


27.  An  obtuse-angled  triangle  is  one  that  has  an  obtuse 
anyle.  -^> 


Thus,  \{  ABC  is  an  obtuse  angle,  the 
trianjjle  ABC  is  obtuse-au cried. 


28.  An  acute-angled  triangle  is  one  that  has  three  acute 
angles,  A 


Thus,  if  angles  A,  B,  C  are  each  of  them 
acute,  the  tiiangle  ABC  is  acute-angled. 


29.  Any  side  of  a  triangle  may  be  called  the  base.  In 
an  isosceles  triangle,  the  side  which  is  neither  of  the  equal 
sides  is  usually  called  the  base.  In  a  right-angled  triangle, 
one  of  the  sides  which  contam  the  right  angle  is  often  called 
the  base,  and  the  other  the  perpendicular ;  the  side  opposite 
the  right  angle  is  called  the  hypotenuse. 

Any  of  the  angular  points  of  a  triangle  may  be  called  a 
vertex.  If  one  of  the  sides  of  a  triangle  has  been  called  the 
base,  the  angular  point  opposite  that  side  is  usually  called 
the  vertex. 

Thus,  if  BC  is  called  the  base  of  a  triangle  ABC,  A  is  the  vertex. 

30.  If  the  sides  of  a  triangle  be  prolonged  both  ways, 
nine  angles  are  formed  in  addition  to  the  angles  of  the 
triangle. 
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Thus  at  the  point  A  there  are  the  angles  CAH,  HAF,  FAB; 
at  B,  the  angles  A  BG,  GBD, 
DBC;     at    C,    the«   angles  J'' 

BOK,  KCE,  EC  A. 

Of  tliese  nine,  six  only 
are  called  exterior  angles, 
the  three  Avhicli  are  not 
so  called  being  HAF, 
GBD,  KCE.  Angles 
ABC,  BCA,  CAB  are 
sometimes  called  the 
interior  angles  of  the  triangle. 


CLASSIFICATION    OF    QUADRILATERALS. 

31.  A  rhombus  is  a  quadrilateral  that  has  all  its 
equal. 


Thus,  if  AB,  BC,  CD,  DA  are  all  equal, 
the  quadrilateral  A  BCD  is  a  rhomhns. 
The  rhombus  ABCD  is  sometimes  named 
by  two  letters  placed  at  opposite  corners, 
ns  AC  ov  BD. 

Euclid     defines    a    rhombus     to    be     'a^^ 
quadrilateral  that  has  all  its  sides  equal,  but  its  angles  not 
an  tries.' 


right 


32.  A.  square  is  a  quadrilateral  that  has   all  its  sides 
equal,  and  all  its  angles  right  angles. 


Thus,  if  AB,  BC,  CD,  DA  are  all  equal, 
and  the  angles  A,  B,  C,  D  right  angles,  the 
quadrilateral  ABCD  is  a  square.  The  square 
ABCD  is  sometimes  named  by  two  letters 
placed  at  opposite  corners,  as  AC  or  BD ; 
and  it  is  said  to  be  described  on  any  one  of 
its  four  sides. 
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33.  A  parallelogram  is  a  quadrilateral  whose   opposite 
sides  are  parallel. 

Tims,  if  J -B  is  parallel  to  CD,  and  AD  parallel  to  BC,  the  quad- 
rilateral A  BCD  is  a  parallelogram. 
The  parallelogram  A  BCD  is  some- 
times named  by  two  letters  placed 
at  opposite  corners,  as  ^  C  or  BD  ; 
and  any  one  of  its  four  sides  may  be 
called  the  base  on  which  it  stands.     B^ 

34.  A  rectangle  is  a  quadrilateral  whose  opposite  sides 
are  parallel,  and  whose  angles  are  right  angles. 

Thus,  if  ^^  is  parallel  to  CD,  AD  A 
parallel  to  BC,  and  the  angles  A,  B,  C,  D 
right  angles,  the  quadrilateral  A  BCD  is 
a  rectangle.  The  rectangle  A  BCD  is 
sometimes  named  by  two  letters  placed 
at  opposite  corners,  as  AC  or  BD.  In  B 
books  on  mensuration,  BC  and  AB  would  be  called  the  length 
and  the  breadth  of  the  rectangle.  The  definitions  of  a  square 
and  a  rectangle  are  somewhat  redundant— tliat  is,  more  is  said 
about  a  square  and  a  rectangle  than  is  absolutely  necessary 
to  distinguish  them  from  other  quadrilaterals.  This  will  be  seen 
later  on. 

35.  A  trapezium  is  a  quadrilateral  that  has  two  sides 
parallel. 

Thus,  if  AD  is  parallel 
to  BC,  the  quadrilateral 
A  BCD  is  a  trapezium. 
The  word  trapezoid  is  some- 
times used  instead  of  tra- 
pezium. 

36.  A  diagonal  of  a  quadri- 
lateral is  a  straight  line  joining 
any  two  opposite  corners. 

Thus  AC  and  BD  are  diagonals 
of  the  quadrilateral  A  BCD. 
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POSTULATES. 

Let  it  be  granted  : 

1.  That  a  straight  liiie  may  be  drawn  from  any  one  poin» 
to  any  other  point. 

2.  That  a  terminated  straight  line  may  be  produced  tn 
any  length  either  way. 

3.  That  a  circle  may  be  described  with  any  centre,  and 
at  any  distance  from  that  centre. 

The  three  postulates  may  be  considered  as  stating  the  only 
instruments  we  are  allowed  to  use  in  elementary  geometry.  These 
are  the  ruki'  or  strai<jht-ed<je,  for  drawing  straight  lines,  and  t  le 
compasties,  for  describing  circles.  The  ruler  is  not  to  be  divided  at 
its  edge  (or  graduated),  so  as  to  enable  us  to  measure  off  particular 
lengths ;  and  the  compasses  are  to  be  employed  in  describing 
circles  only  when  the  centre  of  the  circle  is  at  one  given  point,  and 
the  cii'cumfereuLe  must  pass  through  another  given  point.  ?s  either 
ruler  nor  comj)asses  can  be  used  to  carry  distances.- 

If  two  points  A  and  B  are  given,  and  we  wish  to  draw  a  straight 
line  from  A  to  B,  it  is  iisual  to  say  simply  'join  AB.'  To  produce 
a  straight  line,  means  not  to  make  a  straight  line  when  there  is 
none,  but  when  there  is  a  straight  line  ab-eady,  to  make  it  longer. 
The  third  postulate  is  sometimes  ex|>ressed,  'a  circle  may  be 
described  with  any  centre  and  any  radius.'  Thab,  however,  is  not 
to  be  taken  as  meaning  with  a  radius  equal  to  any  given  straight 
line,  but  only  with  a  radius  equal  to  any  given  straight  line  drawn 
from  the  centre. 

[The  restrictions  imposed  on  the  use  of  the  ruler  and  the  com- 
passes, somewhat  inconsistently  on  Euclid's  part,  are  uever 
adhered  to  in  practice.] 


AXIOMS. 


1.  Things  which  are  equal  to  the  same  thing  are  equal 
to  one  another. 

2.  If  equals  be  added  to  equals,  the  sums  are  equal. 

3.  If  equals  be  taken   from   equals,  the   remainders  are 
equal, 
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4.  If  equals  be  added  to  unequals,  the  sums  are 
unequal,  the  greater  sum  being  obtained  from  the  greater 
unequal. 

5.  If  equals  be  taken  from  unequals,  the  remainders  are 
unequal,  the  greater  remainder  being  obtained  from  the 
greater  unequal. 

6.  Things  which  are  doubles  of  the  same  thmg  are  equal 
to  one  another. 

7.  Things  -which  are  halves  of  the  same  tiling  are  equal 
to  one  another. 

8.  The  whole  is  greater  than  its  part,  and  equal  to  tlie 
sum  of  all  its  parts. 

9.  Magnitudes  Avhich  coincide  with  one  another  are  equal 
to  one  another. 

10.  All  right  angles  are  equal  to  one  another. 

11.  Two  straight  lines  which  intersect  one  another  cannot 
be  both  parallel  to  the  same  straight  line. 

An  axiom  is  a  self-evident  truth,  or  it  is  a  statement  the  truth 
of  whicli  is  admitted  at  ouce  and  without  demonstration.  Some 
of  Euclid's  axioms  are  general— that  is,  they  apply  to  magnitudes  of 
all  kinds,  and  not  to  geometrical  magnitudes  only.  The  first  axiom, 
which  says  that  things  which  are  equal  to  the  same  thing  are  equal 
to  one  another,  applies  not  only  to  lines,  angles,  surfaces,  and  solids, 
but  also,  for  example,  to  numbers,  which  are  arithmetical,  and  to 
forces,  which  arc  ph\  sical,  magnitudes.  It  will  be  seen  that  the 
first  eight  axioms  are  general,  and  that  the  last  three  are 
geometrical. 

It  ought,  perhaps,  to  be  noted  that  some  of  the  axioms  are  often 
api)lied,  not  in  the  general  form  in  which  they  are  stated,  but  in 
paiticular  cases  that  come  under  the  general  form.  For  example, 
under  the  general  form  of  Axiom  2  would  come  two  particular  cases  : 
If  equals  be  added  to  the  same  thing,  the  sums  are  equal;  and  If 
the  same  thing  be  added  to  equals,  the  sums  are  equal.  Again,  a 
particular  case  coming  under  the  general  form  of  Axiom  4  would 
be  :  If  the  same  thing  be  added  to  unequals,  the  sums  are  unequal. 
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the  greater  sum  being  obtained  from  the  greater  unequal.  Axioms 
6  anil  7,  on  the  other  hand,  are  only  particular  cases  of  more  general 
ones— namely,  Things  which  are  double  of  equals  are  equal,  and 
Things  which  are  halves  of  equals  are  equal ;  and  these  axioms 
au'ain  are  only  particular  cases  of  still  more  general  ones :  Similar 
multiples  of  equals  (or  of  the  same  thing)  are  equal,  and  Similar 
fractions  of  equals  (or  of  the  same  thing)  are  equal. 

Axiom  9  is  often  called  Euclid's  definition  or  test  of  equality  ; 
and  the  method  of  ascertaining  whether  two  magnitudes  ai-e  equal 
by  seeing  whether  they  coincide — that  is,  by  mentally  applying  the 
one  to  the  other,  is  called  the  method  of  superposition.  Two 
magnitudes  (for  example,  two  triangles)  which  coincide  are  said  to 
be  congi-uent ;  and  this  word,  if  it  is  thought  desirable,  may  be 
used  instead  of  the  phrase,  '  equal  in  every  respect.'  Axiom  10  is, 
strictly  speaking,  a  proposition  capable  of  proof.  The  proof  is  not 
given  here,  as  at  tliis  stage  it  would  perhaps  not  l)e  fully  appreciated 
by  the  pupil.  After  he  has  read  and  undei-stooi  the  definitions 
of  the  third  book,  he  will  i)robably  be  able  to  prove  it  for  himself. 
Axiom  11,  frequently  referred  to  as  Play  fair's  axiom  (though 
Playfair  states  that  it  is  assumed  by  others,  particularly  b"  Ludlam 
in  his  Rudiments  of  Mathematics),  has  been  substituted  for  that 
given  by  Euclid,  which  is  2>roved  as  a  corollary  to  Proposition  29. 


QUESTIONS    ON    THE    DEFINITIONS,    POSTULATES,    AXIOMS. 

1.  How  do  we  indicate  a  point  ? 

2.  What  is  the  only  thing  that  a  point  has  ?     What  has  it  not  ? 

3.  Could  a  number  of  geometrical  points  placed  close  to  one  another 

form  a  line  ?     Why  ? 

4.  Draw  two  lines  intersecting  each  other  in  two  points. 

5.  Could  two  straight  lines  be  drawn  int.rsecbing  each  other  in 

two  points  ? 

6.  What  is  Euclid's  definition  of  a  'straight'  line? 

7.  Could  a  number  of  geometrical  lines  placed  cLse  to  one  another 

form  a  surface ?     Why? 

8.  When  two  points  are  taken  on  a  plane  surface,  and  a  straight 

line  is  drawn  from    the   one  to  the   other,  where  will  the 
straight  line  lie  ? 

9.  If  a  straight  line  is  drawn  on  a  plane  surface  and  then  produced, 

where  will  the  produced  part  lie  ? 
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lU.   Would  it  be  possible  to  draw  a  straight  line  upon  a  surface  that 
was  uot  i)laue  ?     If  so,  give  an  example. 

1 1.  liow  many  arms  has  au  augle  ? 

12.  What  name  is  given  to  the  point  where  the  arms  meet  ? 

13.  \\'hen  an  angle  is  deiioteil  by  three  letters,  may  the  letters  be 

arrangeu  in  any  order  ? 
If  uot,  in  how  many  ways  may  they  be  arranged,  and  what 

precaution  must  be  observed  ? 
When  is  it  necessary  to  name  an  angle 

by  three  letters  ? 
IG.  How  else  may  an  angle  be  named? 
17.  UA,  OB,  OC  are   three   straight  lines 

which  meet  at  O.    Name  the  three 

angles  which  they  form. 
IS.  Name  the  augle  contained  by  OA  and 

OB  ;  by  OB  and  OG ;  by  OG  and  OA. 
OA,    OB,   OG,   OD  are   four    straight 

hues  which  meet  at   0.     Name  the 

SIX  angles  which  tbey  form. 
Name  ihe  angle  contained  by  OA  and 

OB;  by  OB  and  OC ;  by  OG  and 

OD;  by  OA  and  OC ;  by  OB  and 

OD  :  by  OA  and  OD. 
W  rite  down  all  the  ways  iu  which  the  augle 

A  can  be  named. 
If  the  arms  of  one  angle  are  respectively 

equal   to   the    arms   of    another    angle, 

what  inference  can  we  draw  regarding 

the  sizes  of  the  angles  ? 
Ill  tlie  tigure  to  Question  17,  if  the  angles 

AOB  and  BOG a,ve  added  together,  what 

angle  do  they  form  ? 
i  n  the  same  tigure,  if  the  angle  A  OB  is  taken  away  from  the 

angle  A  OC,  what  angle  is  left  ? 
25    In  the  same  tigure,  if  the  angle  BOG  is  taken  away  from  the 

angle  AOG,  what  angle  is  left? 
2b.   Ihe  following  questions  refer  to  the  figure  to  Question  19  : 

(a)  Add  together  the  angles  AuB  and  BOG;  AOB  and  i?OZ>; 

AOG  and  GOD;  BOG  and  COD. 

(b)  From  the  angle  A  OD  subtract  successively  the  angles  GOD, 

AOB,  AOG,  BOD. 


14. 


15. 
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(c)  From  the  angle  BOD  subtract  tlie  angles  COD,  BOO. 

{d)  To  the  sum  of  the  angles  AOB  and  BOC  add  the  difft^rence 
of  the  angles  BOD  and  BOC ;  and  from  the  sum  of  AOB 
and  BOC  subtract  the  difiference  of  BOD  and  COD. 

27.  Draw,  as  well  as  you  can,  two  equal  angles  with  unequal  arms. 

28.  II  n  two  unequal         n  equal         m 

29.  If  two  adjacent  angles  are  equal,  must  they  necessarily  be  right 

angle-  ?     Draw  a  figure  to  illustrate  your  answer. 

30.  If  two  adjacent  angles  are  equal,  what  name  could  be  given  to 

the  arm  that  is  common  to  the  two  angles  ? 

31.  When  an  angle  is  greater  than  a  right  angle,  what  is  it  called? 

32.  1.  less  M  II 
v}3.  II  equal  to  n  i.- 
34.  lu    the     accompanying     figure,                    A 

name  two  right  angles,  two 
acute  angles,  and  one  obtuse 
angle. 
S5.  What  are  angles  A  EC,  A  ED 
called  with  reference  to  each 
other?  angles  A  EC,  BED? 
angles  A  EC,  BEC  ?  angles 
BEC,  AED?  angles  BEC, 
BED? 

36.  Wo'ild  it  be  a  sufficient  defini- 

tion of  jiarallel  straight  lines 
to  say  that  they  never  meet  though  produced  indefinitely 
far  either  way?  Illustrate  your  answer  by  reference  to  the 
edges  of  a  book,  or  otherwise. 

37.  Draw  three  straight  lines,  every  two  of  which  are  psirallel. 

38.  Draw  three  straight  lines,  only  two  of  which  ai-e  parallel. 

39.  Draw  three  straight  lines,  no  two  of  which  are  parallel. 

40.  What  is  the  least  number  of  lines  that  will  inclose  a  space? 

Illustrate  your  answer  by  an  example. 

41.  How  many  radii  of  a  circle  are  equal  to  one  diameter? 

42.  How  do  we  know  that  all  radii  of  a  circle  are  equal  ? 

43.  Prove  that  all  diameters  of  a  circle  are  equal. 

44.  Are  all  lines  drawn  from  the  centre  of  a  circle  to  the  circnin 

ference  equal  to  one  another  ? 

45.  What    is    the    distinction    between    a    circle    and    a    circum 

ference  ? 

46.  Is  the  one  word  ever  used  for  the  other  ? 
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47.  How  many  letters  .are  eenerally  used  to  denote  a  circle? 
4S.  Would  it  be  a  sufficient  delinition  of  a  diameter  of  a  circle  to 
say  that  it  consists  of  two  radii? 

49.  Prove  that  the  distance  of  a  point  inside  a  circle  from  the  centre 

is  less  than  a  radius  of  the  circle. 

50.  Prove  that  the  distance  of  a  point  outside  a  circle  from   the 

centre  is  gieater  than  a  radius  of  the  circle. 

51.  What  is  the  least  number  of  straight  linos  that  will  inclose  a 

space  ? 

52.  Wliat  name  is  given  to  figures  that  are  contained  by  straight 

lines  ? 

53.  Could  three  straight  lines  be  drawn  so  that,  even  if  they  were 

produced,  they  would  not  inclose  a  space  ? 

54.  What  is  the  least  number  of  sides  that  a  rectilineal  figure  can 

have  ? 

55.  ABC  is  a  triangle.     Name  it  in  five  other 

waj's. 
5G.  If  AB  is  equal  to  AC,  whnt  is  triangle  ABC 
called  ? 

57.  If  AB,   BC,   CA    are    all    equal,    what   is 

triangle  ^i?C  called? 

58.  If  AB,    BC,   CA    are    all    unequal,   what 

called  ? 

59.  What  name  is  given  to  the  sum  of  AB,  BC,  and  CA  ? 
G).  Which  side  of  a  triangle  is  called  the  base ? 

Gl.  Which  side  of  an  isosceles  triangle  is  called  the  base  ? 

G2.  When  the  hypotenuse  of  a  triangle  is  mentioned,  of  wliat  sort 
must  the  triangle  be  ? 

G3,  What   names  are  sometimes  given  to  those  sides  of  a  right- 
angled  triangle  which  contain  the  right  angle  ? 

64.  Would  it  be  a  sufficient  definition  of  an  acute-angled  triangle  to 
say  that  it  had  neither  a  right  nor  an  obtuse  angle  ? 

G5.  ABC  is  a  triangle.  Name  by  one  letter 
the  angles  respectively  opposite  to 
the  sides  AB,  BC,  CA. 

GG.  Name  by  three  letters  the  angles  respec- 
tively oi)posite  to  the  sides  AB,  BC, 
CA. 

G7.  Name  the  sides  respectively  opposite  to  the  angles  A,  B,C. 

68.  Name  by  one  letter  and  by  three  letters  the  angle  contained  by 
AB  and  AC;  by  AB  and  BC ;  by  AC  and  BC. 


triangle    ABC 
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69.  Name  all  the  triangles  in  the  accompanying  tigure. 

70.  Name   the    additional    triangles    that 

would    be     formed    if    AD    were 
joined. 

71.  Name  by  three  letters  all  the  angles 

opposite  to  BC;  to  BE;  to  CE. 

72.  Name  all  the  sides  that  are  opposite 

to  angle  A;  to  angle  D. 

73.  Name  all  the  angles  in  the  figure  that 

are   called    exterior    angles   of   the     " 

triangle  BEC ;  of  the  triangle  AEB  :  of  the  triangle  CED. 

74.  A  BCD  is  a  quadrilateral.     Name  it  iu  seven  other  ways. 

75.  If  the   diagonals   AC,  BD  be  ^  ^ 

drawn,  and  E  be  their  point 
of    intersection,  how  many 
triangles  will  there  be  in  the        ^ 
diagram  ?     Name  them. 

76.  Name  the  two  angles  opposite  to  the  diagonal  AG. 

77.  „  M  M  BD. 

78.  II  '     through  which  the  diagon  il  AC  passes. 

79.  M  M  M  M  BD       ., 

80.  Could  a  square,  with  propriety,  be  called  a  rhoml:Jiis  ? 

81.  Could  a  rhombus  be  called  a  square  ? 

82.  Could  a  rectangle  be  called  a  parallelogram  ? 

83.  Could  a  parallelogram  be  called  a  rectangle  ? 

84.  Would  it  be  a  suiiicient  definition  of  a  parallelogram  to  say  that 

it  is  a  figure  whose  opposite  sides  are  parallel  ?     Why  ? 

85.  Could  a  parallelogram  or  a  rectangle  be  called  a  trapezium  ? 

86.  Could  a  trapezium  be  called  a  parallelogram  or  a  rectangle  ? 

87.  What  is  a  diagonal  of  a  quadrilateral,  and  how  many  diagonals 

has  a  quadrilateral  ? 

88.  How  many  sides  has  a  polygon  ? 

89.  Which  postulate  allows  us  to  join  two  points  ? 

90.  M  !i  produce  a  straight  line  ? 

91.  M  II  describe  a  circle  ? 

92.  In  what  sense  is  the  word  'circle  '  used  in  the  tliird  postulate? 

93.  What  are  the  only  instruments  that  may  be  used  in  elementary 

plane  geometry  ?     Under  what  reslrictitus  are  they  to  be 
used? 

94.  What  is  an  axiom  ?    Give  an  example  of  one. 

95.  State  Euclid's  axiom  about  magnitudes  which  coincide. 
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9G.  Would  it  be  correct  to  say,  magnitiules  which  fill  the  same  space, 
instead  of  magnitudes  wliich  coincide  ?  Illustrate  your  answer 
by  reference  to  straiglit  lines,  and  angles. 

97.  What  is  Euclid's  axiom  about  riglit  angles  ? 

98.  What  is  the  axiom  about  i)arallels  ? 

99.  Would   it   be   correct   to   say,   two   straiglit   lines   which    pass 

through  the  same  point  cannot  be  both  parallel  to  the  s:imn 
straight  line  ? 

100.  Could  two  straight  lines  which  do  not  ])ass  through  the  same 

point  be  both  parallel  to  a  third  straight  line  ? 


EXPLAXATION  OF  TERMS. 

Proposition^  are  divided  into  two  classes,  theorems  and  pro'  b^ins.  - 

A  theoi^m  is  a  truth  that  requires  to  be  proved  by  means  of  other 
truths  already  known.  The  truths  already  known  are  either  axioms 
or  theorems. 

A  problem  is  a  construction  which  is  to  be  made  by  means  of 
ce»-tain  instruments.  The  instruments  allowed  to  be  used  arc  (see 
the  I'emarks  on  the  postulates)  the  rider  and  the  compasses. 

A  corollary  is  a  truth  which  is  (more  or  less)  easily  inferred  from 
■^^  uroposition. 

m  the  statement  of  a  theorem  there  are  two  parts,  the  hypothesis 
and  the  conclusion.  Thus,  in  the  theorem,  '  If  two  sides  of  a  tri- 
angle be  equal,  the  angles  opposite  to  tliem  shall  be  equal,'  the  part, 
' if  two  sides  of  a  triangle  be  equal,'  is  the  hypothesis,  or  that  which 
is  assumed ;  the  other  part,  'the  angles  opposite  to  them  shall  be 
equal,'  is  the  conclusion,  or  that  which  is  inferred  from  the  hypo- 
thesis. 

The  converse  of  a  theorem  is  derived  from  the  theorem  by  inter- 
changing the  hypothesis  and  the  conclusion.  Tims,  the  converse 
of  the  theorem  mentioned  above  is,  '  If  in  a  triangle  the  angles 
opposite  two  sides  be  equal,  the  sides  shall  be  equal.' 

When  the  hypothesis  of  a  theorem  consists  of  several  hypotheses, 
there  may  be  more  than  one  converse  to  the  theorem. 

In  proving  pro])ositions,  recourse  is  sometimes  had  to  the  following 
method.     The  proposition  is  supposed  not  to  be  true,  and  the  con- 
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sequence=?  of  this  suppoeition  are  then  examined,  till  at  length  a 
result  is  reached  which  is  impossible  or  absurd.  It  is  therefore 
inferred  that  tlie  jn-oposition  must  be  true.  Sucli  a  method  of  proof 
is  called  an  indirect  demonstration,  or  sometimes  a  reductio  ad 
absurdum  (a  reducing  to  the  absurd). 


SYMBOLS  AND  ABBREVIATIONS. 

+  ,  read  phis,  is  the  sign  of  addition,  and  signifies  that  the  magni- 
tudes between  which  it  is  placed  are  to  lie  added  together. 
-,  read  mh}u.%  is  the  sign   of  subtraction,  and  signifies  that  the 
magnitude  written  after  it  is  to  be  subtracted  from  the  magni- 
tude written  before  it. 
~,  read  differaire,  is  Fometimrs  nsed  instead  of  minus,  when  it  is 
not  known  which  of  tlie  two  magnitudes  before  and  after  it  is 
the  greater. 
j=  is  the  sign  of  equali^j',  and  signifies  that  the  magnitudes  between 
which  it  is  placed  are  eqiial  to  each  other.     It  is  used  liere  as 
an  abbreviation  for  '  is  equal  to,'  '  are  equal  to,'  '  be  equal  to, 
and  '  equal  to.' 
J.  stands  for  'perpendicular  to,'  or  'is  perpendicular  to.' 
ji  .1  '  parallel  to,'  or  '  is  parallel  to.' 

'  angle.' 
'  triangle.' 
'  parallelogram.' 
'  circle.' 

'  circumference,' 

'therefore.'     This  symbol  turned  upside  down  ('.•), 
■which  is  sometimes  used  for  'because'  or  'sime,'  I  have  not 
introduced,  partly  because  some  writers  use  it  for 'therefore,' 
and  jmrtly  because  it  is  easily  confounded  with  the  other. 
AB"  stands  for  'the  square  described  on  AB.' 
AB  •  BC  stands  for  'the  rectangle  contained  by  AB  and  BC 
A  :  B  stands  for  'the  ratio  of  A  to  B.' 

{A:B)  stands  for  '  the  ratio  compounded  of  tlie  ratios  of  4  to  S 
Ib  :C)         and  .S  to  C: 
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A  :  B  =  C  :  D  stands  for  the  proportiou  '  A  is  to  B  ns  C  is  to  D.' 

The  small  letters  a,  b,  c,  m,  11,  p,  &c.  stand  for  numbers. 

App.  stands  for  '  appendix.' 

Ax.  II  'axiom.' 

Const.         II  '  construction.' 

Cor.  M  '  corollary.' 

Def.  II  '  definition.' 

Hyp.  1*1  '  hypothesis.' 

Post.  II  '  postulate.' 

at.  II  '  right.' 

In  the  references  given  at  the  right-hand  side  of  the  page  (Euclid 
gives  no  references),  the  Roman  numerals  indicate  the  number  of 
the  book,  the  Arabic  numerals  the  number  of  the  proposition. 
Thus,  I.  47  means  the  forty-seventh  proposition  of  the  first  book. 

In  the  figures  to  certain  of  the  theorems,  it  will  be  seen  that  some 
lines  are  thiol;  and  some  dotted.  The  thick  lines  are  those  which 
are  given,  the  dotted  lines  are  those  which  are  drawn  in  order  to 
prove  the  theorem.  [In  a  few  figures  this  arrangement  has  been 
neglected  to  attain  another  object.] 

In  the  figures  to  certain  of  the  problems,  some  lines  are  thick. 
some  thin,  and  some  dotted.  The  thick  lines  are  those  which  are 
given,  the  thin  lines  are  those  which  are  drawn  in  order  to  eflfcct 
the  construction,  and  the  dotted  lines  are  those  which  are  necessary 
for  the  proof  that  the  construction  is  correct. 

In  the  Pirures  which  illustrate  delinitious,  the  lines  are  almost 
invariably  thia. 
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PROPOSITION  1.     Problem. 
To  describe  an  equilateral  triangle  on  a  given  s/raig/d  line. 


Let  AB  be  the  given  straight  line  : 
it  is  required  tu  Jescribe  an  equilateral  triangle  or  AB. 

With  centre  A  and  radius  AB,  describe  0  BCD.  Post.  3 
With  centre  B  and  radius  BA,  describe  0  ACE ;  Fust.  3 
rnd  let  the  two  circles  intersect  at  C. 

Join  AC,  BC.  Post.  1 

ABC  shall  be  an  equilateral  triangle. 

For  AB  =AC,  being  radii  of  the  0  BCD;  I.  Def.  IG 

and      AB  =  BC,  being  radii  of  the  Q  ACB;  L  Def.  IG 

.-.       AC=BC.  I.Ax.l 

AB,  AC,  BC  are  all  eqiaal, 

and  ABC  is  an  equilateral  triangle.  /.  Def.  23 


DEDUCTIUiVS. 

1.  If  the  two  circles  intersect  also  at  F,  and  AF,  BF  be  joiued, 

prove  that  ABF  is  an  equilateral  triangle. 

2.  Show  how  to  find  a  point  which  is  equidistant  from  two  given 

points. 
-  3.  Show  how  to  make  a  rhombus  having  one  of  its  diagonals  equal 

to  a  given  straight  line. 
4.  Show  how  to  make  a  rhombus  having  each  of  its  sides  equal  to 
■y'        a  given  straight  line. 
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5.  If  A  B  be  produced  both  ways  to  meet  the  two  circles  again  at  D 
and  L\  prove  that  the  straight  line  DE  is  equal  to  the  sum 
of  the  three  sides  of  the  triangle  ABC. 
C.  Show  how'  to  find  a  straight  line  equal  to  the  sum  of  the  thret 
r~       sides  of  any  triangle. 

Show  how  to  find  a  straight  line  whicli  shall  be  : 

7.  Twice        as  great  as  a  given  straight  line. 

8.  Thrice 

9.  Four  times       m  n  " 

10.  Five      II  II  It  &c. 


PROPOSITION  2.     Problem. 

From  n  given  jjoint  to  draw  a  straight  tine  equal  to  a  given 
straight  line. 


Let  A  he  the  given  point,  and  BC  the  given  straight  lino  : 
if  '•'s  required  to  draw  from  A  a  straight  line  =  BC. 

Join  AB,                       '  Post.  1 

and  on  it  describe  the  equilateral  A  DBA.  I.  1 

With  centre  B  and  radiiis  BC,  describe  the  0  CEF ;  Post.  ^ 

and  produce  DB  to  meet  the  Q"'  CEF  in  E.  Pott.  '2 
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With  centre D,  and  radius  DE,  describe  the  0  EGH;    Post.  3 
and  produce  DA  to  meet  the  Q)""  EGH  in  G.  Post.  2 

AG  shall  =  BC. 
Because        DE  =:  DG,  being  radii  of  0  EGH,  I.  Def.  16 
and  DB  =  Z^^,  being  sides  of  an  equi- 

lateral triangle  ;  /.  Def.  23 

.'.  remainder  BE  =  remainder  AG.  I.  Ax.  3 

But  BE  =--  BC,  being  radii  of  0  CEF;  I.  Def.  16 

AG  -  BC.  I.  A.i:  1 

1.  If  the  radius  of  the  large  circle  be  double  the  radius  of  the  small 

circle,  where  will  the  given  point  be  ? 

2.  ^5  is  a  given   straight  line ;  show  how  to  draw  from  A  any 
^<       number  of  straight  lines  equal  to  AB. 

3.  AB  is  a,  given  straight  line  ;    show  how  to  draw  from  B  any 

number  of  straight  lines  equal  to  AB. 

4.  AB  is  a  given  straight  line  ;  show  how  to  draw  through  A  auy 

number  of  straight  lines  double  of  AB. 

5.  AB  is  a  given  straight  line  ;  show  how  to  draw  through  B  any 
.^       number  of  straight  lines  double  of  AB. 

6.  On  a  gii'en  straight  line  as  base,  describe  an  isosceles  triangle 

each  of  whose  sides  shall  be  equal  to  a  given  straight  line.    ^"^ 
May  the  second  given  straight  line  be  of  any  size  ?     If  not,  how 
large  or  how  small  may  it  be  ? 

Give  the  construction  and  proof  of  the  proposition — 
/   /  7.  When  the  equilateral  triangle  ABD  is  described  on  that  side  of 
AB  opi)osite  to  the  one  given  in  the  text. 

8.  When  the  «quilateral  triangle'  ABD  is  described  on  the  same 
/^  side  of  AB  AS  in  the  text,  but  when  its  sides  are  i)roduced 

through  the  vertex  and  rot  beyond  the  base. 

9.  When  the  equilateral  triangle  ABD  is  described  on  that  side  of 

AB  opposite  to  the  one  given  in  the  text,  and  when  its  sides 
are  produced  through  the  vertex. 
10.  When  the  given  point  ^4  is  joined  to  C  instead  of  B.  Make 
diagrams  for  all  the  cases  that  can  arise  by  describing  the 
equilateral  triangle  on  either  side  of  AC,  and  producing  its 
sides  either  beyond  the  base  or  through  the  vertex. 


^ 
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PROPOSITION  3.     Pkoblem. 

From  the  greater  'of  tico  givhi  straight  lines  to  cut  vjf  a  par* 
equal  to  the  less. 


Let  AB  and  C  be  the  two  given  straight  lines,  of  wliicH 
AB  is  the  greater  : 
it  is  required  to  cut  off  from  AB  apart  =  C. 

From  A  draw  the  straight  hne  AD  =  C :  I.  '2 

with  cenjLre  A  and  radius  AD,  describe  the  0  DEF,     Post.  3 
cutting  AB  at  E.  AE  shall  -  G. 

For  AE  =  AD,  being  radii  of  0  DEF.  I.  Def.  It 

V>wt      AD  =  C;  Const 

.-.        AE  =  a  L  A.t:  1 

1.  Give  the  construction  and  the  proof  of  this  proposition,  using 

the  point  B  instead  of  the  point  A. 
\,  2.  Produce  the  less  of  two  given  straight  lines  so  that  it  nniy  be 

equal  to  the  greater. 
3.  If  from  AB  (fig.  1  and  fig.  2)  there  be  cut  oS  AD  and  BE,  each 

equal  to  C,  prove  AE  —  BD. 


Fig.  L 


Fig.  2. 
E 


4.  Show  how  to  find  a  straight  line  equal  to  the  sum  ot  two  giveu 
straight  lines. 
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5.  Show  how  to  find  a  straight  line  equal  to  the  dift'ereuce  of  two 

given  straight  lines. 

6.  Show  that  if  the  difi'ereuce  of  two  straight  lines  be  added  to  the 

sum  of  the  two  straight  lines,  the  result  will  be  double  of  the 
greater  straight  line. 

7.  Show  that  if  the  difference  of  two  straight  lines  be  taken  away 

from  the  sum  of  the  two  straight  lines,  the  result  will  be 
double  uf  the  less  straight  line. 


PEOPOSITIOjSI  4.     Theorem. 

If  two  sides  and  the  contained  angle  of  one  triangle  be  eqaa 
to  two  sides  and  the  contained  angle  of  another  triaiigl<', 
the  two  triangles  shall  he  equal  in  evenj  respect — tliat  is, 

(1)  The  third  sides  shall  he  equal, 

(2)  The  remaining  angles  of  the  one  triangle  shall  he  equal 

to  the  remaining  angles  of  the  other  triangle, 

(3)  'i'Jie  areas  of  the  two  triangles  shall  he  equal. 

A  D 


In  As  ABCi DEF,  let  AB  =  DE,  AG  =  DF,  l  A=  lD: 
it  is  required  to  prove  EG  —  EF,  lB  =  l  E,  L  G  =  ,l  F, 
A  ABG  =  A  DEF. 

If  A  ABG  tie  applied  to  A  DEF,      . 
so  that  A  falls  on  D,  and  so  that  AB  faUs  on  DE ; 
then  B  will  coincide  Avith  E,  because  AB  =  DE.  ifyp. 

And  because  AB  coincides  with  DE,  and  lA=  lD,     ligp. 

.-.  ylC  will  fall  on  DF. 
A nd  because  AG  =  DF,  jjyp_ 

.'.    C  will  coincide  Avith  F. 
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A  D 


/.  Def. 
I.  Ax. 

3 

i) 

I.  Ax. 
■  I.  Ax. 

9 
9 

Now,  since  B  coincides  with  E,  and  C  with  F, 

/.  Z/C  will  coincide  with  £'i^; 

.-.  BC  =  EF. 
Hence  also  l  B  will  couicide  with  L  E ; 

.-.   L  B  =   L  E; 

and  L  C  will  coincide  with  l  F ;  .'.   l  C  =   L  F ; 
and  A  ABC  will  coincide  with  A  DEF; 

.-.  A  ABC  =  A  DEF.  L  Ax.  9 

In  tlie  two  :,sABC,  DEF, 

1.  li  AB  =  DE,  AC  =  DF,  but  z  A    greater  than  l  D,  where 

would   AG  fall   wheu  ABC  is  applied  to  DEF  as  iu  the 
pro[)osition  ? 

2.  li  AB  =  DE,  AC=DF,  but  z  J  less  than  z  i),  where  would 

^(7  fall? 

3.  If  ^5  =  i)^,   z^  =   zi),  but  .4 C  greater  thau  DF,  where 

would  CfaU? 

4.  If  .4t'  -=  i)^',   A  A  =   zA  but  -4C  less         thau  DF,  where 

would  C  fall  ? 

5.  I'rove  the  proposition  beginning  the  tiUi>erpusitiou  with  the  [loint 

B  or  the  point  C  instead  of  the  point  A. 

6.  If  the  straight  line  CD  bisect  the  straight  line  AB  perpendicu- 

Lirly,  prove  any  point  in  CD  equidistant  from  A  and  B. 

7.  CA  and  CB  are  two  ec|ual  straight  lines  drawn  from  the  ])oiut 

C,  and  CD  is  the  bisector  of  z  -d  CB.     Prove  that  any  point 
in  CD  is  equidistant  fiom  A  and  B. 

8.  The  straight  line  that  bisects  the  vertical  angle  of  an  isosceles 

triangle  bisects  the  base  and  is  perpendicular  to  the  base. 

9.  ABCD  is  a  quadrilateral,  one  of  whose  diagonals  is  BD.      If 

AB  =^  CB,  and  BD  bisects    z  ABC,  prove  that  AD  ^  CD, 
and  that  BD  bisects  also  z  ADC. 
10.  Prove  that  the  diagonals  of  a  square  are  equal. 
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11.  A  BCD  is  a  sqiiai-e.     E,  F,  G,  H  are  the  middle  points  of  AB, 

BC,  CD,  DA ,  and  EF,  FG,  GH,  HE  are  joiued.  Prove  that 
EFGII  has  all  its  sides  equal. 

12.  Prove  Ijj'  superposition  that  the  squares  descril>ed  on  two  equal 

straight  lines  are  equal. 

13.  If  two  qu;MrilateraIs  have  three  consecutive  sides  and  the  two 

contained  angles  in  the  one  respectively  equal  to  three 
consecutive  sides  aud  the  two  contained  angles  in  the  other, 
the  quadrilaterals  shall  be  equal  in  ever}'  respect. 


PROPOSITION  5.     Theorem. 

The  angles  at  the  base  of  an  isosceles  tnangle  are  equal ; 
and  if  the  equal  sides  he  produced,  the  angles  on  the 
other  side  of  the  hise  shall  also  be  equal. 


D 


In  A  ABC,  \QiAB=  AC,  and  let  AB,  AC\^q  i.roduced  to 
D  and  E: 

it  is  required  to  prove  L  ABC  =  L  ACB  and  l.  DBC  = 
L  ECB. 

In  BD  take  any  point  F, 

and  from  AE  cut  off  AC4  =  AF ;  I.  3 

join  BG,  CF.  Post.  1 

r         FA=  GA  Const. 

(1)  In  As  AFC,  AGB,\  AC  =  AB  IL/p. 

(  L.  FAC  ==   L  GAB; 
..FC^  GB,  _  AFC  =  lAGB,l  ACF=  L  ABG.        I.  4 

c 
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(2)  Because  the  whole  AF  =  whole  A  G,  Const. 
and                   the  part  AB  =  part  AC;  Hup. 

the  remainder  BF  —  remainder  CG.  I.  Ax.  3 

(  BF  =  CG         Proved  in  (2) 

(3)  In  As  BFC,  CGBA  FC  =  GB         Proved  in  (1) 

I  L  BFC  =  L  CGB;  Proved  in  (1) 
z.  BCF  =  L  CBG,  and  l  FBC  =  /.  GCB.  I.  4 

(4)  Because  whole  l  ABG  =  whole  _  ACF,    Proved  in  (1) 
and  the  part  L  CBG  =    part    i.  BCF;  Proved  in  (3) 

.-.    the  remainder  l  ABC  =  remainder  L  ACB ;    I.  Ax.  3 
and  these  arc  the  angles  at  the  base. 
But  it  was  pro\ed  in  (3)  that  L  FBC  =   L  GCB; 
and  these  are  the  angles  on  the  other  side  of  the  base. 

Cor. — If  a  triangle  have  all  its  sides  equal,  it  will  also 
have  all  its  angles  equal ;  or,  in  other  words,  if  a  triangle  be 
equilateral,  it  Avill  be  equiangular. 

1.  If  two  anttles  of  a  triangle  be  unequal,  the  sides  opposite  to 
them  will  also  lie  unequal. 
\  2.  Two  isosceles  triangles  A  BC,  DBC  stand  on  the  same  base  EC, 
nnd  on  opposite  sides  of  it ;  prove  z  ABD  =  z  ACD. 

3.  Two  isosceles  triangles  ABC,  DBC  stand  on  the  same  base  BC, 

and  on  the  same  side  of  it ;  prove  z  A  BD  =   i  A  CD. 

4.  In  the  figure  to  the  second  deduction,  if  .4Z>  be  joined,  prove  that 

it  will  bisect  the  angles  at  A  and  D. 
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5.  ABCis  an  isosceles  triangle  ha\ang  AB  =  AC.    In  A B,  AC,  two 

points  D,  E  are  taken  equally  distant  from  A  ;   prove  that 

the  triani,'les  A  BE,  A  CD  are  equal  in  all  respects,  and  also 

the  triangles  DBC,  ECB. 
■^G.  Prove  that  the  opposite  angles  of  a  rhombus  are  equal. 
7.  D  and  E  are  the  middle  joints  of  the  sides  BC  and  CA  of  a 

triangle ;   DO  and  EO  are   perpendicular  to  BC  and  CA  ; 

show  that  the  angles  OAB  and  OB  A  are  equal. 
S.  Prove  the  proposition  bj^  supposing  the  a  ABC,  after  leaving  a 

trace  or  impression  of  itself,  to  be  lifted  up,  turned  over,  and 

applied  to  the  trace. 
9.  Prove  the  tii-st  i)art  of  the  proposition  by  supposing  the  angle  at 

the  vertex  to  be  bisected. 


PEOPOSITION  6.     Theorem. 

If  hi'O  angles  of  a  triangle  he  equal,  the  sides  opposite  them 
shall  also  he  equal. 


In  A  ABC  let  l  ABC  =  L.  ACB : 
it  is  required  to  prove  AC  =  AB. 

If  ^  C  is  not  =  AB,  one  of  them  must  be  the  greater. 
Let  AB  be  the  greater ; 

and  from  it  cut  off  BD  =  AC,  L  3 

and  join  DC.  Post.  1 

C        DB  =  AC  Const 
In  As  DBC,  ACB,\         BC  =  CB 

(  lDBC  =  L.  ACB;  Hyp. 
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.-.  area  of  A  DBC  =  area  of  A  ACB ;  I.  \ 

which  is  impossible,  since  A  DBC  is  a  i)ait  of  A  ACB. 
Hence  ^Cis  not  unequal  to  AB; 
that  is,  ^C  =  AB. 

Cor. — If  a  triangle  have  all  its  angles  equal,  it  will  also 
have  all  its  sides  equal ;  or,  in  other  words,  if  a  triangle  be 
equiangular,  it  will  be  equilateral. 

■    1.  If  two  sides  of  a  triangle  be  unequal,  the  angles  opposite  to  them 
will  also  be  iinequal. 

2.  If  ABC  be  an  isosceles  triangle,  and  if  the  equal  angles  A  BC, 

ACB  be  bisected  by  BD.  CD,  which  meet  at  D  ;  prove  that 
DBC  is  also  an  isosceles  triangle. 

3.  In   the  figure  to  /.  5,  if   BG,  CF  intersect   at  H,  prove  that 

HBC  is  an  isosceles  triangle. 

4.  Hence  prove  that  FH  =  GH,  and  that  AH  bisects  /  A. 

5.  Bj'  means  of  what  is  proved  in  the  last  deduction,  give  a  method 

of  bisecting  an  angle. 

6.  Prove  the  proposition  by  supposing  the  A  ABC,  after  leaving  a 
\^         trace  or  inii>ressioii  of  itself,  to  be  lifted  up,  tuined  over,  and 

applied  to  the  trace. 


PEOPOSITION  7.      Theorem.     . 

Tico  triangles  on  the  same  base  and  on  the  same  side  of  it 
cannot  have  their  conterminous  sides  equal. 
CD  ^  ,'E 


A  B       A  B        A  B 

If  it  be  possible,  let  the  two  As  ABC,  ABD  on  tin- 
same  base  AB,  and  on  the  same  side  of  it,  have  AC  =  AD, 
and  BC  =  BD. 
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Three  oases  may  occnr  : 

(1)  The  vertex  of  each  A  may  be  outside  the  other  A. 

(2)  The  vertex  of  one    A  may  be  inside  the  other  A. 

(3)  The  vertex  of  one    A  may  be  on  a  side  of  tlie  other  A. 
In  the  first  case  join  CD ;    and  in  the  second  case  join 

CD  and^^jroduce  AC,  AD  to  E  and  F. 

Because  AC  =  AD,  .-.   u  ECD  =  lFDG.  /.  5 

But  L.  ECD  is  greater  than  l  BCD  ;  I.  Ax.  o 

.-.   L  i^Z)C  is  greater  than  i.  BCD. 
Much  more  then  is  l  BD  C  greater  than  /.  BCD. 
But  because  BC  =  BD,  .-.  l  BDC  =  l  BCD  ;  I.  b 

that  is,  L  BDC  is  greater  than  and  equal  to  l.  BCD, 
which  is  impossible. 

The  third  case  needs  no  proof,  because  BC  is  not  =  BD. 
Hence  two  triangles  on  the  same  base  and  on  the  same  side 
of  it  cannot  have  their  contermmous  sides  equal. 

1.  On  the  same  base  anJ  on  the  snme  side  of  it  there  can  be  only 
■*>      one  eqnilateral  triangle. 

2.  On  the  same  base  and  on  the  same  side  of  it  there  can  be  only 

one  isosceles  triangle  having  its  sides  equal  to  a  given  straight 
line. 

3.  Two  circles  cannot  cut  each  other  at  more  than  one  point  either 

above  or  below  the  straight  line  joining  their  centres. 


PROPOSITION  8.     Theopem. 

//'  three  sides  of  one  triangle  he  respectirehj  equal  to  three 
sides  of  another  triangle,  the  tico  triangles  shall  he  equal 
in  every  respect;   that  is, 

(1)  The  three  angles  of  the  one  triangle  shall  he  respectively 
equal  to  the  three  angles  of  the  other  triangle, 

(2)  The  areas  of  the  two  triangles  shall  he  equal, 
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In  /\s  ABC,  DEF,  let  AB  =  DE,  AC  =  DF,  BG  =  EF : 
it  is  required  to  prove  l.A  =  lD,  l.  B  =  lE,  lC  =  lF, 
and  A  ABC  =^  A  DEF. 

If  A  ABC  be  applied  to  A  DEF, 
so  that  B  falls  on  E,  and  so  that  BC  falls  on  EF; 
then  C  will  coincide  with  F,  because  BC  —  EF.  Hijp. 

jS"ow  since  BC  coincides  with  EF, 

.• .  BA  and  J. C  must  coincide  with  ED  and  DF. 
For,  if  they  do  not,  but  fall  otherwise  as  EG  and  GF ; 
then  on  the  same  base  EF,  and  on  the  same  side  of  it, 
there  Avill  be  two  As  DEF,  GEE,  having  equal  pairs 
of  conterminous  sides, 
which  is  impossible.  /.  7 

.-.  BA  coincides  with  ED,  and  AC  with  DF. 
Hence  L  A  will  coincide  with  _  Z>,   .■ .  _  .4  =  ^  D;     I.  Ax.  9 
and  /.  5  will  coincide  with  i.  E,   .-.  ^B=  lE;     /.  J.t.  9 
and  L.  C  will  coincide  with  lF,   .-.  lC  =  L  F;     I.  A.c.  9 
and  A  ABC  wiW  coincide  with  A  DEF, 

.-.   A  ABC  =  A  DEF.  I.  Ax.  9 

1.  The  straight  liiif  wliicli  joins  tlis  vertex  of  au  isosceles  triangle 

to  the  middle  ))oint  of  the  base,  is  perpendicular  to  the  base, 
niul  bisects  the  '.  ertical  angle. 

2.  T!ie  opposite  angles  of  a  rhombns  are  equa^. 

?t.   Either  diagonal  of  a  rhombus  bisects  the  angles  through  which 

it  ]).i3ses. 
4.  ABi'D   is  a  qnadrilaleral  liaving  AB  =  BC  and  AD  =  DC; 

)ii..\i'  tliat  tlie  diagonal  BD  bisects  the  angles  through  which 

it  ji  isses,  and  that  l  A  =  I  C- 
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5.  Two  isosceles  triangles  staud  on  the  same  base  and  on  opposite 
\  sides  of  it ;  prove  that  the  straight  line  joining  their  vertices 

bisects  both  vertical  angles.  • 

6.  Two  isosceles  triangles  stand  on  the  same  base  and  on  the  same 

side  of  it ;  prove  that  the  straight  line  joining  their  vertices, 
being  produced,  bisects  both  vertical  angles. 

7.  In  the  figures  to  the  fifth  and  sixth  deductions,  prove  that  the 

straight  line  joining  the  vertices,  or  that  straight  line 
produced,  bisects  the  conmion  base  perpendicularly. 

S.  Hence  give  a  construction  for  bisecting  a  given  straight,  line. 

9.  The  diagonals  of  a  rhombus  or  of  a  square  bisect  each  other  per- 
pendicularly. 

10.  If  any  two  circles  cut  each  other,  the  straight  line  joining  their 

points  of  intersection  is  bisected  perpendicularly  by  the 
straight  line  joining  their  centres. 

11.  Prove  the  proposition  by  applying  the  triangles  so  that  they 

may  fall  on  opposite  sides  of  a  common  base.  Join  the  two 
vertices,  and  use  I.  5  (Philon's  method ;  see  Friedleia's 
Froclus,  p.  266). 


PEOPOSITION  9.     Problem. 
To  bisect  a  given  rectilineal  angle. 


Let  ACB  be  the  given  rectilineal  angle  : 
it  is  required  to  bisect  it. 

In  A  G  take  any  point  D, 
and  from  CB  cut  off  CE  =  CD. 


I.  3 
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Join  DE,  and  on  DE,  on  the  side  remote  from  C, 

describe  the  equilateral  A  DEF.  I.  1 

Join  GF.  Ci'"  shall  bisect  l  ACB. 

CDC  =  EG  Gonst. 

In  As  DGF,  ECF,  \  CF  =  GF 

(  DF  =  EF;  I.  Def.  23 

.-.  L  DGF  =  L  EGF;  I.  8 

that  is,  (7i^  bisects  z.  AGB. 


Prove  that  C7^  bisects  angle  DFE. 

If  the  e.|iiihiteral  triangle  DEF  were  descrihed  on  the  same  side 
of  DE  as  C  is,  wliat  three  position^  might  F  take  ? 

Show  that  in  one  of  these  positions  the  demonstration  remains 
tlic  same  as  in  the  text. 

Would  an  isosceles  iriangle  DEF  descrihed  on  the  base  DE 
answer  the  purpose  as  well  as  an  equilateral  one?  If  so, 
why  ? 

Prove  the  proposition  and  the  firsi  deduction,  using  I.  5  and 
I.  4  instead  of  I.  8. 

Divide  a  given  nngle  into  4  iqual  jiarts. 

Could  the  number  of  .equal  parts  into  which  an  angle  maj' be 
divided  be  ey.teiidod  beyond  4?  If  so,  eninnerate  the 
nuinV)ers. 

Prove  from  an  equilateral  triangle  that  if  a  right-angled  triangle 
liave  one  of  the  acute  angles  double  of  the  other,  the  hypot- 
enuse is  doub'e  of  the  side  opposite  the  least  angle. 


Book  I.] 


PROPOSITIONS   9,    10. 


35 


PROrOSITION  10.     Problem. 

To  bisect  a  given  straight  line. 

C 


Let  ^J5  be  the  given  straight  line  : 
it  is  required  to  bisect  it. 

On  AB  describe  an  equilateral  A  ABC,  I.  1 

and  bisect  l  ACB  by  CD,  which  meets  AB  at  D.  I.  9 

AB  shall  be  bisected  at  D. 

i         AC=BG  LBef.  23 

In  As  ACD,  BCD,  <  CD  =  CD 

{  L  ACD  =   i.  BCD;  Const. 

.-.  AD  =  BD;  I.  4 

that  is,  AB  is  bisected  at  D. 


1.  Would  an  isosceles  triaiiiile  described  on  AB  as  base,  answer  the 
purpose  as  well  as  an  equilateral  one  ?     If  so,  why  ? 
•^2.  Pi-ove  that  CD,  besides  bisecting  AB,  is  perpendicular  to  AB. 

3.  In  the  figure  to  I.  1,  suppose  the  two  ciioles  to  cut  at  C  and 

F ;  prove  that  CF  bisects  AB. 

4.  Hence  give  (without  proof)  a  simple  method  of  bisecting  a  given 

sti'aight  line. 

5.  lu  the  figure  to  the  third  deduction,  prov-  that  AB  and  CF 

bisect  each  other  perpendicularly. 

6.  Enunciate  the  pi-cceding  deduction  as  a  picpcrty  of  a  rhombus. 

7.  Divide  a  given  straight  line  into  4  equal  parts. 

8.  Could  the  number  of  equal  parts  into  which  a  straight  line  may 

be  divided  be  extended  bej'ond  '4  ?     If   so,  enumerate   the 
numbers. 
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9.  Find  a  sta-aight  line  half  as  long  again  as  a  given  straight  line. 

10.  Find  a  straight  line  equal  to  half  the  sum  of  two  given  straight 

lines.  , 

11.  Find  a  straight  line  equal  to  half  the  difference  of  two  given 

straight  lines. 

12.  If,  in   the   figure  to  the  proposition,    i  A  i&  bisected  by  AF, 

which  meets  BC  at  F,  prow  BF  =  BD,  a.nd  AF  =  CD. 


PROPOSITION  11.     Problem. 
To  draw  a  straight  line  peyjyeiuUcular  to  a  given  straight 
line  from  a  given  point  in  the  same. 
F 


D  C  E 

Let  AB  be  the  given  straight  line,  and  C  the  given  point 
in  it: 
it  is  required  to  draio  from  C  a  perpendicular  to  AB. 

In  ^C  take  any  point  D, 

and  from  GB  cut  off  CE  =  CD.  I.  3 

On  DE  describe  the  equilateral  A  DEF,  I.  1 
and  join  GF.                                   GF  shall  be  ±  AB. 

CDG=EG  Const. 
In  As  DCF,  ECF,  \gF=  GF 

i  DF  =  EF;  I.  Def  23 

.-.  L  DGF  =  I.  EGF;  I-  8 

•.  GFis  _L  AB.           ^  I-  Dif  10 

1.  Would  an  isosceles  triangle  described  on  DE  as  base  answer  the 
purpose  as  well  as  an  equilateral  one?     If  so,  why  ? 
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2.  If  the  given  point  were  situated  at  either  end  of  the  given 

straight  line,  what  additional  construction  would  be  necessary 
in  order  to  draw  a  perpendicular  ? 

3.  At  a  given  point  in  a  given  straight  line  make  an  angle  equal 
•~^    to  half  of  a  right  angle. 

i.  At  a  given  point  in  a  given  straight  line  make  an  angle  equal  to 
on»  fourth  of  a  right  angle. 

5.  Construct  an  isosceles  right-angled  triangle. 

6.  Construct  a  right-angle^  triangle  whose  base  shall  be  equal  to 

half  the  hj'potenuse. 

7.  Find  in  a  given  straight  line  a  point  which  shall  be  equally 

distant  from  two  given  points.  Is  this  always  possible?  If 
not,  when  is  it  not  ? 

8.  ABC  is  any  triangle;    AB  is  bisected  at  L,  and  AC  at  K. 

Yxovci  L  there  is  drawn  LO  perpendicular  to  AB,  and  from 
K,  KO  perpendicular  to  A  C,  and  these  perpendiculars  meet 
at  O.     Prove  that  OA,  OB,  OC  are  all  equal. 

9.  Compare  the  construction  and  proof  of  I.  9  with  those  of  I.  11, 

and  show  that  the  latter  proposition  is  a  particular  case  of 
the  former. 


PROPOSITION  12.     Problem. 

To  draw  a  straight  line  perjjendicidar  to  a  given  straight 
line  from  a  given  point  without  it. 
C 


Let  ABho.  the  given  straight  line,  and  C  the  given  point 
without  it : 
it  is  required  to  draw  from  C  a  perpendicular  to  AB. 

Take  any  point  D  on  the  other  siae  of  AB; 
with  centre  C  and  radius  CD,  describe  the  0  EDF,  cutting 
AB,  ov  AB  produced,  at  E  and  F. 
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Bisect  EF  at  G  ; 
and  juin  GG-. 
Join  GE,  GF. 

[EG=-FG 
In  As  CGE,  GGF,  ]  t^C  =  GG 
(  GE  =  GF; 
.'.  L  GGE  =   L  GGF; 
.'.  GG  is  _L  AB. 


GG  shall  be  J.  AB. 


I.  10 


Const. 


I.  Def.  16 

/.  8 

/.  Def.  10 


1.  Is  GEF  an  equ. lateral  triangle  ? 
.2.  Prove  that  CG  bisects  z  ^'Ci*'. 

3.  Instead  of  bisecting  EF  at  G  and  joining  C(t,  would  it  answer 

the  purpose  equally  well  to  bisect  l  EGF  by  CG  ? 

4.  Instead  of  taking  D  on  the  other  side  of  AB,  would  it  answer 

equally  well  to  take  Dm  AB  itself? 

5.  Two  points  are  situated  on  opposite  sides  of  a  given  straight 

line.  Find  a  point  in  the  straight  line  such  that  the  straight 
lines  joining  it  to  the  two  given  points  may  make  equal 
angles  with  the  given  straight  line.     Is  this  always  possible  ? 

6.  Use  the  tentii  deduction  on  I.  S  to  obtain  another  method  of 

drawing  the  perpendicular. 


PROPOSITION  13.     Theorem. 

The  angles  which  one  straight  line  makes  with  anofhcr  on 
line  side  of  it  are  together  equal  to  tioo  rigid  angles. 

Let  AB  make  with  &D  on  one  side  of  it  the  ^s  ABO, 
ABD: 
a  is  required  to  prove  L  ABG  +  l  ABD  —  2  rt.  ls. 
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/.  Def.  10 


/.  11 

Const. 
I.  Ax.  9 
/.  Ax.  1 


C  B  DC 

(1)  If  L  ABC  =  L  ABD, 
tlieii  each  of  tlieiu  is  a  right  angle ; 

.-.    L  ABC  +  L  ABD  =  2  rt.  ^  s. 

(2)  If  L.  ABC  be  not  =  l  ABD, 
from  B  draw  BE  ±  CD. 
Then  L  s  EBC,  EBD  are  2  rt.  l  s. 
But  L  ABC  +   L  ABD  =   l  EBC  +   L  EBD  ; 

.-.   L  ABC  +  L  ABD  =  2  rt.  ^s. 

Cor.  1. — Hence,  if  two  straight  lines  cut  one  another, 
the  four  angles  which  they  make  at  the  point  where  they 
cut  are  equal  to  four  right  angles. 

For  L  AEC  +  L  AED  =  2  rt.  z.  s,     ^ 

7.13 
and      L  BED  +  l  BEC  =  2  rt.  z.  s. 

I.  13 
.-.   L  AEC  +  L  AED  +  L  BED  +  l  BEC  =  4  rt.  ls. 

Cor.  2. — All  the  successive  angles  made  Lj-  any  number 
of  straight  lines  meeting  at  one  point  are  together  equal  to 
four  right  angles. 

Let  OA,  OB,  OC,  CD,  which 
meet  at  0,  make  the  successive 
angles  AOB,  BOC,  COD,  DO  A  : 
it  its  required  to  X't'ove  these  us 
=  4:  rt.  Ls. 

Produce  AO  to  E. 
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Then  l  AOB  +   l  BOC  +   l  COD  +   l  DOA 

=  ( L  AOB  +   L  BOB)  +  (  L  EOD  +   l  DOA) 
=  2  rt.  ^s  +2  rt.  ^  s.  /.  13 

=  4  rt.  L  s. 

Dep. — Two  angles  are  called  supplementary  when  their 
sum  is  two  right  angles ;  and  either  angle  is  called  the 
supplement  of  the  other. 

Thus,  in  the  figure  to  the  proposition,  l  ABC  q.w(\.  l  ABD 
are  supplementary ;  l  ABC  is  the  supplement  of  l  ABD, 
and  L  ABD  is  the  supplement  of  l  ABC. 

Def. — Two  angles  are  called  complementary  Avhen  their 
sum  is  one  right  angle ;  and  either  angle  is  called  the 
complement  of  tlie  other. 

Thus,  in  the  figure  to  the  proposition,  l  ABD  and 
L  ABE  are  complementary ;  l  ABD  is  the  complement 
of  L  ABE,  and  l  ABE  is  the  complement  of  l  ABD. 

1.  In  the  figure  to  Cor.  1,  name  all  the  angles  which  are  supple- 

mentary to  L  A  EC,  to  /  A  ED,  to  z  BED,  to  i  BEG. 

2.  In  the  figure  to  Cor.  2,  name  the  angles  which  are  supplemen- 

tary to  L  AOB,  L  BOE,  L  CUE,  1  EOD,  z  AOD. 

3.  In  the  figure  to  I.  5,  name  the  angles  wliich  are  supplementary 

to  /  ABC,    L   ACB,   L   DBC,   l  ECB,   l  BFC,   l  CQB, 
L  ABG,  l  ACF. 

4.  In  the   accompanying  figure,   z   AOB  is 

right.  Name  the  angles  which  are 
complementary  to  z  AOC,  z  AOD, 
z  BOD,  L  BOC. 

5.  In  the  same  figure,  if  z  ^0C=  z  BOD, 

prove  z  AOD  =  z  BOC;  ami  if 
z  AOD  =-  L  BOC,  prow  z  .40(7  = 
z  BOD. 

6.  In  the   figure   to  the  proposition,  if    z  s  ABC  and  ABD  be 
^r  bisected,  prove  that  the  bisectors  are  perpendicular  to  each 

'^      other.  <■ 

,  7.  If  the  angles  at  the  base  of  a  triangle  be  equal,  the  angles  on 
|\,        the  other  side  of  the  base  must  also  be  equal. 
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i'P  8.  If  the  base  of  an  isosceles  triangle  be  produced  both  wa3's,  the 
'  exterior  angles  thus  fcnmed  are  equal. 

><p9.  ABC  is  a  triangle,  and  the  sides  AB,  AC  are  produced  to  D 

&nAE.     If  z  DBC=  i  ECB,  prove  a  J  5(7  isosceles. 
jlO.  ABC  is  a  triangle,  and  the  base  BC  is  produced  both  ways. 
:  "C.j         If  the  exterior  angles  thus  formed  are  equal,  prove  A  ABC 
isosceles. 


PROPOSITION  14.     Theorem. 

If  at  a  puint  in  a  straight  line,  two  other  straight  lines  ^07i 
opposite  sidef^  of  it  make  the  adjacent  angles  together 
equal  to  two  right  angles,  these  tiro  draight  lines  shall 
he  in  one  and  the  same  straight  line. 


C  B  D 

At  tlie  point  B  in  AB,  let  BC  and  BD,  on  opposite  sides 
of  AB,  make  L  ABC  +  l  ABD  =  2  rt.   ^  s  : 
it  is  required  to  prove  BD  in  the  same  straight  line  with  BC. 

If  BD  be  not  in  the  same  straight  Hne  with  BC,  produce 
CB  to  E;  Post.  2 

then  BE  does  not  coincide  with  BD. 
Now  since  CBE  is  a  straight  line, 

L  ABC  +  L  ABE  =  2  rt.  z.  s.  /.  13 

But  L  ABC  +  L  ABD=  2Tt.  Ls;  Ilgp. 

L  ABC  4-  L  ABE  =  L  ABC  +  l  ABD.  I.  Ax.  1 
Take  away  from  these  equals  l  ABC,  which  is  common  ; 

L  ABE  =  L  ABD,  I.  Ax.  3 

which  is  impossible ; 
.*.  BE  must  coincide  with  BD; 
that  is,  BD  is  in  the  same  straight  line  with  BC. 
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1.  A  BCD,  EFGH  are  two  squares.    If  they  be  ])laced  so  that  F  falls 
*»>  on  C,  and  FE  along  CD,  show  that  FG  will  either  fall  along 

CB,  or  be  in  the  same  straight  line  with  it. 

2.  If  in  the  straight  line  AB,a,  jioint  E  be  faken  and  two  straight 

lines  EC,  ED  be  drawn  on  opposite  siiles  of  AB,  making 
z  AEC  =  I  BED,  prove  that  EC  and  ED  axe  in  the  same 
straight  line. 

3.  If  four  straight  lines,  AE,  CE,  BE,  DE,  meet  at  a  point  E,  so 
k-x      that  i.  AEC  =  I  BED  and  i  AED  =  L  BEC,  then  AF  and 

EB  are  in  the  same  straight  line,  and  also  CE  aiid  ED. 
.A  4.  P  is  any  point,  and  AOB  a  right  angle  ;  PM  is  drawn  perpen- 
dicular to  OA  and  produced  to  Q,  so  that  QM  =  MP ;  PN 
is  drawn  ]>erpendicular  to  OB  and  pr.idnced  to  R,  so  that 
BN  =  JS^P.  Prove  that  Q,  0,  li  lie  in  the  same  straight 
line. 
5.  If  in  the  enunciation  of  the  proposition  the  Avords  'on  opposite 
sides  of  it'  be  omitted,  is  the  proposition  necessarily  true? 
Draw  a  figure  to  ilIustrate3'otir  answer. 


PROPOSITIOTv^  15.     Theorem. 

If  two  straight  lines  cut  one  anotlier,  the  vertically  opposite 
angles  shall  he  equal. 


Let  AB  and  CD  cut  one  another  at  E  : 
it  is  required  to  2)rove  l  AEC  =   l  BED.,  and  l  BEO  = 
.1  AED. 

Because  CE  stands  on  AB, 

L  AEC  +  L.  BEC  =  2  vt.  L  s.  /.  13 

Because  BE  stands  u])on  CD^ 

L  BEC  +  L  BED  =  2rt  ^s;  /.  13 

L  AEC  +  L  BKC  =  L  BEC  +  l  BED.  I.  Ax.  1 
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Take  away  from  these  equals  i.  BEC,  which  is  common  ; 

L  AEC  =  L  BED.  I.  Ax.  3 

Hence  also,  i.  BEC  =  l  AED. 

1.  Prove  I  AEC  =  l  BED,  making  l  AED  the  common  angle. 

2.  „       L  BEG  =  L  AED,        „        z  AEG 

3.  „       L  BEC  =  L  AED,        »       L  BED 

4.  If  /  AED  is  bisected  by  FE,  and  FE  is  produced  to  G,  prove 

that  EG  bisects  i  BEG. 

5.  If  £  AED  is  bisected  by  FE,  and  i  BEG  bisected  by  GE,  prove 

FE  and  GE  in  the  same  straight  line. 

6.  If  in  a  straight  line  AB,  a  point  E  be  taken,  and  two  straight 

lines,  EC,  ED,  be  drawn  on  opposite  sides  of  AB,  making 
z  AEG  =  z  BED,  prove  that  EG  and  ED  are  in  the  same 
straight  line. 

7.  ABC  is  a  triangle,  5Z),  CE  straight  lines  drawn  making  equal 

angles  with  BG,  and  meeting  the  opposite  sides  in  D  and  E 
and  each  other  in  F ;  prove  that  if  z  AFE  =  l  AFD,  the 
triangle  is  isosceles. 


PROPOSITION  IG.     THE:mEM. 

If  one  side  of  a  triangle  he  prodiiced,  the  exterior  angle  sjiall 
be  greater  than  either  of  the  interior  opposite  angles. 


C'. 


Let  ABC  he  a  triangle,  and  let  BC  he  produced  to  D  .• 
it  is  required  to p>rore  l  AC D greater  than  l.  BAG,  and  aim 
greater  than  l  ABG. 

Bisect  AC?X  E .-  /,  10 
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G 
join  BE,  and  produce  it  to  F,  making  EF  =  BE; 
and  join  CF. 

(         AE=  CE 
In  As  AEB,  CEF,  ]          EB  =  EF 

(  I.  AEB  =  L  CEF; 
L  EAB  =  L  EOF. 
But  L  ACDi&  greater  than  l  EOF; 
.'.    L  ACD  is  greater  than  L  EAB. 
Hence,  if  AC  hQ  produced  to  G, 
L  BCG  is  greater  than  l  ABC. 
But  L  ACD  =  L  BCG; 
.•.    L  ACD  is  greater  than  z.  ABC 


1.  Prove 
2. 


/  A  less  than  AEF,  BEG,  ACD,  BCG. 


I.  3 

Const. 
Const. 
1.  15 
/.  4 
Ax.  8 


1.  15 


L   F        „        FCD,  FGG,  BEG,  AEF. 
ABE        „         AEF,  BEG,  ACD,  BCG. 

GBE        „        ACD,  BCG,  AEB,  CEF. 

ACB        „        AEB,  CEF. 

BEG        r        ACD,  BCG. 

BCE        M        AEB,  CEF. 

ECF        „        AEF,  BEG. 
Draw  three  figures  to  show  that  an  exterior  angle  of  a  triangle 
may  be  greater   than,  equal   to,  or  less   than   the  interior 
adjacent  angle. 

10.  From  a  point  outside  a  given  straight  line,  there  can  be  drawn 

to  the  straight  line  only  one  perpendicular. 

11.  ABC  is  a  triangle  whose  vertical  l  A  is  bisected  by  a  straight 

line  which  meets    BG  at    D;    prove  z   ADC  greater  than 
z  DAG,  and  i  ADB  greater  than  z  BAD. 
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12.  In  the  figure  to  the  proposition,  if  AF be  joined,  ])rove  :    ([)  AF 

=  EC.     (2)  Area  of  a  ABC  =  area  of  A  BCF.     (3)  Area  of 
A  ^^f'=areaof  a  ACF. 

13.  Hence  construct  on  the  same  base  a  series  of  triangles  of  equal 

area,  whose  vertices  are  equidistant. 

14.  To  a  given  straight  line  there  cannot  be  drawn  more  than  two 

equal  sti-aight  hues  from  a  given  jioint  without  it. 

15.  .Aaiy  two  exterior  angles  of  a  triangle  are  together  greater  than 

two  risht  anarles. 


PR0P0SITI0:N'  17.     Theorem. 

Tlie  sum  of  any  two  angles  of  a  triangle  is  less  than  two 
right  angles. 


^' ' ^c -^ 

Let  ABC  he  a  triangle  : 
it  is  required  to  jjrove  the  sum  of  any  tivo  of  its  angles  less 
than  2  rt.  l  s. 

Produce  BC  to  D. 

Then  l  ABCis  less  than  l  ACD.  /.  16 

.-.     L  ABC  +  L  ACS  is  less  than  l  ACD  +  l  ACB. 

Bivt    L  ACD+  L  ACB  =  2  rt.  ls;  I.  13 

.-.     L  ABC  +  L  ACB  is  less  than  2  rt.  ^  s. 

Now  L  ABC  and  L  ACB  are  any  two  angles  of  the  triangle ; 
.•.  the  sum  of  any  two  angles  of  a  triangle  is  less  than 

2.rt.  ^s. 

1.  Prove  that  in  any  triangle  there  cannot  be  two  right  angles,  or 
two  obtuse  angles,  or  one  right  and  one  obtuse  angle. 
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/"*2.  Prove  that  in  any  triangle  there  must  be  at  least  two  acute 
angles. 

3.  From  a  point  outside  a  straight  line  only  one  perpendicular  can 

be  drawn  to  the  straii;ht  line. 

4.  Prove  the  iiroposition  l.j'  joining  the  vertex  to  a  point  inside  the 

base. 
6.  The  angles  at  the  base  of  an  isosceles  triangle  are  both  acute. 
I  .j6.  All  the  angles  of  an  equilateral  triangle  are  acute. 
J  3.  If  two  angles  of  a  triangle  be  unequal,  the  smaller  of  the  two 
/  **        must  be  acute. 

JQ  8.  The  three  interior  angles  of   a  triangle  aie  together  less  than 
three  right  angles. 
9.  The  three  exterior  angles  of  a  triangle  made  by  producing  the 
sides  in  succession,  are  together  greater  than  three  right 
angles. 
Prove  by  indirect  demonstrations  the  following  theorems  : 

10.  The  perpendicular  from  the  right  angle  of  a  right-angled  triangle 

on  the  hypotenuse  falls  inside  the  triangle. 

11.  The  perpendicular  from  the  obtuse  angle  of  an  obtuse-angled 

triangle  on  the  opposite  side  falls  inside  the  triangle. 

12.  The  perpendicular  from  any  of  the  angles  of    an  acute-angled 

triangle  on  the  opposite  side  falls  inside  the  tiiangle. 

13.  The  perpendicular  from  any  of  the  acute  angles  of  an  obtuse- 

angled  triangle  on  the  opposite  side  falls  outside  the  triangle. 


PllOPOSITION  18.     Theorem. 

The  greater  side  of  a  triangle  has  the  greater  angle  opposite 
to  it.  A 


Let  ABC  be  a  triangle,  haAang  J C  greater  than  AB  : 
it  is  required  to  prove  l  ABC  greater  than  L  C. 

From  AC  cut  off  AD  =  AB,  I.  3 

and  join  BD. 
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Because  l  ADD  is  an  exterior  angle  of  A  BCD, 
.-.    L  ^Z)5  is  greater  than  u  G.  /.  16 

But  L  ADB  =  I.  ABD,  since  AB  -  AD;  I.  5 

.•.    z.  ^i?i)  is  greater  than  L  C. 

Much  more,  then,  is  L  ABC  greater  than  l  C. 

1.  If  two  angles  of   a  triangle  be  equal,  tlie  sides  opposite   them 

must  also  be  equal. 

2.  A  scalene  triangle  has  all  its  angles  unequal. 

3.  If  one  side  of  a  ti'iangle  be  less  than  another  side,  the  angle 

opposite  to  it  must  be  acute. 

4.  A  BCD  is  a  quadi-ilateral  whose  longest  side  is  AD,  and  whose 

shortest  is   BC.      Prove  z  ABC  greater  than  z  ADC,  and 
z  BCD  greater  than  z  BAD. 

5.  Prove  the  proposition  by  producing  AB  to  D,  so  that  AD  shall 

be  equal  to  AC,  and  joining  DC. 

6.  Prove  the  proposition  from  the  following  construction  :  Bisect 

z   A   by  AD,  which  meets  BC  at    D ;     hr.m.  AC  cut   off 
AE  —  AB,  and  join  DE. 


PROPOSITION  19.     Theorem. 

The  greater  angle  qf^a  triangle  has  the  greater  tide  o2)])osite 
to  it. 


Let  ABC  be  a  triangle  having  l  B  greater  than  z.  C: 
it  is  required  to  jprove  AC  greater  titan  AB. 

If  J. C  be  not  greater  than  AB, 
then  ^Cniust  be  =  AB,  or  less  than  AB. 
If  AC  =  AB,  then  ^  B  -^  i.  C.  I.  5 

But  it  is  not ; 
.-.  ^C  is  not  =  AB. 
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If  ^Cbe  less  tliau  AB,  then  l  B  must  be  less  than  l  C.  I.  18 
l»ut  it  is  not ; 

.•.   AC  \&  not  less  than  AB. 
Hence  ^Cnuist  l)e  greater  than  AB. 

Cor. — The  perpendicular  is  tlie  shortest  strai,L,'ht  line  that 
can  be  draAvn  from  a  given  point  to  a  given  straight  line ; 
and  of  others,  that  which  is  nearer  to  the  perpendicular  is 
less  than  the  niort-  remote. 


F  D  EG 

From  the  given  point,  A,  let  there  be  drawn  to  the  given 
straight  line,  BC,  (1)  the  perpendicular  AD,  (2)  AE  and 
AF  equally  distant  from  the  perpendicular,  tluit  is,  so  that 
DE  =  DF,  (3)  AG  more  remote  than  AE  or  AF : 

if  is  required  to  j^rove  AD  the  least  of  these  straight  lines, 
and  ACt  (/reafer  than  AE  or  AF.  • 


AD  =  AD 
In   As   ADE,  ADF,  \  DE  =  DF  Thjp 


(  L.  ADE  =  L  ADF;      I.  Ax.  10 

.-.  AE  =  AF.  I.  4 

Because  l  ADE  is  right,  .• .  l.  AED  is  acute  ;  /.  17 

.-.  ^^  is  gi-eater  than  ^Z).  7,  19. 

Hence  also  .i4i'^is  greater  than  AD. 

Because  l.  AEG  is  greater  than  z.  ADE,  /.  16 
.'.    L.  AEG  is  obtuse  ; 

.•-    z.  AGE\s,  \xcwXq;  I.  11 

.'.  ^G^  is  greater  than  AE.  /.  19 

Hence  also  .4G^  is  greater  than  AF,  and  than  AD. 
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1.  The  hypotenuse  of  a  right-angled  triangle  is  greater  than  either 

of  the  other  sides. 

2.  A  diagonal  of  a  square  or  of  a  rectangle  is  greater  than  any  one 

of  the  sides. 
li.  In    an   obtuse-angled   triangle  the  side  op])osite  to  the  obtuse 
angle  is  greater  than  either  of  the  other  sides. 

4.  Fiom  .4,  one  of  the  angular  ])oints  of  a  square  A  BCD,  a  straight    H, 

line  is  drawn  to  intersect  Z?C  and  meet  Z>C  produced  at  E; 
prove  that  AE  is  greater  than  a  diagonal  of  the  square. 

5.  From  a  point  outside  not  more  than  two  equal  straight  lines  can   ]R^ 

be  drawn  to  a  given  straight  line. 

6.  The  circiunference  of  a  circle  cannot  cut  a  straight  line  in  more  Yiy 

than  two  points. 

7.  ABC  is  a  triangle  whose  vertical   angle  A  is   bisected   by  a 

straight  line  which  meets  BC  at  D  ;  prove  that  ^i?  is  greater 
than  BD,  and  A  C  greater  than  CD. 


PROPOSITION  20.     Theorem. 

The  sum  of  any  two  sides  of  a  triangle  is  greater  than  the 
third  side. 


A  .-' 


Let  ABC  be  a  triangle  : 
it  is  required  to  prove  that  the  sum  of  any  tioo  of  its  sides  is 
greater  tlian  the  third  side. 

Produce  BA  to  I),  making  AD  =  AC,  /.  3 

and  join  CD. 

Then  l  ACD  =  l  D,  since  AD  =  AG.   ■  1.5 

But  L  BCD  is  greater  than  l  ACD ; 
.'.    L  BCD  is  greater  tlian  L  D ; 
.-.  BD  is  greater  than  BC.  /.  19 
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'BniBD  =  BA  +  AC; 
.".  BA  +  AC  is  greater  than  BC. 

Kow  BA  and  A  C  are  any  two  sides  ; 
.'.  the  sum  of  any  two  sides  of  a  triangle  is  greater  than 
the  third  side. 

Cor. — The  difference  of  any  two  sides  of  a  triangle  is  less 
than  the  third  side. 

For  BA  +  ACis  greater  than  BO.  I.  20 

Taking  AC  from  each  of  these  unequals, 
there  remains  BA  greater  than  BC  -  AC;  I.  Ax.  5 

that  is,  the  third  side  is  greater  than  tlie  difference  between 
the  other  two. 

1.  Prove  the  proposition  by  producing  CA  instead  of  BA. 

2.  II  II  drawing    a    perpendicular     from    the 

vertex  to  the  base. 

3.  II  11  bisecting  the  vertical  angle. 

4.  In  the  first  figure  to  I.  7,  the  sum  oi  AD  and  BC  is  greater  than 

the  sum  oi  AC  and  BD. 

5.  A  diameter  of  a  circle  is  greater  than  any  other  straight  line  in 

the  circle  which  is  not  a  diameter. 

6.  Any  side  of  a  quadrilateral  is  less  than  the  sum  of  the  other 

three  sides. 

7.  An)'  side  of  a  polygon  is  less  than  the  sum  of  the  other  sides. 

8.  The  sum  of  the  distances  of  any  point  from  the  three  angles  of 

a  triangle  is  greater  than  the  semi- perimeter  of  the  triangle. 
Discuss  the  three  cases  \\hen  the  point  is  inside  the  triangle, 
when  it  is  outside,  and  when  it  is  on  a  side. 

9.  The  semi-perimeter  of  a  triangle  is  greater  than  any  one  side, 

and  less  than  any  two  sides. 
10.  The  sum  of  the  two  diagonals  of  any  quadrilateral  is  greater 
than  the  surj  of  any  pair  of  opposite  s''dp«. 
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11.  The  perimeter  of  a  quadrilateral  is  greater  than  the  su      and 

less  than  twice  the  sum  of  tlie  two  diagonals. 

12.  The  sum  of  the  diagonals  of  a  quadrilateral  is  less  than  the  sum 
.  of  the  four  straight  lines  which  can  be  drawn  to  the  four 

angles  from  any  other  point  except  the  intersection  of  the 
diagonals. 

13.  The  Slim  of  any  two  sides  of  a  triangle  is  greater  than  twice  the 

median  *  draw-n  to  the  third  side,  and  the  excess  of  this  sum 
over  the  third  side  is  less  than  twice  the  median. 

14.  The  pei-inieter  of  a  triangle  is  greater,  and  the  senii-perimeter  is 

less,  tUau  the  sum  of  the  three  nuuiiins. 


PROPOSITION  21.     Theorem. 

If  from  the  ends  of  any  side  of  a  triangle  there  be  drawn  two 
straight  lines  to  a  point  ivithin  the  triangle,  these 
straight  lines  shall  he  together  less  than  the  other  two 
sides  of  the  triangle,  hut  shall  cunia'n  a  greater  avcgle. 

A 


Let  ABC  be  a  triangle,  and  from  B  and  C,  the  ends  of 
BG,  let  BD,  CD  be  drawn  to  any  point  D  within  the 
triangle  : 

it  is  required  to  prove   (1)   that   BD  +  CD  is  less   than 
AB  +  AC;  (2)  that  l  BDC  is  greater  than  l  A. 

*  Def. — A  median  line,  or  a  median,  is  a  straight  line  di-awn  from  anj' 
vertex  of  a  triangle  to  the  middle  point  of  the  opjjosite  side. 
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A 


I^roJuce  BD  to  meet  AC  at  E. 

(1)  Because  BA  +  AE  is  greater  than  BE  ;  L  20 
add  to  each  of  these  unequals  EC ; 

.-.  BA  +  .4(7  is  greater  than  BE  +  EC  I.  Ax.  4 

Again,  CE  +  ED  is  greater  than  CD;  I.  20 

add  to  each  of  these  unequals  DB  ; 

.-.  CE  +  EB  is  greater  than  CD  +  DB.  I.  Ax.  4 

]\Iach  more,  then,  is  BA  +  ^C  greater  than  CD  +  DB. 

(2)  l)Ocause  CED  is  a  tiiangle, 

.-.   L  BDC  is  greater  than  l.  DEC;  I.  16 

and  because  BAE  is  a  triangle, 

.'.   L  DEC  is  greater  than  ^  A;  I.  16 

much  more,  then,  is  L  BDC  greater  than  :.  A. 

1.  PiMvo  tLe  first  part  of  the  proposition  bj-  producing  CD  instead 

of  IJJl 

2.  Prove  the  secoml  yr.  t  of  the  proposition  l)y  joining  AD  and 

jirodiicing  it. 
i^.  In  the  second  figure  lo  I.  7,  prove  that  tlic  perimeter  of  the 
.  f*^'      triangle  ACB  is  greater  than  that  of  ADB. 
P^.  Prove  the  same  tiling  with  respect  to  the  third  figure  to  I.  7. 
5.  If  a  point  be  taken  inside  a  triangle  and  joined  to  the  three 
vertices,  the  sran  of  the  three  stiaight  lines  so  drawn  shall  be 
less  than  the  perimeter  of  the  triangle. 
o.  If  a  triangle  and  a  iiuadrihiteral  stand  on  the  same  l)ase,  and  on 
tiie  same  side  of  it,  and  tlie  one  figure  fal!  within  the  other, 
tliat  wliicii  has  the  greater  surface   shall  have  the  gi'eater 
peruneter. 
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PROPOSITION  22.     Problem. 

To  make  a  triangle  ihe  sides  of  vliirli  shall  he  equal  to  three 
(jiven  straif/Jit  Hues,  hat  any  tiro  of  tlu'se  rniit^t  he  (jreati'r 
than  the  third. 

A. ■ — 

B 

O 


Let  A,  B,  Che  the  three  given  straight  lines,  any  two  of 
which  are  greater  than  the  third  : 

it  is  required  to  malic  a  irianr/le  the  sides  of  which  shall  he 
respectively  equal  to  A,  B,  C. 

Take  a  straight  line  DJE  terminated  at  D,  hut  unUmited 
towards  E  ; 

and  from  it  cut  off  DF  =  A,  FG  =  B,  GH  =  G.  /.  3 

With  centre  i^and  radius  FD,  describe  the  0  DKL; 
with  centre  G  and  radius  GH,  describe  the  0  HKL, 
cutting  the  other  circle  at  K  ; 
join  KF,  KG.  KFG  is  the  triangle  required. 

Because  FK  =  FD,  being  radii  of  0  DKL,      I.  Def  16 
FK  =  A. 
Because      GK  =  GH,  being  radii  of  0  HKL,     I.  Def  IG 

GK  =  C. 
And  FG  was  made  =  B  ; 
.'.  A  KFG  has  its  sides  respectively  equal  to  A,  B,  C. 


1.  Could  any  other  triangle  be  constructed  on  the  base  FG  fulfilling 
the  given  conditio  .s? 
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li  A,  B,  C  he  all  equal,  which  preceding  proposition  shall  vre 

be  enabled  to  solve  ? 
Draw  a  figure  showing  what  will  happen  when  two  of  the  given 

straight  lines  are  together  equal  to  the  third. 
Draw  a  tigure  showing  what  will  happen  when  two  of  the  given 

straight  lines  are  together  less  than  the  third. 
Since   a   quadrilateral   can   be   divided    into   two   triangles  by 

drawing  a  diagonal,  show  how  to  make  a  quadrilateral  whose 

sides  shall  be  equal  to  those  of  a  given  quadrilateral. 
Since  any  rectilineal  figure  may  be  deconlposed  into  trianifles, 

show  how  to  make  a  rectilineal  tigure  whose  sides  shall  be 

equal  to  those  of  a  given  rectilineal  tigure. 


PEOPOSITION  23.     Problem. 

Af  a  given  point  in  a  given  straight  line,  fu  malce  an  angh 
equal  to  a  given  angle.  a 


Let  AB  be  the  given  straight  line,  A  the  given  point  in 
it,  and  z.  G  the  given  angle  : 
it  is  required  to  make  at  A  an  angle  =  l  C. 

In  CD,  CE,  take  any  points  D,  E,  and  join  DE. 
Uake  A  AEG  such  that  AE=  CD,  EG  =  DE,  GA  =  EC.  I.  22 

A  is  the  required  angle. 
iAE=  CD  Const. 

In  As  AEG,  CDE,  \aG=  CE  Const. 

(eg  =DE;  Const. 

.'.  L  A=  L  a  1.8 
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1.  At  a  given  point  in  a  given  straight  line,  to  make  an  angle  equal 

to  the  supplement  of  a  given  angle. 

2.  At  a  given  point  in  a  given  straight  line,  to  make  an  angle  equal 

to  the  complement  of  a  eiveu  angle. 

3.  If  one  angle  of  a  triangle  is  equal  to  the  sum  of  the  other  two, 

the  triangle  can  bi'  divided  into  two  isosceles  triangles. 

4.  The  straight  line  OC  bisects  the  angle  AOB  ;  prove  that  if  OD 

be  any  other  straight  line  through  0  without  the  angle  A  OB, 
the  sum  of  the  angles  DOA  and  DOB  is  double  of  the  angle 
DOC. 

5.  The  straight  line  OC  bisects  the  angle  AOB  ;  prove  that  if  OD 

be  any  other  straight  line  through  0  within  the  angle  A  OB, 
the  difference  of  the  angles  DOA  and  DOB  is  double  of  the 
angle  DOC. 
Construct  an  isosceles  triangle,  having  given  : 

6.  The  vertical  angle  and  one  of  the  equal  sides. 

7.  The  base  and  one  of  the  angles  at  the  base. 
Construct  a  right-angled  triangle,  having  given  : 

8.  The  base  and  the  perpendicular. 

9.  The  base  and  the  acute  angle  at  the  base. 
Construct  a  triangle,  having  given  : 

10.  The  base  and  the  angles  at  the  base. 

11.  Two  sides  and  the  included  angle. 

12.  The  base,  an  angle  at  the  base,  and  the  sum  of  the  other  two 

sides. 

13.  The  base,  an  angle  at  the  base,  and  the  difference  of  the  other 

two  sides. 


PKOPOSITIOX  24.     Theorem. 

If  two  triangles  have  two  sidi's  of  the  one  respectively  equal 
to  two  sides  of  the  other,  hut  the  contained  ani/lcs 
unequal,  the  base  of  the  triangle  which  has  the  greater 
contained  angle  shall  be  grecder  than  the  base  of  the 
other.* 

*  The   proof  given   in  the  text  is  different  from   Euclid's,  which  is 
defective. 
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Let   ABC,  DBF  be   two  triangles,  having   AB  =  DE, 
AC  =  DF,  but  ^  5^(7  greater  than  _  FDF.- 
it  is  required  to  prove  BC  greater  than  EF. 

At  D  make  l  EDG  =   l.  BAC ;  I.  23 

exit  off  Z)(?  =  ACov  DF,  I.  3 

and  join  EC 

Bisect  L  FDG  by  DH,  meeting  EG  at  H;  /.  9 

and,  if  F  does  not  lie  on  EG,  join  FH. 


In  As  ABC,  DEG, 


BC  =  EG. 


In  As  FDH,  GDH, 


.-.  FH  -=  GH. 
Hence  EH  +  FH  =  i://  +  GH  =  EG, 
But  ^fl"  +  FH  is  greater  than  ^i^; 

.-.EG  is  greater  than  ^i^; 

.-.  BGis  OTeater  than  EF. 


BA  =^ED 

Hrjp. 

AC  =  DG 

Const. 

L  BAC =   L  EDG; 

Const. 

I.  4 

ED  =  GD 

Const. 

DH  =  DH 

L.  FDH  =   i.  GDHi^ 

Const. 
I.  4 

/.  20 


\.  ABC  is  a  circle  whose  centre  is  0.  If 
/  AOB  is  greater  than  z  BOC,  proYe 
that  A  B  is  greater  than  BC. 

2.  In  the  same  figure,  prove  that  ^C  is  greater 

than  AB  or  BC. 

3.  A  BCD  is  a  quadrilateral,  having  AB  =  CD, 

but  /  BCD  greater  than  z  ABC ;  prove  that  5Z>  is  greater 
than  AG. 
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4.  ABC  is  an  isosceles  triangle,  having  AB  =  AG.    AD  drawn  to 

the  base  BC  does  not  hisect  z  A  ;  prove  that  D  is  at  unequal 
distances  from  B  and  C. 

5.  Prove  the  proposition  with  the  same  construction  as  in  the  text, 

but  let  A  DEG  fall  on  the  other  side  of  DE. 


PROPOSITION  25.     Theorem. 

If  tioo  triangles  have  two  sides  of  the  one  respectioelii  equal 
to  two  sides  of  the  other,  but  their  bases  unequal,  the 
angle  contained  by  the  two  sides  of  the  triangle  ivhich 
has  the  greater  base  shall  be  greater  than  the  angle 
contained  by  the  tioo  sides  of  the  other. 


Let   ABC,  DEF  he  two  triangles,  having  AB  =  DE, 
AC  =  DF,  hut  base  7?(7  greater  than  hase  EF : 
it  is  required  to  2)rove  L  A  greater  than  L  D. 

If  z.  .4  he  not  greater  than   L  D,  it  must  he  either  equal 
to  L  D,  or  less  than  l  D. 

But  L  A  \^  not  =  lD,  for  then  hase  BC  would  he 
=  hase  EF,  I.  4 

which  it  is  not.  Hyp. 

And  L  A  is  not  less  than  i.  D,  for  then  hase  BC 
would  he  less  tlian  hase  EF,  I.  2  1 

which  it  is  not.  Hyp. 

.'.    I.  A  must  he  greater  than  /.  D. 

1.  In  the  figure  to  the  first  deduction  on  I.  24,  if  ^S  is  greater 
than  BC,  prove  that  z  AOB  is  grciler  tlian  z  BOG. 
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2.  A  BCD  IS  a  quadrilateral,  having  AB  =  CD,  but  the  diagonal 

BD  greater  than  the  diagonal  AC ;  prove  that  z  DCB  is 
greater  than  z  ABC. 

3.  A  BCD  is  a  quadrilateral,  having  AB  =  CD,  but  z  5Ci)  greater 

than  z  ABC  ;    prove  that  z  Z).4 5  is  greater  than  z  ADC. 

4.  ABCD is  a  quadrilateral,  having  ^^  =  CZ),  but  z  i)J£  greater 

than  z  ADC;  prove  that  z  iJCD  is  greater  than  z  ABC. 

5.  ABC  is  a  triaiTgle,  having  AB  less  than  AC.     D  is  the  middle 

point  of  BC,  and  ^Z>  is  joined  ;  ])rove  that  z  ADB  is  acute. 

6.  ^4i?(7  is  an  isosceles  triangle,  having  ^4i?  =  ^C.     Z)  is  any  point 

such  that  BD  is  greater  than  DC ;  prove  that  A  D  does  not 
bisect  z  -<4. 

7.  ABC  is  a  triangle,  having  ^5  less  than  AC,  and  ^JZ)  is  the 

median  drawn  from  A;    prove  that  G,  any  point  in  ^Z>,  is 
nearer  to  B  than  to  C. 


PROPOSITION  2G.     Theorem. 

If  two  angles  and  a  side  in  one  triangle  be  respectively  equal 
to  two  angles  and  ihe  corresponding  side  in  another 
triangle,  the  two  triangles  shall  he  equal  in  every  respect ; 
that  is, 

(1)  The  remaining  sides  of  the  one  triangle  shall  be  equal  to 

the  remaiiiing  sides  of  the  other. 

(2)  The  third  angles  shall  he  equal. 

(3)  The  areas  of  the  two  triangles  shall  be  equal. 


In  As   ABC,  DEF  let   L   ABC  =   l   DEF,  l  ACB 
=  L   DFE,  and  BC  -  EF : 


Book  I.  i  PROPOSITION  26.  59 

it  is  required  to  j^rovs  AB  =  DE,  AC  =  DF,  l  A  =  l  D, 
A  ABC  =  A  DEF. 

If  AB  be  not  =  EE,  one  of  them  must  be  the  greater. 

Let  AB  be  the  greater,  and  make  BG  =  DE ;  I.  3 
and  join  GC. 

i     GB  =  DE  Const. 

In  As  GBC,  DEF, !     BC  =  EF  Hyp. 

(   L  B  =  L  E;  Hyp. 

.-.    L  GCB  =  L  DFE.  I.  4. 

But  L  ACB  =  L  DFE;  Hyp. 

.'.    L  GCB  =  L  ACB,  which  is  impossible. 

Hence  AB  is  not  unequal  to  DE,  that  is,  AB  =  DE. 

(       AB  =  DE  Proved 

Now  in  As  ABC,  DEF, }      BC  =  EF  Hyp. 

i     L  B  =  L  E;  Hyp. 

:.  AC  ^  DF,  ^  A  =  L  D^  A  ABC  =  A  DEF.  I.  4 


H 

In  As  ABC,  DEF  let  L  B  =  L  E,  L   C  =  L  F,  and 
AB  =  DE: 

it  is  required   to  prove  BC  =  EF,   AC  —  DF,    l  BAC 
=  z.  EDF,  A  ABC  =  A  DEF. 

If  BC  be  not  =  EF,  one  of  them  must  be  the  greater. 
Let  BC  be  the  greater,  and  moke  BH  =  EF;  I.  3 

and  join  AH. 
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A  D 


(     AB  =  DE  Hyp. 

In  As  ABH,  DBF,  ]     BH  =  EF  Const, 

(    L  B  =  L  E;  Hyiy. 

.'.    L  AHB  =  L  DFE.  I.  4 

But  z.  ^C5  =  A  DFE  ;  Hijp. 

.'.    L  AHB  =  L  ACB,  which  is  impossible.  I.  16 

Hence  BC  is  not  unequal  to  EF,  that  is,  BC  =  EF. 

i     AB  =  DE  Hyp. 

Now  in  As  ABC,  DEF,  ]     BC  =  EF  Proved 

(   L  B  =  L  E;  Hijp. 

.-.  AG  =  DF,  L  BAG  =  l  EDF,  A  ABC='A  DEF,     I.  4 

1.  Prove  the  first  case  of  the  proposition  by  superposition. 

2.  The  straight  line  that  bisects  the  vertical  augle  of  an  isosceles 

triangle    bisects    the    base,    and    is    perpendicular    to    the 
base. 

3.  Tlie  straight  line  drawn  from  tlie  vertical  angle  of  an  isosceles 

triangle  perpendicular  to  the  base,  bisects  the  base  and  the 
vertical  angle. 

4.  Any  point  in  the  bisector  of  an  angle  is  equidistant  from  the 

a,rms  of  the  angle. 

6.  In  a  given  straight  line,  find  a  point  such  that  the  per- 
pendiculars drawn  from  it  to  two  other  straight  lines  may  be 
equal. 

6.  Through  a  given  point,  draw  a  straight  line  which  shall  be 
equidistant  from  two  other  given  points. 

7  'liiroiigh  a  given  point,  draw  a  straight  line  whicli  shall  form 
with  two  given  intersecting  straight  lines  an  isosceles 
triangle. 
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PEOPOSITION  A.     Theorem. 

If  tivo  sides  of  oite  frkmgle  he  respectively  equal  to  two  sides 
of  another  triangle,  and.  if  the  angles  opposite  to  one 
pair  of  eqtial  sides  he  equal,  the  angles  opp)osite  the 
other  j^nir  of  equal  sides  shall  either  he  equal  or  siq^- 
plementarg. 
In  As  ABC,  DEF  let  AB  =  DE,  AC  ^  DF,  l  B  = 
L  E: 

it  is  required  to  prove  either  L  G  =   l  F,  or  L  C  -h    L  F 
=  2  rt.  L  s. 

/.  A  is  either  =   l  D,  or  not. 
Case  1. — "\Mien  l  A  =   l  D, 

A  D 


iL   A    =    L   D 

In  As  ABC,  DEF,  \lB=   l  E  Egp. 

(    AB  =  DE;  Hyp. 

■ ''  As  ABC,  DEF  are  equal  in  all  respects,  and 

^  C  =^   L  F.  1.26 

Case  2. — ^T^Tien  z.  ^  is  not  =   l  D. 

A  D 


B  C  E  F 

At  D  make  l  EDG  -   l  BAG; 


I.  23 
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A  D 


B  0  E  F  G 

and  let  EF,  produced  if  necessary,  meet  DG  at  G. 

iLBAC=   L.  EDG  Const. 

In  As  ABC,  DEG,  ]  ^  ABC  =   l  DEG  Hyp. 

(         AB  =  DE;  jiyp. 

.-.  AC  =  DG,  and  l  C  ^   l  G.  /.  26 

Xow       AC  =  DF;  Hyp. 

DF  -  DG; 

.-.   L.  DFG  =   L.  DGF.  I.  5 

But  L  DEE  is  supplementary  to  l  DFG;  /.  13 
.-.    L.  Z)i^^  is  supplementary  to  L  DGF, 
and  consequently  to  z.  C. 

Note. — It  often  happens  that  we  wish  to  prove  two  triangles 
eqnal  in  all  respects  when  we  know  only  that  two  sides  in  the  one 
are  respectively  eqnal  to  two  sides  in  the  other,  and  that  the  angles 
opposite  one  pair  of  eqnal  sides  are  eqnal.  In  such  a  case,  since  the 
angles  ojiposite  the  other  pair  of  equal  sides  may  either  be  equal  or 
supplementary,  we  must  endeavour  to  prove  that  they  cannot  be 
supplementary.  To  do  this,  it  will  be  sufficient  to  know 
either  (1)  that  this  pair  are  both  acute  angles, 
or  (2)  that  they  are  both  obtuse  angles, 

or  (3)  that  one  of  them  is  a  right  angle,  since  the  other  must 

then  be  a  light  angle  whether  it  be  equal  or  supplementary  to  it. 

We  can  tell  that  this  pair  of  angles  must  be  both  acute  in  certain 
cases. 

(a)  When  the  pair  of  angles  given  equal  are  both  right  angles. 

(6)  II  II  M  II  obtuse     II 

(c)  II  II        equal  sides  opjiosite  the  given  angles  are 

greater  than  the  other  pair  of  equal  sides. 

Hence  the  following  important  Corollary  : 
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If  the  hypotenuse  and  a  side  of  one  right-angled  triangle  be 
respectively  equal  to  the  hypotenuse  and  a  side  of  another  right- 
angled  triangle,  the  triangles  shall  be  equal  in  all  respects. 


PEOPOSITIO^  27.     THEOREii. 

If  a  straight  line  cutting  two  other  straight  lines  make  the 
adernate  angles  equal  to  one  another,  the  two  straight 
lines  shall  be  parallel. 


";:::;:--K 


F 


Let  EF,  whicli  cuts  the  two  straight  lines  AB,  CD,  make 
L  AGH  =  the  alternate  z.  GHD: 
it  is  required  to  prove  AB  ||  CD. 

If  AB  is  not  II  CD,  AB  and   CD  being  produced  wiU 
meet  either  towards  A  and  C,  or  towards  B  and  D. 
Let  them  be  produced,  and  meet  towards  B  and  D  at  K. 
Then  KGH  is  a  triangle  ; 

.•.  exterior  l.  AGH  is  greater   than  the  interior 
opposite  L  GHD.  /.  16 

'Bui  L  AGH  =  L  GHD;  Hyp. 

which  is  impossible. 

.-.  AB   and   CD,  when  produced,  do   not   meet   towards 
B  and  D. 

Hence   also,  AB   and  CD,  when  produced,  do   not   meet 
towards  A  and  C  : 

.'.  AB  is  II  CD.  J.  Def.  14 
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In  the  tigure  to  I.  16  : 

1.  Prove  AB  \\  CF. 

2.  Join  AF,  and  prove  AF  ||  EC. 
In  the  figure  to  I.  28  : 

S.  li  I  AGE  ^  L  DHF,  prove  AB  \\  CD. 

4.  If  z  BGE  =  I  CHF,  prove  AB  \\  CD. 

5.  li  I  AGE  +  I  CHF  =  2  rt.   z  s,  prove  AB  \\  CD. 

6.  If  z  BGE  +  z  DHF  =  2  rt   z  s,  prove  ^5  i|  CD. 

7.  The  opposite  sides  of  a  square  are  parallel. 

8.  The  opposite  sides  of  a  rhombus  are  parallel. 

9.  The  quadrilateral  whose  diagonals  bisect  each  other  is  a  I;" 


PROPOSITION  28.     Theorem. 

If  a  straight  line  catting  ttco  other  straight  lines  moke  (1)  an 
exterior  angle  equal  to  the  interior  ojyposite  angle  on  the 
same  side  of  the  cutting  line,  or  (2)  the  tivo  interior 
angles  on  the  same  side  of  the  chitting  line  together 
equal  to  two  right  angles,  the  two  straight  lines  shall  be 
parallel. 


F 

Case  1. 

Let  EF,  which  cuts  the  two  straight  hnes  AB,  CD,  make 
the  exterior  L  EGB  =  the  interior  opposite  l  GHD  : 
it  is  required  to  prove  AB  \\  CD. 

Because  l  EGB  =  l  GHD,  Hyp. 
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and  L  EGB  =  l  AGH,  being  vertically  opposite;       /.  15 

.-.  .L  AGH  =  L  GHD; 
and  they  are  alternate  angles ; 

.-.  ^^is]|  CD.  I.  27 

Case  2. 
Let  EF,  which  cuts  the  two  straight  lines  AB,  CD,  make 
L  BGH  +  i.  GHD  =  2  rt.  .l  s  : 
it  is  required  to  2»'ore  AB  \\  CD. 

Because  l  BGH  +  i.  GHD  =  2  rt.  l  s,  HyiJ. 

and  L.  AGH  +  i.  BGH  =  2  rt.   .i  s ;  /.  13 

.-.    /.  AGH  +  L.  BGH  =  L  BGH  +  l  GHD. 
From  these  equals  take   i  BGH,  which  is  common ; 

.-.    _  AGH  =  L  GHD;  I.  Ax.  3 

and  they  are  alternate  angles  ; 

.'.  ABis  il  CD.  I.  -21 

Cor. — Straight  lines  which  are  perpendicular  to  the  same 
straight  line  are  parallel. 

1.  If  /  BGE  +  I  DHF  =  2  rt.  L  s,  prove  AB  \\  CD. 

2.  It  L  AGE  +  L  CHF  =  2  rt.   /  s,  prove  AB  \\  CD. 

3.  li  I  AGE  =  I  DBF,  prove  AB  ||  CD. 

4.  If  z  BGE  =  z  CHF,  prove  AB  \\  CD. 

5.  The  opposite  sides  of  a  square  are  parallel. 

6.  ABCD  is  a  quadrilateral  having  z  A  and  z  B  supplementary, 

as  well  as  z  B  and  l  C  ;  prove  that  it  is  a  ||™, 


PROPOSITION^  29.     Theorem. 

If  a  straight  line  cut  two  parallel  straight  lines,  it  shall 
make  (1)  the  alternate  angles  equal  to  one  another; 
(2)  any  extemor  angle  equal  to  the  interior  opposite 
angle  on  the  same  side  of  the  cutting  line  ;  (3)  the  two 
interior  angles  on  the  same  side  of  the  cutting  line  equal 
to  two  rigid  angles. 
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Let  EF  cut  the  two  parallel  straight  lines  AB,  CD  : 
it  is  req^uired  to  prove  : 

(1)  L  AGH  =  alternate  l  GHD; 

(2)  exterior  l  EGB  =  interior  o^jposite  l  GHD; 

(3)  L  BGH  +  L  GHD  =  2  rt.  l  s. 

(1)  If  /.  AGH  be  not  =  /.  GHD,  make  ^  KGH  = 
A  GHD,  1.23 
and  produce  KG  to  L. 

Because  l  KGH  =  alternate  l  GHD,  Const 

.-.  KL  II  CD.  I.  27 

But  AB  is  also  ||  CD;  Hyp. 

.'.  AB  and  KL,  which  cut  one  another  at  G,  are  both  ||  CD, 

which  is  impossible.  /.  Ax.  11 

.-.  L  AGH  is  not  unequal  to  L  GHD ; 

.-.   L  AGH  =  L  GHD. 

(2)  Because  L  AGH  =  -  GHD,  Proved 
and    L  AGH  —   l  EGB,  being  vertically  opposite;      7.  15 

.-.     L  EGB  =  L  GHD. 

(3)  Because  l  AGH  =  l  GHD;  Proved 
to  each  of  these  equals  add  i.  BGH ; 

.-.    L  AGH  +   L.  BGH  =  L  BGH  +  l  GHD.     I.  Ax.  2 
But  L  AGH  +  L  BGH  =  2  rt.  ^  s ;  /.  13 

.♦.    L  BGH  +   L  GHD  =  2  rt.  ^  s. 
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Cor. — If"  a  straight  line  meet  two  others,  and  make  with 
them  the  two  interior  angles  on  one  side  of  it  together  less 
than  two  right  angles,  these  two  other  straight  lines  will, 
if  produced,  meet  on  that  side. 

Let  KL  and  CD  meet  EF  and  make  l  KGH  +  l  CHG 
less  than  2  rt.  L  s  : 

it  is  required  to  prove  that  KG  and  CH  ivill,  if  ;produced, 
meet  towards  K  and  C. 

If  not,  KL  and  CD  must  either  be  parallel,  or  meet 
towards  L  and  D. 

(1)  KL  and  CD  are  not  parallel ; 

for  then  i.  KGH  +  l  CHG  would  be  =  2  rt.  l  s.        /.  29 

(2)  KL  and  CD  do  not  meet  towards  L  and  D ; 

for  tlien  L  s  LGH,  DHQ.  would  form  angles  of  a  triangle, 
and  would  .'.be  together  less  than  2  rt.  ^  s.  /.  17 

Now  since  the  four  z.  s  KGH,  CHG,  LGH,  DHG  are 
together  =  4  rt.  z.  s,  /.  1 3 

and  the  first  two  are  less  than  2  rt.  ^  s ;  Hyp. 

.-.  the  last  two  must  be  greater  than  2  rt.  l  s. 
Hence  KL  and  CD  must  meet  towards  K  and  G. 
[Tliis  Cor.  is  the  converse  of  1.  17.] 

1.  In  the  diagram  to  I.  28,  \i  AB  is  ||  CD,  prove  L  AGE  ^  L  DHF, 

and  L  BGE  +  z  DHF  =  2  rt.  z  s. 

2.  If  a  straight  line  be  perpendicular  to  one  of  two  parallels,  it  is 

also  jierpendiciilar  to  the  other. 

3.  A  straight  line  drawn  parallel  to  the  base  of  an  isosceles  triangle, 

and  meeting  the  sides  or  the  sides  produced,  forms  with  them 
another  isosceles  triangle. 

4.  If  the  arms  of  one  angle  be  respectively  parallel  to  the  arms  of 

another  angle,  the  angles  are  either  equal  or  supplementary. 
Distinguish  the  cases. 

5.  Is  it  always  true  that  if  two  angles  be  equal,  and  an  arm  f  f  the 

one  is  iiarallel  to  an  arm  of  the  other,  the  other  arms  must  be 
paral'el? 
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6.  If  any  straight  line  joining  two  parallels  be  bisected,  any  other 

straight    line    drawn    through   the    point   of  bisection   and 
terminated  by  the  parallels  w  ill  be  bisected  at  that  point. 

7.  The  two  straight  lines  in  the  last  dednctiou  will  intercept  eqnal 

portions  of  the  parallels. 

8.  If  thmugli  the  vertex  of  an  isosceles  triangle  a  parallel  be  drawn 

to  the  base,  it  will  bisect  the  exterior  vertical  angle. 

9.  If  the  bisector  of  the  exterior  vertical  angle  of  a  triangle  be 

parallel  to  the  base,  the  triangle  is  isosceles. 

10.  The  diagonals  of  a  ]|™  bisect  each  other. 

11.  Prove  that  by  the  following  construction  /  .^4  C5  is  bisected  :  In 

A C  take  any  point  D  ;  draw  DE  ±  AC,  and  meeting  CB  at  U. 
From  £  draw  EF  x  DE  and  =  EC;  join  CF. 


PKOPOSITION  30.     Theorem. 

Straight  lines  tohich  are  jxtrallcl  to  the  same  straight  line 
are  parallel  to  one  another. 

A B 

C D 


Let  AB  and  CD  be  each  of  them  |i  EF : 
it  is  required  to  prove  AB  \\  CD. 

If  AB  and  CD  be  not  paralk'l,  they  Avill  meet  if  pro- 
duced ;    and  then  two  straight  hues  which   intersect   eacli 
other  will  both  be  1|  the  same  straight  hne,  Avhich  is  im- 
possible. J^-  Ax.  1 1 
.-.  AB  is  II  CD. 

1.  Two  II""  are  situated  either  on  the  same  side  or  on  different  sides 

of  a  common  base.     Prove  that  the  sides  of  the  W"'^  which  are 
opposite  the  common  base  are  |1  each  other. 

2.  Prove  the  jiroposition  in  Euclid's  manner  by  drawing  a  straight 

line  OHK  to  cut  AB,  CD,  and  EF.  and  apiJying  1.  29,  27. 
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PROPOSITION  31.     Problem. 

Throiuih  a  (liven  j^oint  to  draio  a  straight  line  parallel  to  a 
given  straight  line. 

E 4- F 

B -f 0 

Let  A  be  the  given  point,  and  BC  the  given  straight  line  : 
it  is  required  to  draw  through  A  a  straight  line  \\  BC. 

In  BG  take  any  point  D,  and  join  AD  ; 
at  A  make  z.  DAE  =   l  ADC;  I.  23 

and  produce  EA  to  F.  EF  shall  be  ||  BC. 

Because  the  alternate  l.  s  FAD,  ADC  are  equal, 
.:  EF  is  \\BC.  1.27 

1.  Give  another  construction  for  the  proposition  by  means  of  I.  12, 

11,  and  a  proof  by  means  of  I.  2S. 

2.  Through  a  given  point  draw  a  straight  line  making  with  a  given 

straight  line  an  angle  equal  to  a  given  angle. 

3.  Through  a  given  point  draw  a  straight  line  \Ahich  shall  form 

with  two  given  intersecting  straight  lines  an  isosceles  tri- 
angle. 

4.  Through  a  given  point  draw  a  straight  line  such  that  the  part 

of  it  intercepted  between  two  parallels  may  be  equal  to  a 
given  straight  line.  May  there  be  more  than  one  solutioa  to 
this  problem  ?     Is  the  problem  ever  impossible  ? 


PROPOSITION  32.     Theorem. 

If  a  side  of  a  triangle  be  produced,  the  exterior  angle  is 
equal  to  the  sum  of  the  two  interior  opposite  angles, 
and  the  sum  of  the  three  interior  angles  is  equal  to  two 
right  angles. 
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Let  ABC  be  a  triangle  having  BC  produced  to  D  : 
it  is  required  to  prove  (1)  l  ACD  =  l  A  +  l  B ; 

{2)  L  A+  I.B+  L  ACB  =  2  rt.  ^  s. 

Through  C  draw  CE  \\  AB.  /.  31 

(1)  Because  ^C  meets  the  parallels  AB,  CE, 

.-.   L  A  =  alternate  L  ACE.  I.  29 

Because  BD  meets  the  parallels  AB,  CE, 

.-.  interior  L  B  =  exterior  l  ECD ;  7.  29 

.'.  L  A  +   L  B  =  L  ACE  +  L  ECD, 
=  /.  ACD. 

(2)  Because  l  A  +  l  B  =  l.  ACD ;  Proved 
adding  L  ACB  to  each  of  these  equals, 

.'.  L.  A-v  L  B  ^-  L  ACB  =  L  ACD  +  l.  ACB, 

=  2  rt.  ^s.  I.  13 

Cor.  1. — If  two  triangles  have  two  angles  of  the  one 
respectively  equal  to  two  angles  of  the  other,  they  are 
mutually  equiangular. 

For  the  third  angles  differ  from  2  rt.  L%  by  equal  amounts ; 
.-.  the  third  angles  are  equal. 

Cor.  2. — The  interior  angles  of  a  quadri- 
lateral are  equal  to  four  right  angles. 

For  the  quadrilateral  ABCD  may  be 
divided  into  two  triangles  by  joining  ^C; 
and  the  six  angles  of  the  two  As  ABC,  ^ 
ACD  =  4rt.  ^s.  7.32 
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But  the  six  angles  of  the  two  triangles  =  the  interior  angles 
of  the  quadrilateral ; 
.-.  the  interior  angles  of  the  quadrilateral  =  4  rt.  i^s. 

CoR,  3. — A  five-sided  figure  may 
be  divided  into  three  (that  is,  5  —  2) 
triangles  by  drawing  straight  lines 
from  one  of  its  angular  points. 
Similarly,  a  six-sided  figure  may  be 
divided  into  four  (that  is,  6-2) 
triangles  ;  and  generally  a  figure  of  n 
sides  may  be  divided  into  {n  -  2)  triangles. 

Hence,  by  a  proof  like  that  for  the  quadrilateral, 
the  interior  z.  s  of  a  five-sided  figure       =  6  rt.  z.  s ; 

n  H        six-sided      »  =  8  rt.  /_  s ;  and 

*  H        figure  with  n  sides  =  (2/i  —  4)  rt.  l.  s. 

1.  If  an  isosceles  triangle  be  right-angled,  each  of  the  base  angles 

is  half  a  right  angle. 

2.  If  two  isosceles  triangles  have  their  vertical  angles  equal,  they 

are  mutually  equiangular. 

3.  If  one  angle  of  a  triangle  be  equal  to  the  sum  of  the  other  two, 

it  must  be  right. 

4.  If  one  angle  of  a  triangle  be  greater  than  the  sum  of  the  other 

two,  it  must  be  obtuse. 

5.  If  one  angle  of  a  triangle  be  less  than  the  sum  of  the  other  two, 

it  must  be  acute. 

6.  Divide  a  right-angled  triangle  into  two  isosceles  triangles. 

7.  Hence  show  that  the  middle  point  of  the  hypotenuse  of  a  right- 

angled  triangle  is  equidistant  from  the  three  vertices. 

8.  Hence  also,  devise  a  method  of  drawing  a  perpendicular  to  r 

given  straight  line  from  the  end  of  it  without  producing  the 
straight  line. 

9.  Each  angle  of  an  equilateral  triangle  is  two-thirds  of  a  right  angle. 
10.  Hence  show  how  to  trisect  *  a  right  angle. 

*  It  is  sometimes  stated  that  the  problem  to  trisect  anii  angle  is  beyond 
the  power  of  Geometry.  This  is  not  the  case.  The  problem  is  beyond 
the  power  of  Elementary  Geometry,  which  allows  the  use  of  only  the 
ruler  and  the  compasses. 
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11.  Prove  the  second  part  of  the  proposition  by  drawing  through  A 

a  straight  line  DAE  \\  BC.     (The  Pythagorean  proof.) 

12.  If  any  of  the  angles  of  an  isosceles  triangle  be  two-thirds  of  a 

right  angle,  the  triangle  must  be  equilateral. 

13.  Each  of  the  base  angles  of  an  isosceles  triangle  equals  half  the 

exterior  vertical  angle. 
14  If  the  exterior  vertical  angle  of  an  isosceles  triangle  be  bisected, 
the  bisector  is  |1  the  base. 

15.  Show  that  the  space  round  a  point  can  be  filled  u])  with   six 

equilateral  triangles,  or  four  squares,  or  three  regular  hexagons. 

16.  Can  a  right  angle  be  divided  into  any  other  number  of  equal 

parts  than  two  or  three  ? 

17.  In  a  right-angled  triangle,  if  a  perpendicular  be  drawn  from  the 

right  angle  to  the  hypotenuse,  the  triangles  on  each  side  of 
it  are  equiangular  to  the  whole  triangle  and  to  one  another. 
IS.  Prove  the  seventh  deduction  indirectly ;   and  also  directly  by 
producing  the  median  to  the  hj'potenuse  its  own  length. 

19.  If  the  arms  of  one  angle  be  respectively  perpendicular  to  the 

arms  of  anothei',  the  angles  are  either  equal  or  supjilementary. 

20.  Prove  Cor.  3  by  taking  a  point  inside  the  figure  and  joining  it 

to  the  angular  points. 


PROPOSITION   33.     Theorem. 

The  strahjltt  lines  wMch  join  the  ends  of  two  equal  and 
parallel  straiyht  lines  towards  the  same  parts,  are 
themselves  equal  and  2JM'allel. 

A, ^B 


C  D 

Let  AB  and  CD  be  equal  and  parallel : 
it  is  required  to  prove  AC  and  BD  equal  and  parallel. 

Join  BC. 

Because  BC  meets  the  parallels  AB,  CD, 
.'.    L  ABC  =  alternate  l  DCB.  I.  29 
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(         AB  =  DO  Hyp. 
In  As  ABC,  DCB,  ]         BC  =  CB 

(  L  ABC  =  L  DOB;  Proved 
.-.  AC  =  DB,  L  ACB  =  L  DBC.  I.  4 
Because  CB  meets  -4Cand  BD,  and  makes  the  alter- 
nate L  s  ACB,  DBC  equal ;  Proved 
.-.  ACis\\BD.  I.  27 

1.  State  a  converse  of  this  proposition. 

2.  If  a  quadrilateral  have   oue  pair  of  opposite  sides  equal   and 

parallel,  it  is  a  ||"". 

3.  What  statements  may  be  made  about  the   straight  lines  which 

join  the  ends  of  two  equal  and  parallel  straight  lines  towards 
opposite  parts  ? 


PROPOSITION  34.     Theorem. 
A  ^9a?•aZ?e/or7r«??^  has  its  ojjposite  sides  and  angles  equal,  and 
is  bisected  by  either  diagonal- 


A_ 


0 

Let  ACDB  be  a  H""  of  which  BC  is  a  diagonal : 
it,  is  required  to  prove  that  the  opposite  sides  and  angles  of 
ACDB  are  equal,  and  that  A  ABC  =  A  DCB. 

Because  BC  meets  the  parallels  AB,  CD, 
.-.    L  ABC  =  alternate  L  DCB;  I.  29 

rind  because  BC  meets  the  parallels  AC,  BD, 
.-.    L  ACB  =  alternate  i.  DBC.  I.  29 

i  L  ABC  =  L.  DCB  Proved 

In  As  ABC,  DCB,  \  ^  ACB  =  l  DBC  Proved 

(         BC =  CB; 
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A B 


.-.  AB  =  DC,  AC  =  DB,  l  BAC  =  l  CDB, 
A  ABC  =  A  DCB.  I.  26 

Again  because  l  ABC  was  proved  =  L  DCB,  I.  29 

and  ^  DBC was  proved  =  L  ACB;  I.  29 

.-.  the  whole  L  ABD  =  the  whole  L  DC  A. 

Cor. — If  the  arms  of  one  angle  be  respectively  parallel  to 
the  arms  of  another,  the  angles  are  either  (1)  equal  or  (2) 
supplementary. 

For  (1)    L.  BAC  has  been  proved  =  l  CDB ; 
and  (2)  if  BA  be  produced  to  E, 

L.  EAC,  which  is  supplementary  to  L  BAG,  /.  13 

must  be  supplementary  to  l  CDB. 

1.  If  two  sides  of  a  ||™  which  are  not  opposite  to  each  other  be 

equal,  all  the  sides  are  equal. 

2.  If  two  angles  of  a  ||™  which  are  not  opposite  to  each  other  be 

equal,  all  the  angles  are  right. 

3.  If  one  angle  of  a  |]™  be  right,  all  the  angles  are  right. 

4.  If  two  11"^  have  one  angle  of  the  one  =  one  angle  of  the  other, 

the  ||°"  are  mutually  equiangular. 

5.  If  a  quadrilateral  have  its  opposite  sides  equal,  it  is  a  H™. 

6.  If  a  quadrilateral  have  its  opposite  angles  equal,  it  is  a  H". 

7.  If  the  diagonals   of  a  H™  be  equal  to  each  other,  the  ||™  is  a 

rectangle. 

8.  If  the  diagonals  of  a  ir  bisect  the  angles  through  which  they 

pass,  the  |i"'  is  a  rhombus. 

9.  If  the  diagonals  of  a  |r  cut  each  other  perpendicularly,  the  H"  is 

a  rhombus. 

10.  If  the   di-ignnals  of  a  H""  be  equal  and  cut  each  other  peqien- 

dicularly,  the  H""  is  a  square. 

11.  Show  how  to  bisect  a  straight  line  by  means  of  a  pair  of  parallel 

rulers. 
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12.  Every   straight    line    drawn    through   the   intersection   of    the 

diagonals  of  a  |1™,  and  terminated  by  a  paii"  of  oi)posite  sides,  is' 
bisected,  and  bisects  the  ||'". 

13.  Bisect  a  given  ||"'  by  a  straight  line  drawn  through  a  given  point 

either  within  or  without  the  |i"'. 

14.  The  straight  line  joining  the  middle  points  of  any  two  sides  of  a 

triangle  is  ||  the  third  side  and  =  half  of  it. 

15.  If  the  middle  points  of  the  three  sides  of  a  triangle  be  joined 

with  each  other,  the  four  triangles  thence  resulting  are  equal. 

16.  Construct  a  triangle,  having  given  the  middle  points  of  its  three 

sides. 


PEOPOSITION  35.  Theorem. 

Parallelograms   on   the   same  '^base  and  between  the  same 
parallels  are  equal  iyi  area. 

A D      E  F  A      E  D       F 


B  C  BO 

Let  ABCD,   EBCF  be   ||-^  on  the  same  base  BC,  and 
between  the  same  parallels  AF,  BC : 
it  is  required  to  prove  H*"  ABCD  =  ||"  EBCF. 

Because  AF  meets  the  parallels  AB,  DC, 
.-.  interior  l  A  =  exterior  i.  FDC ;  I.  2d 

and  because  AF  meets  the  parallels  EB,  FC, 
.'.  exterior  l.  AEB  =  interior  i.  F.  /.  29 

(  1.  EAB  =  L  FDC  Proved 

In  As  ABE,  DCF,  j  ^  AEB  =  /.  DEC  Proved 

{         AB  =  DC;  I.  34 

.-.  A  ABE  =  A  DCF.  I.  26 

Hence    quadrilateral  ABCF  -  A  ABE 
=  quadrilateral  ABCF  -  A  DCF; 
ir  EBCF  =  II"'  ABCD. 

F 
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Note. — This  proposition  affords  a  means  of  measuring  the  area  of 
a  11™  ;  thence  (by  I.  34  or  41)  the  area  of  a  triangle  ;  and  thence  (by 
I.  37,  Cor.)  the  area  of  any  rectilineal  figure.  For  the  area  of  any 
Ij'"  =  the  area  of  a  rectangle  on  the  same  base  and  between  the  same 
})arallels  ;  and  it  is,  or  ought  to  be,  explained  in  l^ooks  on  Mensura- 
tion, that  the  area  of  a  rectangle  is  found  by  taking  the  product  of 
its  length  and  breadth.  This  jtlirase  '  taking  the  i)roduct  of  its 
length  and  breadth,'  means  that  the  numbers,  whether  integral  or 
not,  which  ex[)ress  the  length  and  breadth  in  terms  of  the  same 
linear  unit,  are  to  be  multiplied  together.  Hence  the  method  of 
linding  the  area  of  a  H""  is  to  take  the  product  of  its  base  and 
altitude,  the  altitude  being  defined  to  be  the  perpendicular  drawn 
to  its  base  from  any  point  in  the  side  opposite. 

1 .  Prove  the  proposition  for  the  case  when  the  points  D  and  E 

coincide. 

2.  Equal  II™*  on   the   same  base  and  on  the  same  side  of   it  are 

between  the  same  parallels. 

3.  If  through  the  vertices  of  a  ti  iangle  straight  lines  be  drawn  1|  the 

opposite  sides,  and    produced   till  they  meet,  the  resiUting 
figure  will  contain  three  equal  |1"". 

4.  On  the  same  base  and  between  the  same  parallels  as  a  given  ||™, 

construct  a  rhombus  =  the  ||™. 

5.  Prove  the  equality  of  As  ABE  and  DC F in  the  proposition  by 

I.  4  (as  Euclid  does),  or  by  I.  8,  instead  of  by  I.  26. 


PROPOSITION  36.     Theorem. 

Parallelograms  on  equal  bases  and  hetioecn  the  same  jjarallels 
arc  equal  in  area. 

A D  E  TT 


B  C       F  G 

Let  ABCD,  EFGH  be  T^  on  equal  bases  BC,  FG,  and 
between  the  same  parallels,  AH,  BG : 
it  is  required  to  jyrove  H"  ABCD  =  H"  EFGH, 
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Join  BE,  CH. 

Because  BG  =  FG,  and  FG  -  EH,  Hyp.,  I.  34 

.-.  BG  =  EH. 

And  because  BG  is  ||  ^Zf, 

.-.  EB  is  II  ZTC;  /.  33 

.-.  ^^C^isajl'".  I.  Def.  33 

Now  II'"  ABGD  =  11"  EBGH,  being  on  the  same  base 
Z?6',  and  between  the  same  parallels  BG,  AH ;  I-  35 

and  r  £i^(T'^  =  ir  EBGH,  beuig  on  the  same  base 
EH,  and  between  the  same  parallels  EH,  BG ;  I.  35 

.-.  W"'  ABGD  =  If'  EFGH. 

1.  Prove  the  proposition  by  joining  AF,  DG  instead  of  BE,  CH. 

2.  Divide  a  given  ],'"  into  two  equal  H"*^. 

3.  In  how  many  ways  may  this  be  done  ? 

4.  Of  two  ii"^  which  are  between  the  same  2'arallels,  that  is  the 

greater  which  stands  on  the  greater  ba^e. 

5.  State  and  prove  a  converse  of  the  last  deduction. 

6.  Equal  li*^  situated  between  the  same  parallels  have  equal  bases. 


PROPOSITION  37.     Theorem. 

Tnangles  on  the  same  base  and  between  the  same  parallels 
are  equal  in  area. 


B  C 

Let  ABG,  DBG  be  triangles  on  the  same  base  BG,  and 
between  the  same  parallels  AD,  BG  : 
it  is  required  to  prove  A  ABG  =  A  DBG. 
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Through  B  draw  BE  \\  AC,  and  tTirough  C  draw  CF 
\\BD;   ^  L  31 

and  let  them  meet  AD  produced  at  E  and  F. 

Then  EBCA,  DBCF  are  H'"^ ;  /.  Def.  33 

and  ll""  EBCA  =  H"  DBCF,  being  on  the  same  base  BG, 
and  between  the  same  parallels  BC,  EF.  I.  35 

But  A  ABC  =  half  of  ||'"  EBCA,  I.  34 

and  A  DBC=  half  of  T  DBCF;  I.  34 

.-.  A  ABC  =  A  DEC. 

Cor. — Hence  any  rectilmeal  figure  may  be  converted  into 
an  equivalent  triangle. 


Let  ABCDE  be  any  rectilineal  figure  : 
it  is  required  to  convert  it  into  an  equivalent  triangle. 

Join  AG,  AD; 
through  B  draw  BF  \\  AC,  through  E  draw  EG  \\  AD,     I.  31 
and  let  them  meet  CD  produced  at  F  and  G. 
Join  AF,  AG.  AFG  is  the  required  triangle. 
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For  A  AFd  =  A  ABC,  and  A  AGD  =  A  AED  ;  I.  37 
.-.  A  AFC  +  A  ACD  +  A  AGD  =  A  ABC  +  A  ACD 
+  A  AFD. 
.'.  A  AFC  =  figure  ABCDE. 

1.  ABC  is  any  triangle  ;  DE  is  drawn  ||  the  base  BC,  and  meets 

AB,  AC  at  D  and  E ;    BE  and  CZ>  are   joined.       Prove 
A  DBC  =  A  EBC,  A  5i)^  -  A  CEB,and  a  .4  /iii^  =  ^  ACD. 

2.  ABCD  is  a  quadrilateral  having  ^^  ||  CZ) ;  its  diagonals -4 C, 

BD  meet  at  O.     Prove  A  AOD  =  is  BOC. 

3.  In  what  case  would  no  construction  be  necessary  for  the  proof 

of  this  proposition  ? 

4.  Convert  a  quadrilateral  into  an  equivalent  triangle. 

5.  ABC  is  any  triangle,  D  a  point  in  AB  ;  find  a  point  E  ia  BC 

produced  such  that  A  DBE  =  A  ABC. 


PROPOSITION  38.     Theorem. 

Triangles  on  equal  bases  and  between  the  same  parallels  are 
equal  in  area. 

G..-- ^ i> H 


B  C         E  F 

Let  ABC,  DEF  be  triangles  on  equal  bases  BC,  EF,  and 
between  the  same  parallels  AD,  BF: 
it  is  required  to  prove  A  ABC  =  A  DFF. 

Through    B    draw    BG   ||   AC,    and    through   F  draAv 
FH\\DE;  7.31 

and  let  them  meet  AD  produced  at  G  and  H. 

Then  GBCA,  DEFH  are  ||'"^ ; 
and  IP  GBCA  =  H*"  DEFH,  being  on  equal  bases  BG,  EF, 
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«  A  D 


-rH 


and  between  the  same  parallels  BF,  GH.  I.  36 

But  A  ABC  =  half  of  ||™  GBCA,  I.  34 

and  A  DEF  =  half  of  ||'"  DEFH ;  L  34 
.-.   A  ABC  =  A  DEF. 

Cor. — The  straight  line  joining  any  vertex  of  a  triangle 
to  the  middle  point  of  the  opposite  side  bisects  the  triangle. 
Hence  the  theorem  :  If  two  triangles  have  two  sides 
of  the  one  respectively  equal  to  two  sides  of  the  other  and 
the  contained  angles  sujiplementary,  the  triangles  are  eqnal 
in  area. 

1.  Of  two  triangles  which  ai-e  between  the  same  parallels,  that  is 

the  greater  which  stands  on  the  greater  base. 

2.  State  and  prove  a  converse  of  the  last  deduction. 

3.  Two  triangles  are  between  the  same  parallels,  and  the  base  of 

the  first  is  double  the  base  of  the  second ;  prove  the  first 
triangle  double  the  second. 

4.  The  four  triangles  into  which  the  diagonals  divide  a  H""  are  equal. 

5.  If  one  diagonal  of  a  quadrilateral  bisects  the  other  diagonal,  it 

also  bisects  the  quadrilateral. 

6.  ABCD  is  a  ||'"  ;  E  is  any  point  in  AD  or  AD  produced,  and  F 

any  point  in  BC  or  EC  produced ;  AF,  DF,  BE,  CE  are 
joined.     Prove  A  AFD  =  A  BEC. 

7.  ABC  is  any  triangle;  L  and  K  are  the  middle  points  of  AB 

and  AG ;  BK  and  CL  are  drawn  intersecting  at  G,  and  AG 
is  joined.     Prove  A  BGC  =  A  AGG  =-  A  AGB. 

8.  ABCD  is  a  ||'"  ;  P  is  any  point  in  the  diagonal  BD  or  BD  pro- 

duced, and  PA,  PC  are  joined.     Prove    A  PAB  =  A  PCB, 
and  A  PAD^  A  PGD. 

9.  Bisect  a  triangle  by  a  straight  line  drawn  from  a  given  point  in 

cue  of  the  sides. 
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PROPOSITION  39.     Theorem. 

Equal  triangles  on  the  same  side  of  the  same  base  are  hetwc'en 
the  same  parallels. 

Arc ^D 


Let  As  ABC,  DEC  on  the  same  side  of  the  same  base 
BC  be  equal,  and  let  AD  be  joined  : 
it  is  required  to  prove  AD  \\  BC. 

If  AD  is  not  II  BC,  through  A  draw  AE  \\  BC,  I.  31 

meeting  BD,  or  BD  produced,  at  E,  and  join  EC. 

Then  A  ABC  =  A  EBC.  I.  37 

But  A  ABC  =  A  DBC;  Hyp. 

A  EBC  =  A  DBC; 
which  is  impossible,  since  the  one  is  a  part  of  the  other. 
.-.  AD  is  II  BC. 

1.  The  straight  line  joining  the  middle  points  of  two  sides  of  a 

triangle  is  i|  the  third  side,  and  =  half  of  it. 

2.  Hence  prove  that  the  straight  line  joining  the  middle  point  of 

the  hypotenuse  of  a  right-angled  triangle  to  the  opposite 
vertex  =  half  the  hypotenuse. 

3.  The  middle  points  of  the  sides  of  any  quadrilateral  are  the 

vertices  of  a  H"",  whose  perimeter  =  the  sum  of  the  diagonals 
of  the  quadrilateral.  When  will  this  |1'"  be  a  rectangle,  a 
rhombus,  a  square  ? 

4.  If  two  equal  triangles  be  on  the  same  base,  but  on  opposite  sides 

of  it,  the  straight  line  which  joins  their  vertices  will  be 
bisected  by  the  base. 

5.  Use  the  first  deduction  to  solve  I.  .31. 

6.  In  the  figure  to  I.  16,  prove  AF  \\  BC. 

7.  If  a  quadrilateral  be  bisected  by  each  of  its  diagonals,  it  is  a  |!'". 

8.  Divide  a  given  triangle  into  four  triangles  which  shall  be  equal 

in  every  respect. 
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PROPOSTTIOX  40.     Theorem. 

Equal  triangles  on  the  same  side  of  equal  bases  which  are  in 
the  same  straight  line  are  between  the  same  parallels. 

A  D 


Be  E  F 

Let  As  ABC,  DEF,  on  the  same  side  of  the  equal  haaes 
EC,  EF,  which  are  in  the  same  straight  line  BF,  be  equal, 
and  let  AD  be  joined  : 
it  is  required  to  j^t'ove  AD  ||  BF. 

If  AD  is  not  II  BF,  through  A  draw  AG  \\  BF,  I.  31 

meeting  DE,  or  DE  produced,  at  G,  and  join  GF. 

Then  A  ABC  =  A  GEE.  I.  38 

But  A  ABC  =  A  DEE;  Hyp. 

A  GEF  =  A  DEF; 
which  is  impossible,  since  the  one  is  a  part  of  the  other. 
.-.  AD  is  II  BF. 

1.  Prove  the  proposition  by  joining  AE  and  AF. 

2.  Prove  the  proposition  bj''  joining  DB  and  DC. 

3.  Any  number  of  equal  triangles  stand  on  the  same  side  of  eqiial 

bases.     If  their  bases  be  in  one  straight  Hue,  their  vertices 
will  also  be  in  one  straight  line. 

4.  Equal  triangles  situated  between  the  same  parallels  have  eqnal 

bases. 

5.  Trapeziums  on  the  same  base  and  between  the  same  ])arallels 

are  equal  if  the  sides  opposite  the  common  base  are  equal. 

6.  The  median  from  the  vertex  to  the  base  of  a  triangle  bisect? 

every  jiarallel  to  the  base. 

7.  Hence  devise  a  method  of  bisecting  a  given  straight  line. 


Book  I.]  PROPOSITIONS   40,    41.  83 


PEOPOSITIOX  41.     Theorem. 

If  a  paralleJogram  and  a  triangle  be  upon  fhe  same  base  and 
between  the  same  parallels,  the  parallelogram  shall  be 
double  of  the  triangle. 


B  U 

Let  the  H™  ABCD  and  the  A  EBC  be  on  the  same  base 

BC,  and  between  the  same  parallels  AE,  BC : 

it  is  reqtiired  to  prove  ||'"  ABCD  =  ticice  A  EBC. 

Join  AC. 

Then  A  ABC  =  AEBC.  I.  37 

But  ll"-  ABCD  =  twice  A  ABC;  I.  34 

ir  ABCD  =  twice  A  EBC. 

1.  Prove  the  proposition  by  drawing  through  C  a  parallel  to  BE. 

2.  If  a  li™  and  a  triangle  be  on  equal  bases  and  between  the  same 

parallels,  the  |i'"  shall  be  double  of  the  triangle. 

3.  A  ll""  and  a  triangle  are  equal  if  they  are  between  the  same 

parallels,  and  the  base  of  the  triangle  is  double  that  of  the  | '". 

4.  State  and  prove  a  converse  of  the  last  deduction. 

5.  If  from  any  point  -within  a  |i'"  straight  lines  be  drawn  to  the 

ends  of  two  opposite  sides,  the  sum  of  the  triangles  on  these 
sides  shall  be  equal  to  half  the  i;"".  Is  the  theorem  true  when 
the  point  is  taken  outside  ?     Examine  all  the  cases. 

6.  ABCD  is  any  quadrilateral,  AC  and  BD  its  diagonals.     A  |I" 

EFGH  is  formed  by  drawing  through  A ,  B,  C,  D  parallels  to 
A  C  and  BD.     Prove  A  BCD  =  half  of  EFGH. 

7.  Hence,  show  that  the  area  of  a  quadrilateial  =  the  area  of  a 

triangle  which  has  two  of  its  sides  equal  to  the  diagonals  of 
the  quadrilateral,  and  the  included  angle  equal  to  either  of 
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the  angles  at  which  the  diagonals  intersect ;  and  that  two 
quadrilaterals  are  equal  if  their  diagonals  are  equal,  and 
also  the  angles  at  the  intersection  of  the  diagonals. 


PROPOSITION  42.     Problem. 

To  describe  a  parallelogram  that  shall  he  equal  to  a  given 
triangle,  and  have  one  of  its  angles  equal  to  a  given  angle. 
A  F  G 


B  E  C 

Let  ABC  be  the  given  triangle,  and  D  the  given  angle  : 
it  is  required  to  describe  a  \^  equal  to  A  ABC,  and  having 
one  of  its  angles  equal  to  L  D. 

Bisect  5C  at  .E;  /.  10 

and  at  E  make  L  CEF  =  z.  Z>.  /.  23 

Through  A  draw  AG  ||  BC ;  through  Cdraw  CG  \\  EF.     I.  31 
FECG  is  the  H""  required. 
Join  AE. 

The  figure  FECG  is  a  |r ;  /.  Def  33 

and  II'"  FECG  -  twice  A  AEC.  I.  41 

But  since  A  ABE  =  A  AEC,  I.  38 

A  ABC  =  twice  A  AEG; 
II™  FECG  =  A  ABC, 
and  L  CEF  was  made  =   L  D. 

1.  Describe  a  rectangle  equal  to  a  given  triangle. 

2.  Describe  a  triangle  that  shall  be  equal  to  a  given  H™,  and  have 

one  of  its  angles  equal  to  a  given  angle. 

3.  On  the  same  base  as  a  ||™    construct  a  rigiit-angled   triangle 

=  the  ll'n. 

4.  Construct  a  rhombus  =  a  given  triangle. 
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PEOPOSITION  43.     Theorem. 

The  comjylemeiits  of  the  parallelograms  which  are  about  a 
diagonal  of  any  jparallelogravi  are  equal. 

AH  D 


B 

Let  ABCD  be  a  H"",  and  AC  one  of  its  diagonals  ; 
let  EH,  GF  be  H"""  about  AC,  that  is,  through  which  AC 
passes,  and  BK,  KD  the  otlier  ||™'  which  fill  up  the  figure 
ABCD,  and  are  therefore  called  the  complements  : 
it  is  required  to  prove  complement  BK  =  complement  KD. 

Because  EH  is  a  H*"  and  AK  its  diagonal, 

A  AEK  =  A  AHK.  I.  34 

Similarly  A  KGC  =  A  KFC ;  I.  34 

.-.A  AEK  +  A  KGC  =  A  AHK  +  A  KFC. 
But  the  whole  A  ABC  =  whole  A  ADC;  I.  34 

.•.  the  remainder,  complement  BK  =  the  remainder,  com- 
plement KD. 

1.  Name  the  eight  p^^  into  which  ABCD  is  divided  by  EF  and 

GH,  and  prove  that  they  are  all  equiangular  to  H™  ABCD. 

2.  Prove  H™  AG  =  |1'"  ED,  and  r  BF  =  r  DG. 

3.  If   a  point  K  be  taken   inside  a  |]'"  ABCD,  and   through  it 

parallels  be  drawn  to  AB  and  BC,  and  if  H""  BK  -  |1™  KD, 
the  diagonal  AC  passes  through  K.     (Converse  of  I.  4.3.) 

4.  Each  of  the  li""*  about  a  diagonal  of  a  rhombus  is  itself  a  rhombus. 

5.  Each  of  the  11™^  about  a  diagonal  of  a  square  is  itself  a  square. 

6.  Each  of  the  ||""*  about  a  square's  diagonal  produced  is  itself  a  square. 

7.  When  are  the  complements  of  the  ||"'^  about  a  diagonal  of  any 

ll""  equal  in  every  respect  ? 
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PROPOSITION  44.     Problem. 

On  a  given  straiglit  line  to  describe  a  parallelogram  wliirJi 
shall  be  equal  to  a  given  triangle,  and  have  one  of  its 
angles  equal  to  a  given  angle. 

F        E  K 

D 


Let  AB  he  the  given  straight  line,  C  the  given  triangle, 
and  D  the  given  angle  : 

it  is  required  to  describe  on  AB  a  ||™  =  A  C,  cmd  having  an 
angle  =  l  D. 

Describe  the  H"  BEFG  =  A  C,  and  having  l  EBG  = 
L  D ;  and  let  it  be  so  placed  that  BE  may  be  in  the  same 
straight  line  Avith  AB.  I.  42 

Through  A  draw  AH  \\  BG  or  EF,  I.  31 

and  let  it  meet  EG  produced  at  H ; 
join  HB. 

Because  HE  meets  the  parallels  AH,  EF, 
.'.    L  AHE  +  u  HEE  =  2  rt.  z.  s  ;  I.  29 

.-.    L  BHE  +  L  HEE  is  less  than  2  rt.  L  s ; 
.-.  HB,  EE,  if  produced,  will  meet  towards  B,  E.  I.  29,  Cor. 
Let  them  be  produced  and  meet  at  K  ; 
through  K  draw  KL  \\  EA  or  EH,  ^  /.  31 

and  produce  HA,  GB  to  L  and  M. 

ABML  is  the  H""  required. 

For  EHLK  is  a  H",  of  which  HK  is  a  diagonal, 
and  AG,  ME  are  ||™»  about  HK ; 
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complement  BL  =  complement  BFy 
=  A  C. 
And  L  ABM  =  L  EBG, 

=  L  D. 
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1.  On  a  given  straight  line  describe  a  rectangle  equal  to  a  given 

triangle. 

2.  On  a  given  straight  line  describe  a  triangle  equal  to  a  given  |1"', 

and  having  one  of  its  angles  eqnal  to  a  given  angle. 

3.  On  a  given  straight  line  describe  an  isosceles  triangle  equal  to  a 

given  I '". 

4.  Cut  ofl"  from  a  triangle,  by  a  straight  line  drawn  from  one  of 

the  vertices,  a  given  area. 


PKOPOSITIOX  45.     Problem. 

To  describe  a  parallelogram  equal  to  any  given  rectilineal 
figure,  and  having  an  angle  equal  to  a  given  angle. 


G      L 


K       H      M 

Let  ABCD  be  the  given  rectilineal  figure,  E  the  given 
angle  : 

it  is  required  to  describe  a  H""  =  ABCD,  and  having  an  angle 
=  L  E. 

Join  BD,  and  describe  the  \^  FH  =  A  ABD,  and 
having  l  K  =  l  E;  I.  i'2 

on  GH  describe  the  H"  GM  =  A  BCD,  and  having 
z.  GHM  =  L  E.  I.  44 

FKML  is  the  |r  required. 
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K        H       M 

Because  L  K  =  l  GHM,  since  each  =  L  E ; 
to  each  of  these  equals  add  l  GHK ; 

L  K  +  L  GHK  =  I.  GHM  +  l.  GHK. 
But        L  K  +  L  GHK  =  2  rt.  z.  s ;  /.  29 

.-.  L  GHM  +  L  GHK  =  2  rt.  ^s; 
.*.  KH  and  HM  are  in  the  same  straight  line.  /.  14 

Again,  because  FG  and  GL  drawn  from  G  are  both  ||  KM  : 
.•.  FG  and  GL  must  be  in  the  same  straight  line.    /.  Au:  1 1 

Now  because  KF  and  ML  are  both  ||  HG, 
.-.  KF  is  II  3IL;  I  30 

and  A'J/is  \\  FL; 
.-.  i^A'il/L  is  a  ir. 
But  ir  FKML  =  r  ^^  +  ir  GM, 

=  A  ^5Z)  +  A  BCD,  Const. 

=  figmeABCD; 
and  L  K  =  L  E.  Const. 


Could  two  li"*^  have  a  common  side  and  together  not  form  one 

ll""  ?     Illustrate  by  a  figure. 
Describe  a  rectangle  equal  to  a  given  rectilineal  figure. 
On  a  given  straight  line  describe  a  rectangle  equal  to  a  given 

rectilineal  figure. 
Given  one  side  and  the  area  of  a  rectangle  ;  find  the  other  side. 
Describe  a  H'"  equal  to  a  given  rectilineal  figure,  and  having  an 

angle  equal  to  a  given  angle,  using  I.  37,  Cor. 
Describe  a  Ij™  equal  to  the  sum  of  two  given  rectilineal  figures. 
Describe  a  ||™  equal  to  the  difference  of  two  given  rectilineal 

figures. 
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PKOPOSITION  46.     Problem. 

On  a  given  sfraitjlit  line  to  describe  a  square. 
C |D 


Let  AB  be  the  given  .straight  line  : 
it  is  required  to  describe  a  square  on  AB. 

From  A  draw  AC  ^_  AB  undi  =  AB ;                    /.  11,  3 

through  C  draw  CD  \\  AB,  I.  3 1 

and  throi>5h  B  draw  BD\\AC.  /.  31 
ABDC  is  the  square  required. 

For  ABDC  is  a  l^ ;  /.  Def.  33 

.-.  AB  =  CD  and  AC  =  BD.  I.  34 

But  AB  =  AC;  Const. 

.-.  the  four  sides  AB,  BD,  DC,  CA  are  all  equal. 
Because  ^C  meets  the  parallels  AB,  CD, 

.'.    L  A  +  L  C  =2  rt.  Ls.  I.  29 

But  L  A  is  right ; 

.'.    ^  C  is  also  right. 
Now  L  A  =  L  Dand  L  C  =  L  B;  7.  34 

.•.  the  four  Ls  A,  B,  D,  C  are  right ; 

.*.  ABDC  is  a  square.  /.  De/.  32 

1.  What  is  redundant  in  Euclid's  definition  of  a  square  ? 

2.  If  two  squares  be  equal,  the  sides  on  which  they  are  described 

are  equal. 

3.  ABDC  is  constructed  thus:    At  A  aud  B  draw  AC  and  BJJ 

±  AB  and  =  AB,  and  join  CD.     ABDC  is  a  square. 

4.  ABDC  is  constructed  thus  :    At  A  draw  AC  X  AB  and  =  AB ; 

with  B  and  C  as  centres,  and  a  radius  =  A B  or  AC,  describe 
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two  circles  intersecting  at  D  ;  and  join  BD,  DC.     ABDC  ia 
a  square. 
5.  Describe  a  square  having  given  a  diagonal. 


rROPOSITIO:N'  47.     Theorem.  ■ 
'i'he  square  described  on  the'  hypotenuse  of  a  rirjht-arKjled 
trlanijle  is  equal  to  the  squares  described  on  the  other 
two  sid^'S.'"^ 


F< 


H 


-■A.'-' 


>K. 


Let  ABC  be  a  right-angled   triangle,  having  the   right 
angle  BAG: 

it  is  required  to  prove  that  the  square  described  on  BC  = 
square  on  BA  +  square  on  AC. 

On  AB,  BC,   CA  describe  the  squares  GB,  BE, 
Gil; 

through  A  draw  AL\\BD  or  CE ; 
and  join  AD,  CF. 

Because  l  BAG  +  l  BAG  =  2  xt.  z.  s, 
.•.   GA  and  AG  form  one  straight  line. 
Similarly,  HA  and  AB  form  one  straight  line. 

'  This  tlieorem  is  usually  attributed  to  Pythagoras  (580— .MO  B.C.). 


/.  4G 

/.  31 


/.  14 
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Now  L  DBC  =  L  FBA,  each  being  right. 
Add  to  each  l  AUC  ; 
.-.    L  ABD  =  L.  FBG. 

(  AB  =  FB  I.  Def.  32 

Li  As  ABD,  FBC,  ]         BD  =  BO  I.  Def.  32 

(  L  ABD  =  L.  FBC;  Proved 

.-.  A  ABD  =  A  FBC.  I.  4 

But  11™  BL  =  twice  A  ABD,  being  on  the  same 
base  BD,  and  between  the  same  H"  BD,  AL  ;  I.  41 

and  square  i^G-'  =  twice  A  i^5C,  being  on  the  same 
base  BF,  and  between  the  same  |f  BF,  CG ;  I.  41 

.-.  \\^  BL  =  square  BG. 

Similarly,  if  AE,  BK  be  joined,  it  may  be  proved 
that  11"^  CL  =  square  CH; 

.-.  |r  BL  +  IP  CL  =  square  BG  +  square  CH, 
that  is,  square  on  BC  =  square  on  BA  +  square  on  AC 
[It  is  usual  to  write  this  result  BC-  =  BA-  -i-  AC'^;  but  see  p.  113.] 
Cor. — The  difference  between  the  square  on  the  hypoten- 
use of  a  right-angled  triangle  and  the  square  on  either  of  the 
sides  is  equal  to  the  square  on  the  other  side. 

For  since  BC'^  =  BA^-  -\-  AC^, 
.-.    BC  -  BA-^  =  AC\ 
and  BC  -  AC'^  =  BA\ 

KoTE. — This  proposition  is  an  exceedingly  important  one,  and 
numerous  demonstrations  of  it  have  been  given  by  mathe:naticians, 
some  of  them  such  as  easily  to  afford  ocular  proof  of  the  equality 
asserted  iu  'bhe  enunciation.  With  respect  to  Euclid's  method  of 
proof  (which  is  not*  that  of  the  discoverer),  it  may  be  remarked 
that  he  has  chosen  that  position  of  the  squares  when  they  are  all 
exterior  to  the  triangle.  The  pupil  is  advised  to  make  the  seven 
other  modifications  of  the  figure  which  result  from  placing  the 
squares  in  different  positions  with  respect  to  the  sides  of  the 
triangle,  and  to  adapt  Euclid's  proof  thereto.  It  will  be  found  that 
AG  and  AC,  as  well  as  AH  and  AB,  will  always  be  in  the  same 

*  See  Friedlein's  Procliis,  p.  426. 
(; 
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straight  line,  only,  instead  of  being  drawn  in  0})pasite  directions  from 
A  as  in  the  text,  they  will  sometimes  be  drawn  in  the  same  direction  , 
that  LS  ABB  and  f^C  will  sometimes  be  supplementary  instead 
of  equal ;  and  that  then  the  equality  of  a  s  .-1 BD  and  J'BC  will 
follow,  not  from  I.  4,  but  from  I.  38,  Cor. 

All  the  different  varieties  of  figure  are  obtained  thus  : 
Call  X  the  square  on  the  hypotenuse,  Y  and  Z  the  squares  on  the 
otiier  sides.     Describe 

A'  oiitwardly,  Y  outwardly,  Z  outwardly. 
11  M  It  II  inwardl}'. 

II  II  inwardly 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 


inwardly, 


outwardly, 

II 
inwardly, 


outwardly. 

inwardly. 

outwardly. 

inwardly. 

outwai'dly. 

inwardly. 


The  following  methods  of  exhibiting  how  two  squares  may  be 
dissected  and  put  together  so  as  to  form  a  third  square,  are  probably 
the  simplest  and  neatest  ocular  proofs  yet  given  of  this  celebi'ated 
proposition  : 

FIRST   METHOD. 
K 


H  D  C 

ABGH,  BCEF  are  two  squares  placed  side  by  side,  and  so  that 
AB  and  BC  form  one  straight  line.  Cut  oft'  CD  =  AB,  and  join 
ED,  DH. 

(1)  If,  round  E  as  a  pivot,  A  ECD  is  rotated  like  the  hands  of  a 
watch  through  a  right  angle,  it  will  occupy  the  position  EFK.  If, 
round  //  as  a  pivot,  A  HAD  is  rotated  in  a  manner  opposite  to  the 
hands  of  a  watch  through  a  right  angle,  it  will  occujjy  the  position 
HGK.  The  tM'o  squaies  ABO II  and  BCEF  will  then  be  trans- 
formed into  the  square  DEKH. 
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(2)  If  A  ECD  be  slid  along  the  plane  in  such  a  vay  that  EG 
always  remains  vertical,  and  D  moves  along  the  line  DH,  it  will 
come  to  occupy  the  position  KGH.  If  A  HAD  be  slid  along  the 
plane  in  such  a  way  that  HA  always  remains  vertical,  and  D  moves 
along  the  line  DE,  it  will  come  to  occupy  the  position  KFE.  The 
two  squares  ABGH  and  BCEF  Vi'\\\  then  be  transformed  into  the 
square  DEKH. 

[This  method  is  substantially  that  given  by  Schooten  in  liis 
Exerdtationes  Matheinaficce  (1657),  p.  111.  The  first  or  rotational 
way  of  getting  as  ECD,  HAD  into  their  places  is  given  by  J.  0. 
Sturm  in  his  Mathesis  Enucleata  (1680),  p.  31  ;  the  second  or  trans- 
lational  way  is  mentioned  by  De  Morgan  in  the  Quarterly  Journal 
of  Mathematics,  vol,  i.  p.  236.] 


SI 

C 

COND   METHOD, 

K 
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ABC  is  a  right-angled  triangle.  BCED  is  the  square  on  the 
hypotenuse,  ACKH  and  ABFG  are  the  squares  on  the  other  sides. 

Find  the  centre  of  the  square  ABFG,  which  may  be  done  by 
drawing  the  two  diagonals  (not  shown  in  the  figure),  and  through  it 
draw  two  straight  lines,  one  of  which  is  1|  BC,  and  the  other  ±  BC. 
The  square  ABFG  is  then  divided  into  four  quadrilaterals  equal  in 
every  respect.  Through  the  midtlle  points  of  the  sides  of  the  square 
BCED  draw  parallels  tn  AB  and  J  C  as  in  the  figure.  Then  the 
parts  1,  2,  3,  4,  5  will  be  found  to  coincide  exactly  with  1',  2',  3', 
4',  5'. 

[This  method  is  due  to   Henry  Perigal,  F.R.A.S.,  and  was  dis- 
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covered  about  1S30.     See  The  Messenger  of  Malhemattcs,  new  series, 
vol.  ii.  pp.  103-106.] 

1.  Show  how  to  tind  a  square  =  the  sum  of  two  given  squares. 

2.  II  II  =  .1  three  „ 

3.  II  II  =  the  difference  of  two       n 
4^                II                11              double  of  a  given  square. 

5.  II  II  half  M 

6.  II  M  triple  n 

7.  The  square  described  on  a  diagonal  of  a  given  square  is  twice 

the  given  square. 

8.  Hence  prove  that  the  square  on  a  straight  line  is  four  times  the 

square  on  half  the  line. 

9.  The  squares  described  on  the  two  diagonals  of  a  rectangle  are 

together  equal  to  the  squares  described  on  the  four  sides. 

10.  The  squares  described  on  tlie  two  diagonals  of  a  rhombus  are 

together  equal  to  the  squares  described  on  the  four  sides. 

11.  If  the  hypotenuse  and  a  side  of  one  right-angled  triangle  be 

equal  to  the  hyjwtenuse  and  a  side  of  another  right-angled 
triangle,  the  two  triangles  are  equal  in  every  respect, 

12.  If  from  the  vertex  of  any  triangle  a  perpendicular  be  drawn  to 

the  base,  the  difference  of  the  squares  on  the  two  sides  of 
the  triangle  is  equal  to  the  difference  of  the  squares  on  the 
segments  of  the  base. 

13.  The  square  on  the  side  opposite  an  acute  angle  of  a  triangle  is 

less  than  the  squares  on  the  other  two  sides. 

14.  The  square  on  the  side  oi)posite  an  obtuse  angle  of  a  triangle  is 

greater  than  the  squares  on  the  other  two  sides. 

15.  Five  times  the    square  on   the   hypotenuse  of   a   right-angled 

triangle  is  equal  to  four  times  the  sum  of  the  squares  on 
the  medians  drawn  to  the  other  two  sides. 

16.  Three  times  the  square  on  a  side  of  an  equilateral  triangle  is 

equal  to  four  times  the  square  on  the  perpendicular  drawn 
from  any  vertex  to  the  opposite  side. 

17.  Divide  a  given  straight  line  into  two  parts  such  that  the  sum 

of  their  squares  may  be  equal  to  a  given  square.     Is  this 

always  possible? 
IS.  Divide  a  given  straight  line  into  two  parts  such  that  the  square 

on  one  of  them  may  be  double  the  square  on  the  other. 
19.  If  a  straight  line  be  divided  into  any  two  parts,  the  square  on 

the  wliole  line  is  greater  than  the  sum  of  the  squares  on  the 

two  parts. 
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20.  The  sum  of  the  squares  of  the  distances  of  any  point  from  two 

opposite  corners  of  a  rectangle  is  equal  to  the  sum  of  the 
squares  of  its  distances  from  the  other  two  corners. 

The  following  deductions  refer  to  the  figure  of  the  proposition  in 
the  text.  They  are  all,  or  nearly  all,  given  in  an  article  in  LeybourtCs 
Mathematical  Repository,  new  series,  vol.  iii.  (1814),  Part  II,  pp. 
71-80,  by  John  Bransby,  Ipswich. 

21.  What  is  the  use  of  proving  that  AG  and  .4(7  are  in  the  same 

straight  line,  and  also  AB  and  AH? 

22.  AF  and  AK  are  in  the  same  straight  line. 

23.  BG  is  11  CH. 

24.  Prove    As  ABD,  FBC  equal  bj'  rotating  the  former  round  B 

through  a  right  angle.     Similarly,  prove  A  s  ^  CE,  KGB  equal. 

25.  Hence  prove  AD  i.  FC,  and  AE  i,  KB. 

26.  z  s  ABC  and  DBF  are  supplementary,  as  also  are  i  s  ACB  and 

ECK. 

27.  Hence  prove  as  FBD,  KCE  =  A  ABC. 
2S.  FG,  KH,  LA  all  meet  at  one  point  T. 

£9.   AS  AGH,  THG,  GAT,  HTA  are  each  =  a  ABC. 

30.  If  from  D  and  E,  perpendiculars  D  U,  E  V  be  drawn  to  FB  and 

KG  produced.    As    UBD  and    VEG  are   each  =  a  ABC. 
Prove  by  rotating. 

31.  DF-  +  EK-^  =  5  BC\ 

3--'.  The  squares  on  the  sides  of  the  polygon  DFGHKE  =  8  BCK 

33.  If  from  F  and  K  perpendiculars  FM,  KN  be   drawn  to  BG 

produced,  and  /  be  the  point  where  A  L  meets  BG,  A  BFM 
=  A  ABI,  and  A  GKN  =  a  ACL 

34.  FM  +  KX  =  BG,  and  BN  =  CM  =  AL. 

35.  If  DB  and  EG  produced  meet  FG  and  KH  at  P  and  Q,  prove 

by  rotating  A  ABC  that  it  =  each  of  the  A  s  FBP,  KCQ. 
30.  If  PQ  be  joined,  BGQP  is  a  square. 

37.  ABPT  is  a  \r,  and  =  rectangle   BL  ;   ACQT  is  a  ['",  and  = 

rectangle  CL. 

38.  ADBT  is  a  \\^,  and  =  rectangle  BL ;   AEGT  is  a  ||°',  and  = 

rectangle  GL. 

39.  DFPU  and  EKQV  txre  \,^\  and  each  =  4  A  ABC. 

40.  ADUH  and  AEVG  are  ii"'^  and  each  =  2  a  ABC. 

41.  BK  is  ±  GT,  and  CF  ±  BT. 

42.  Hence  prove  that  AL,  BK,  GF  meet  at  one  point  0.     (See 

App.  I.  3.) 
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43.  If  BK  meet  AC  in  A',  and  CF  meet  AB  in  W,  As  BB  K,  CGW 

are  each  =  A  ABC. 

44.  A  W  =  AX. 

45.  A  ACW=  A  BCX.  and  A  ABX  =  A  BCW. 

46.  Quadrilateral  A  WOX  =  a  BOC. 

47.  If  from  G  and  //  perpendiculars  (?i?,  BS  be  Jrawn  to  Z*(7  or  BC 

produced,  and  if  these  i>erpeudiculars  meet  AB  and  AC  in  Y 
and  ^'j  prove  by  rotating  a  ^5C  that  it  =  A  GA  Yor  A  ZAH. 

48.  Z>i7   produced  passes   through   Z,  EV  produced    through   Y, 

G  V  through  ir,  and  HU  through  A'. 

49.  If  throiigh  A  a  parallel  to  BC  be  drawn,  meeting  GR  in  (?',  and 

HS  in  H',  AS  AGG',  AZH'  are  =  A  ABI,  and  As  AYG' 
and  .4^/?'  =  A  .4C/. 

50.  IR  =  IS;      GR  +  HS  =  MN ;      FM  +  GR  +  HS  +  KN 

=  2  {BC  +  AI) ;  GR  =  BS;  HS  =  Ci?. 


PKOPOSITIOX  48.     Theorem. 

If  the  square  descrihed  on  me  of  the  sides  of  a  triangle  he 
equal  to  the  squares  described  on  the  other  two  sides  of 
it,  the  amjle  contained  by  those  two  sides  is  a  right 
angle.  D 


Let  ABC  he  a  triangle,  and  let  BC-  -  BA^  +  AC^ : 
it  is  required  to  prove  l  BAG  right. 

From  A  draw  AD  ±  AC,  and  =  AB  ■  /.  11,  3 

and  join  CD. 

Because  AD  =  AB ;  .-.  AD"^  =  AB^. 
To  each  of  these  equals  add  AC^  ; 
.•   AD'^  +  AC^  =  A&  +  ACK 


Book  I,]  PROPOSITION   48.  97 

But  AD^-  +  AC-  =  Cn\  I.  47 

and  AB^  +  AC'  =  BC\-  Hyp. 

.-.  CD'  =  EC; 
.-.    CD  =  EC. 

(EA  =  DA  Const 

In  As  EAC,  DAC,  ■^.AC  =  AC 

i  EC  =  DC;  Proved 

.-.  L  BAC  =   _  DAC,  I.  8 

=  a  right  angle. 

1.  Ill  the  construction  it  is  said,  draw  AD  X  AC.     Would  it  not 

be  sinijiler,  and  answer  the  same  purpose,  to  say,  produce  AB 
to  D.     Why  ? 

2.  Prove  the  proposition  indirectly  by  drawing  AD  A.  AC,  and  on 

the  same  side  of  AC  as  AB,  and  using  I.  7  (Proclus). 

3.  If  the  square  on  one  side  of  a  triangle  be  less  than  the  sum  of 

the  squares  on  the  other  two  sides,  the  angle  opposite  that 
side  is  acute. 

4.  If  the  square  on  one  side  of  a  triangle  be  greater  than  the  sum 

of  the  squares  on  the  other  two  sides,  the  angle  opposite  that 
side  is  obtuse. 

5.  Prove  that  the  triangle  whose  sides  are  3,  4,  5  is  right-angled.* 

6.  Hence  derive  a  method  of  drawing  a  perpendicular  to  a  given 

straight  line  from  a  point  in  it. 

7.  Show  that  the  following  two  rides,f  due  respectively  to  Pytha- 

goras and  Plato,  give  numbers  representing  the  sides  of 
right-angled  triangles,  and  show  also  that  the  two  rules  are 
fundamentally  tlie  same. 

(a)  Take  an  odd  number  for  the  less  side  about  the  right  angle. 
Subtract  imity  from  the  square  of  it,  and  halve  the  remain- 
der ;  this  will  give  the  greater  side  about  the  right  angle. 
Add  unity  to  the  greater  side  for  the  hypotenuse. 

(6)  Take  an  even  number  for  one  of  the  sides  about  the  right 
angle.  From  the  square  of  half  of  this  number  subtract 
unity  for  the  other  side  about  the  right  angle,  and  to  the 
square  of  half  this  number  add  unity  for  the  hypotenuse. 

*  This  is  said  by  Plutarch  to  have  been  known  to  the  early  Egyptians. 
+  See  Friedlein's  Prodws,  p.  428,  and  Hultsch's  Heronis  .  .  .  reliquice, 
pp.  56,  57. 
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Proposition  1. 

The  straight  line  joining  (he  middle  points  of  any  ftvo  sides  of  a 
triang'e  is  parallel  to  the  third  side  and  equal  to  the  half  of  it. 


Let  ABC  be  a  triangle,  an>l  let  L,  K  be  the  midiile  points  of 
AB,  AC: 
it  is  required  to  prove  LK  \\  BC  and  =  half  of  BC. 

Join  BK,  CL. 

Because      AL  =  BL,        .-.A  iSLC=  half  of  a  ABC ;         I.  38 
and  because  AK  =  CK,        .-.A  BKC  =  half  of  A  ABC;         I.  38 
.-.  A  BLG=  A  BKC. 
.■.LK\&\\  BC.  I.  39 

Hence,  if  H  be  the  niid<lle  of  BC,  and  HK  be  joined,  HK  is  |i  AB  ; 
.-.  BHKL  is  a  1/"  ;  /.  Def  33 

.'.  LK  =  BH=  half  of  BC.  I.  34 

Cor.  1. — Conversely,  The  straiglit  line  drawn  through  the  middle 
point  of  one  side  of  a  triangle  parallel  to  a  second  side  bisects  the 
third  side.* 

CoR.  2. — AB  is  a  given  straight  line,  C  ami  D  are  two  points, 
either  on  the  same  side  of  ^i?  or  on  opposite  sides  of  AB,  and  such 
that  AC  and  BD  are  parallel.  If  through  K  the  middle  point  of 
AB,  a,  straight  line  be  drawn  |1  ^C  or  BD  to  meet  CD  at  F,  tiien 

*  The  corollaries  and  converses  given  in  the  Appendices  shoidd  be 
proved  to  be  true.     Many  of  them  are  not  obvious. 
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/'  is  the  middle  point  of  CD,  and  EF  is  equal  either  to  half  the  sum 
of  AC  and  BD,  or  to  half  their  diftereuce. 


Proposition  2. 

The  straight  lines  drawn  perpendicular  to  the  sides  of  a  triangle  from 
the  middle  points  of  the  sides  are  concurrent  (that  is,  pass  through 
the  same  point). 

See  the  figure  and  demonstration  of  IV.  5. 

If  S  he  joined  to  H,  the  raidtlle  of  BC,  then  SFI  is  ±  BC.         I.  S 

Note. — The  point  .S'  is  called  the  circumscribed  centre  of  A  ABC. 


Proposition  3. 

The  straight  lines  drawn  from  the  vertices  of  a  triangle  perpendicular 
t )  the  opposite  sides  are  concurrent.* 

I.  .i.  K 


H 

Let  AX,  BY,  CZ  be  the  three  perpendiculars  from  A,  B,  Con 
the  opposite  sides  of  the  A  ABC : 
it  is  required  to  prov'  AX,  B  Y,  CZ  concurrent. 

Through  A,  B,  C  draw  KL,  LH,  HK  \\  BC,  CA.  AB.            I.  '.W 

Then  the  figures  ABCK,  ACBL  are  1,"'^ ;  /.  Def  33 

.-.  AK=:  BC=AL,  I.:U 
that  is,  A  is  the  middle  point  of  KL. 

*  Pappus,  VII.  62.  The  proof  liere  given  seems  to  be  due  to  F.  J. 
Servois  :  see  his  Solution^!  peu  ronniies  de  differ  ns  prohlemes  de  GeomStrie- 
pratique  (1804),  p.  15.     It  is  attriljiitctl  to  Gauss  by  Dr  P..  Baltzer. 
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Hence  also,  B  and  C  are  the  middle  points  of  LH  and  HK. 
But  since  AX,  BY,  CZ  are  respectively  ±  BC,  CA,  AB,  CoiiM. 

they  must  be  respectively  ±.  KL,  LH,  HK,  I.  29 

and  .*.  concurrent.  -^PP-  I-  2 

Note. — The  point  0  is  called  the  orthocentre  of  the  A  ABC  (a.n 
expression  due  to  \V.  H.  Besant),  and  A  XYZ,  formed  by 
joining  the  feet  of  the  perpendiculars,  is  called  sometimes  the  pedal, 
sometimes  the  orthocentric,  triangle. 


Pkoposition  4. 
The  medians  of  a  triangle  are  concurrent. 


A   BLC  =  A  ALC, 
A  BLG  =  A  ALG; 


I.  38 

/.  Ax.  3 

/.  3S 


H  C 

Let  the  medians  BK,  CL  of  the  A  ABC  meet  at  (?; 
it  is  required  to  prove   that,  if  H  be  the  iimldle  point  of  BC,  the 
median  AH  will  pass  through  G. 

Join  AG. 

Because  BL  —  AL 
and 
.-.   A  BGC  =  A  AGC, 

=  twice  A  CKG  ; 
.-.  BG  =  twice  GK,  or  BK  =  thrice  GK, 

that  is,  the  median  CL  cuts  BK  at  its  point  of  trisection  remote 
from  B. 

Hence  also,  the  median  AH  cuts  BK  at  its  point  of  trisection  remote 
from  B, 
that  is,  A  H  passes  through  G. 

Cor. — If  the  points   H,   K,  L   be   joined,   the   medians  of  the 
A  HKL  are  concurrent  at  G. 

Note. — The   point   G  is   called  the  renlroid  of  the  A  ABC  (an 


Book  I.] 


APPENDIX    I. 


101 


expression  due  to  T.  S.  Davies),  and  a  HKL  may  be  called  the 
median  triangle.  Tlie  centroid  of  a  triangle  is  the  same  point  as 
that  which  in  Statics  is  called  the  centre  of  gravity  of  the  triangle, 
and  may  be  found  by  drawing  one  median,  and  trisecting  it. 


Proposition  5. 


TTie  orthocentre,  the  centroid,  and  the  circumscribed  centre  of  a 
triangle  are  colUnear  {that  is,  lie  on  the  same  straight  line),  and 
the  distance  between  the  first  two  is  double  of  tlie  distance  between 
the  last  two* 


B  X         H  C 

Let  ABC  he  a  triangle,  0  its  orthocentre  determined  by  drawing 
AX  and  BY  ±  BC  and  CA  ;  S  its  circumscribed  centre  determined 
by  drawing  through  H  and  K  the  middle  points  of  BC  and  CA,  HS 
and  KS  X  BC  and  CA  ;  and  AH  the  median  from  A  : 
it  is  required  to  prove  tliat  if  SO  be  joined,  it  will  cut  AH  at  the 
centroid. 

Let  SO  and  AH  intersect  at  G ; 
join  P  and  Q,  the  middle  points  of  GA,  GO ; 
u   U   ..     V,  „  „  OA,  OB; 

and  join  HK. 

Because  H  and  A'  are  the  middle  points  of  CB,  CA  ; 
.-.  HK  is  II  AB  and  =  half  A  B.  App.  I.  1 

Because  U  and  V  are  the  middle  points  of  OA,  OB  j 
.-.  UVisWAB  a.nd  =  half  AB,  Aj^p.  I.  1 

.-.  HKisW  C/Fand  =  U  V. 


*  First  given  by  Euler  in   1765.     See  Novi    Commentarii  Academice 
Scientiarum  Imperialis  Petropolitance,  vol,  xi.  pp.  13,  114. 
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B  X  H  C 

Because  SIl  and  OU  are  both  x  5C    .-.  SH  is  \\0U ;       I.  28,  Cor. 

„      SK     „    OV  .,  CA    .-.SKoWOV.        I.  28,  Cor. 

Hence  the  as  SHK,  OUV  are  mutually  equiangular,        /.  34,  Cor. 

and  since  HK  =  UV    .-.  SH  =  OU  I.  26 

=  half  ^0. 
Again,  because  P  and  Q  ai'e  the  middle  points  of  GA,  GO ; 
.-.  PQ  is  li  AO  and  =  half  AO  :  App.  I.  1 

.-.  PQ  is  II  5i/ and  =  SH. 

Hence  the  A  s  HGS,  PGQ  are  equal  iu  all  resjjects ;  /.  29,  26 

.-.  HG=  PG  -^  lialf  AG; 

.'.  G  is  the  centroid,  -^PP-  I-  4 

and  SG  =  QG  =  half  OG. 

Cor. — The  distance  of  the  circumscribed  centre  from  any  side  of  a 
triangle  is  half  the  distance  of  the  orthocentre  from  the  opjjosite 
vertex. 

For  SH  was  proved  =  half  OA. 

Loci. 

Many  of  the  problems  which  occur  in  geometry  consist  in  the 
finding  of  points.  Now  the  position  of  a  point — and  pi>sition  is  the 
only  pro[ierty  whirh  a  point  possesses — is  determined  by  certain 
conditions,  and  if  we  know  these  conditions,  we  can,  in  general, 
find  the  jioint  which  satisfies  them.  It  will  be  seen  that  in  plane 
geometry  (ico  conditions  suffice  to  determine  a  point,  provided  the 
conditions  be  mutually  consistent  and  indcpemlent.  When  only 
one  of  the  conditions  is  given,  though  the  point  cannot  then  be 
determined,  yet  its  position  may  be  so  restricted  as  to  enable  us 
to  say  that  wherever  the  point  may  be,  it  must  always  lie  on  some 
one  or  two  lines  which  we  can  describe  ;  for  example,  straight  lines 
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or  the  circumferences  of  circles.  The  given  condition  may,  however, 
be  such  that  the  point  which  satisfies  it  will  lie  on  a  line  or  lines 
which  we  do  not  as  yet  know  how  to  describe.  Cases  where  this 
occurs  are  considered  as  not  belonging  to  elementary  plane 
geometry. 

Def. — The  Une  (or  lines)  to  which  a  point  fulfilling  a  given  con- 
dition is  restricted,  that  is,  on  which  alone  it  can  lie,  is  (or  are) 
called  the  locus  of  the  point.  Instead  of  tlie  phrase  'the  locus  of  a 
point,'  we  frequently  say  '  the  locus  of  points.' 

For  the  complete  establishment  of  a  locus,  it  ought  to  be  proved 
not  only  that  all  the  points  which  are  said  to  constitute  the  lociis 
fidril  the  given  condition,  but  that  no  other  points  fidfil  it.  The 
latter  pai't  of  the  proof  is  generally  omitted. 

Ex.  1.  Find  the  locus  of  a  jioint  having  the  jiroperty  (or  fulHUing 
the  condition)  of  being  situated  at  a  given  distance  from  a  given  point. 

Let  A  be  the  given  point,  and  suppose 
B,  C,  D,  &c.  to  be  points  on  the  locus.  Join 
AB,  AG,  AD,  &c.  /  /      \C 

Then  AB  =  AC  =  AD  =  &c.  ;  Hyp. 

and  hence  B,  C,  D,  &c.  must  be  situated  on 
the  O"^*  of  a  ciicle  whose  centre  is  A,  and 
whose  radius  is  the  given  distance. 

Moreover,  the  distance  from  A  of  any  point 
not  situated  on  the  O'^''  would  not  be  =  AB,  AC,  AD,  &c. 

This  O*^®  .'.  is  the  required  locus. 

Ex.  2.  Find  the  locus  of  a  point  having  the  property  (or  fulfilling 
the  condition)  of  being  equidistant  from 
two  given  points. 

Let  A  and  B  be  the  given  points. 

Join  AB,  and  bisect  it  at  C ;  then  C 
is  a  definite  fixed  point. 

Suppose  D  to  be  any  point  on  the  locus, 
and  join  DA,  DB,  DC.  ^  /. 

Then  DA  =  DB  ;  Hyp.  ' 

and  since  DC  is  common,  and  AC  =  BC, 
.-.  DC  is  ±AB. 

Hence,  if  a  set  of  other  points  on  the  locus  be  taken,  and  joined 
to  the  definite  fixed  point  C,  a  set  of  perpendiculars  to  AB  will  be 
obtained.  The  locus  therefore  consists  of  all  the  perpendiculars  ihat 
can  be  drawn  to  J/?  through  the  point  C;  that  is,  CD  produced 
indefinitely  either  way  is  the  locus. 
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Proposition  6. 

StraigJit  lines  are  drawn  from  a  given  fixed  jjoint  to  the  circumfer- 
ence of  a  given  fixed  circle,  and  are  bisected:  find  the  locus 
of  tlveir  middle  points. 


A  be  the  given  fixed  point,  C  the  centre  of  the  given  fixed 
circle ;  let  AB,  one  of  the  straight  lines  drawn  from  A  to  the  0<^S 
be  bisected  at  E : 
it  is  required  to  find  the  locus  of  E. 

Join  AC,  and  bisect  it  at  Z);  /.  10 

join  DE  and  CB. 

Because  DB  joins  the  middle  points  of  two  sides  of  A  ACS, 

.■.DE=hCB.  App.I.'i 

But  CB,  being  the  radius  of  a  fixed  circle,  is  a  fixed  length ; 

.■ .  DE,  its  half,  is  also  a  fixed  length. 
Again,  since  A  and  C  are  fixed  points, 

.'.  AC  is  a  fixed  straight  line  ; 

.'.  D,  the  middle  point  of  AC,  is  a  fixed  point ; 

that  is,  E,  the  jniddle  point  of  AB,  is  situated  at  a  fixed  distance 
from  the  fixed  point  D. 
But  A  B  was  any  straight  line  drawn  from  A  to  the  O  "^  ; 

.'.  the  middle  points  of  all  other  straight  lines  drawn  from  A  to  the 

O  ™  must  be  situated  at  the  same  fixed  distance  from  the  fixed  point 
D; 

.'.  the  locus  of   the  middle   points  is  the  0<*  of   a  circle,  whose 
centre  is  D,  and  whose  radius  is  half  the  radius  of  the  fixed  circle. 

From  the  figure  it  will  be  seen  that  it  is  immateiial  whether  AB 
or  A B'  is  to  be  considered  as  the  straight  line  drawn  from  A  to  the 

0«.     For  if  E'   be  the  middle  point  of  AR,  then  E'D  =  \ffC, 
that  is  =  half  the  radius  of  the  fixed  circle  ; 

/.  the  locus  of  £"  is  the  same  O"^  as  before. 
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[The  reader  is  requested  to  make  figures  for  the  cases  when  the 
giveu  point  A  is  inside  the  given  circle,  and  when  it  is  on  the  O""  of 
the  given  circle.] 


INTERSECTION   OF   LOCI. 

Since  two  conditions  determine  a  point,  if  we  can  construct  the 
locus  satisfying  each  condition,  the  point  or  points  of  intersection  of 
the  two  loci  will  be  the  point  or  points  required.  A  familiar  example 
of  this  method  of  determining  a  point,  is  the  finding  of  the  position 
of  a  town  on  a  map  by  means  of  parallels  of  latitude  and  meridians 
of  longitude.  The  reader  is  recommended  to  apply  this  method  to 
the  solution  of  I.  1  and  22,  and  to  several  of  the  problems  on  the 
construction  of  triangles. 

I)EDUCT10N.S. 

1.  The  straight  line  joining  the  middle  jwints  of  the  non-parallel 

sides  of  a  trapeziinn  is  |!  the  parallel  sides  and  =  half  their 
sum. 

2.  The  straight  line  joining  the  middle  points  of  the  dia^'onals  of  a 

trapezium  is  |,  the  parallel  sides  and  =  half  their  difference. 

3.  The  straight  line  joining  the  middle  points  of  the  uon-paraUel 

sides  of  a  trapezium  bisects  the  two  diagonals. 

4.  The  middle  points  of  any  two  oj^posite  sides  of  a  quadrilateral 

and  the  middle  jioints  of  the  two  diagonals  are  the  vertices 
of  a  ir. 

5.  The  straight  lines  which  join  the  middle  ]>oints  of  the  opjjosite 

sides  of  a  quadrilateral,  and  the  straight  line  which  joins  the 
middle  points  (if  tlie  diagonals,  are  concurrent. 

6.  If  from  the  tliree  vertices  and  the  centroid  of  a  triangle  per[)en- 

diculars  be  drawn  to  a  straight  line  outside  the  triangle,  tlie 
perpendicular  from  the  centroid  =  one-third  of  the  sum  of 
the  other  perpendiculars.  Examine  the  cases  when  the 
straight  line  cuts  the  triangle,  and  when  it  passes  tlirough 
the  centroid. 

7.  Find  a  point  in  a  given  straight  line  such  that  the   sum  of  its 

distances  from  two  given  points  may  be  the  least  possible. 
Examine  the  two  cases,  when  the  two  given  points  are  on 
the  same  side  of  the  given  line,  and  when  they  are  on 
diflferent  sides. 
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8.  Find  a  point  in  a  given  straight  line  such  that  the  difference  of 

its  distances  from  two  given  jjoints  may  be  the  greatest 
possible.     Examine  the  two  cases. 

9.  Of  all  triangles  having  only  two  sides  given,  that  is  the  greatest 

in  which  these  sides  are  perpendicular. 

10.  The   perimeter   of   an   isosceles    triangle   is   less   than   that   of 

any  other  triangle  of  equal  area  standing  on  the  same 
base. 

11.  Of  all  triangles  having  the  same  vertical  angle,  and  the  baoes 

of  which  pass  through  the  same  given  point,  the  least  is  that 
which  has  its  base  bisected  by  the  given  point. 

12.  Of  all  triangles  formed  with  a  given  angle  which  is  contained 

by  two  sides  whose  sum  is  constant,  the  isosceles  triangle  has 
the  least  perimeter. 

13.  The  sum  of  the   perpendiculars  drawn  from  any  point  in  the 
^©  base  of  an  isosceles  triangle  to  the  other  two  sides  is  con- 
stant.    Examine   the   case    when   the   point   is  in  the   base 
produced. 

14.  The  sum  of  the  pei'pendiculars  drawn  from  any  point  inside  an 

equilateral  triangle  to  the  three  sides  is  constant.  Examine 
the  case  when  the  point  is  outside  the  triangle. 

15.  The  sum  of  the  perpendiculai-s  from  the  vertices  of  a  triangle  on 

the  opposite  sides  is  greater  than  tlie  semi-perimeter  and  less 
than  the  perimeter  of  the  triangle. 

16.  If  a  perpendicular  be  draAvn  from  the  vertical  angle  of  a  triangle 

to  the  base,  it  will  divide  the  vertical  angle  and  the  base 
into  parts  such  that  the  greater  is  next  the  greater  side  of 
the  triangle. 

17.  The  bisector  of  the  vertical  angle  of  a  triangle  divides  the  base 

into  segments  such  that  the  greater  is  next  the  grtater  side 
of  the  triangle. 

18.  The  median  from  the  vertical  angle  of  a  triangle  divides  the 

vertical  angle  into  parts  such  that  the  greater  is  next  the  less 
side  of  the  triangle. 

19.  If  from  the  vertex  of  a  triangle  there  be  drawn  a  perpendicular 

to  the  opposite  side,  a  bisector  of  the  vertical  angle  and  a 
median,  the  second  of  these  lies  in  ]iodtion  and  magnitude 
between  the  other  two. 

20.  The  sum  of  the  three  angular  bisectors  of  a  triangle  is  greater 

than  the  semiperimeter,  and  less  than  the  perimeter  of  the 
triangle. 
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21.  If  one  side  of  a  triangle  be  greater  than  another,  the  perpen- 

dicular  on   it   from   the    opposite    angle   is   less    than    the 
corresponding  perpendicular  on  the  other  side. 

22.  If  one  side  of  a  triangle  be  greater  than  another,  the  median 

di'awn  to  it  is  less  than  the  median  drawn  to  the  other. 

23.  If  one  side  of  a  triangle  be  greater  than  another,  the  bisector 

of  the  angle  opposite  to  it  is  less  than  the  bisector  of  the 
angle  opposite  to  the  other. 

24.  The  hypotenuse  of  a  right-angled  triangle,  together  with  the 

perpendicular  on  it  from  the  right  angle,  is  greater  than  the 
sum  of  the  other  two  sides. 

25.  The  sum  of  the  three  medians  is  greater  than  three-fourths  of 

the  perimeter  of  the  triangle. 

26.  Construct  an  equilateral  triangle,  having  given  the  perpendicular 

from  any  vertex  on  the  opposite  side. 

Construct  an  isosceles  triangle,  having  given  : 

27.  The  vertical  angle  and  the  perpendicular  from  it  to  the  base. 

28.  The  perimeter  and  the  perpendicular  from  the  vertex  to  the 

base. 

Construct  a  right-angled  triangle,  having  given  : 

29.  The  hypotenuse  and  an  acute  angle. 

30.  The  hypotenuse  and  a  side. 

SI.  The  hypotenuse  and  the  sum  of  the  other  sides. 

32.  The  hypotenuse  and  the  difference  of  the  other  sides. 

33.  The  perpendicular  from  the  right  angle  on  the  hypotenuse  and 

a  side. 
34  The  median,  and  the  perpendicular  from  the  right  angle,  to  the 
hypotenuse. 

35.  An  acute  angle  and  the  sum  of  the  sides  about  the  right  angle. 

36.  An  acute  angle  and  the  difference  of  the  sides  about  the  right 

angle. 

Construct  a  triangle,  having  given  : 

37.  Two  sides  and  an  angle  opposite  to  one  of  them.     Examine  the 

cases  when  the  angle  is  acute,  right,  and  obtuse. 

38.  One  side,  an  angle  adjacent  to  it,  and  the  sum  of  the  other  two 

sides. 

39.  One  side,  an  angle  adjacent  to  it,  and  the  difference  of  the  other 

two  sides. 

40.  One  side,  the  angle  opposite  to  it,  and  the  sum  of  the  other  two 

sides. 

H 
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41.  One  side,  the  angle  opposite  to  it,  and  the  difference  of  the 

other  two  sides. 

42.  An  angle,  its  bisector,  and  the  perpendicular  from  the  angle  on 

the  opposite  side. 

43.  The  angles  and  the  sum  of  two  sides. 

44.  The  angles  and  the  difference  of  two  sides. 

45.  The  perimeter  and  the  angles  at  the  base. 
40.  Two  sides  and  one  median. 

47.  One  side  and  two  medians. 

48.  The  three  medians. 

Construct  a  square,  having  given  : 

49.  The  sum  of  a  side  and  a  diagonal. 

50.  The  difference  of  a  side  and  a  diagonal. 

Construct  a  rectangle,  having  given  : 

51.  One  side  and  the  angle  of  intersection  of  the  diagonals. 

52.  The  perimeter  and  a  diagonal. 

53.  The  perimeter  and  the  angle  of  intersection  of  the  diagonals. 

54.  The  difference  of  two  sides  and  the  angle  of  intersection  of  the 

diagonals. 

Construct  a  I™,  ha\'ing  given  -. 

55.  The  diagonals  and  a  side. 

56.  The  diagonals  and  their  angle  of  intersection. 

57.  A  side,  an  angle,  and  a  diagonal.  •• 

58.  Construct  a  I™  the  area  and  perimeter  of  which  shall  =  the  area 

and  perimeter  of  a  given  triangle. 

59.  The  diagonals  of  all  the  li""  inscribed*  in  a  given  |'™  intersect  one 

another  at  the  same  point. 

60.  In  a  given  rhombus  inscribe  a  square. 

61.  In  a  given  right-angled  isosceles  triangle  inscribe  a  square. 

62.  In  a  given  square  inscribe  an  equilateral  triangle  having  one  of 

its  vertices  coinciding  with  a  vertex  of  the  square. 
6'^.  AA',  BB',  CC  are  straight  lines  drawn  from  the  angular  points 
of  a  triangle  through  any  point  O  within  the  triangle,  and 
cutting  the  ojtposite  sides  at  A',B',  C.  AP,  BQ,  CR  are  cut 
off  from  AA\  BB',  CC,  and  =  OA',  OB',  00'.  Prove 
A  A'B'C  =  A  PQR. 

*  One  figure  is  inscribed  in  another  when  the  vertices  of  the  first  figure 
are  on  the  sides  of  the  second. 
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64.  On  AB,  AC,   sides  of   A  ABC,  the    m  ABDE,   A  CFG  are 

described  ;  DE  and  FG  are  produced  to  meet  at  H,  and  A  H 
is  joined  ;  through  B  and  C,  BL  and  CM  are  drawn  |,  AH, 
and  meeting  DE  and  FG  at  L  and  J/.  If  LM  l»e  joined, 
5CJ/L  is  a  ||°»,  and  =  \\"'  BE  +  |i'"  «?.     (Pappus,  IV.  1.) 

65.  Deduce  I.  47  from  the  preceding  deduction. 

66.  If  three  concurrent  straight  hues  be  respectively  perpendicular 

to  the  three  sides  of  a  triangle,  they  divide  the  sides  into 
segments  such  that  the  sums  of  the  squares  of  the  alternate 
segments  taken  cyclically  (that  is,  going  round  the  triangle) 
are  equal  ;  and  conversely. 

67.  Prove  App.  I.  2,  3  by  the  preceding  deduction. 

68.  If  from  the  middle  point  of  the  base  of  a  triangle,  perpendiculars 

be  drawn  to  the  bisectors  of  the  interior  and  exterior  vertical 
angles,  these  perpendiculars  will  intercept  on  the  sides 
segments  equal  to  half  the  sum  or  half  the  difference  of  the 
sides. 

69.  In  the  figure  to  the   preceding  deduction,  find  all  the  angles 

which  are  equal  to  half  the  snm  or  half  the  difference  of  the 
base  angles  of  the  triangle. 

70.  If  the  straight  lines  bisecting  the  angles  at  the  base  of  a  triangle, 

and  terminated  by  the  oj^posite  sides,  be  equal,  the  triangle  is 
isosceles.  Examine  the  case  when  the  angles  below  the  base 
are  bisected.  [See  Nouvelles  Annales  de  Mathematiqiies 
(1842),  pp.  138  and  311;  Lady^s  and  Gentleman^s  Diary  iov 
1857,  p.  58  ;  for  1859,  p.  87  ;  for  1860,  p.  84  ;  London,  Edin- 
bunjh,  and  Dublin  Philosophical  Magazine,  1852,  p.  366,  and 
1874,  p.  354] 

Loci. 

1.  The  locus  of  the  points  situated  at  a  given  distance  from  a 

given  straight  line,  consists  of  two  straight  lines  parallel  to 
the  given  straight  line,  and  on  opposite  sides  of  it. 

2.  The  locus  of  the  points  situated  at  a  given  distance  from  the 

O''^  of  a  given  circle  consists  of  the  O"^  of  two  circles  con- 
centric with  the  given  circle.  Examine  whether  the  locus 
will  always  consist  of  two  O  ■=*'. 

[The  distance  of  a  point  from  the  circumference  of  a  circle  is 
measured  on  the  straight  line  joining  the  point  to  the  centre 
of  the  circle.] 
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3.  The  locus  of  the  points  equidistant  from  two  given  straight  lines 

which  intersect,  consists  of  the  two  bisectors  of  the  angles 
made  by  the  given  straight  lines. 

4.  What   is   the   locus   when   the   two   given    straight    lines    are 

parallel  ? 

5.  The  locus  of  the  vertices  of  all  ihe  triangles  which  have  the 

same  base,  and  one  of  their  sides  equal  to  a  given  length, 
consists  of  the  O"'  of  two  circles.  Determine  their  centres 
and  the  length  of  their  radii. 

6.  The   locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base,  and  one  of  the  angles  at  the  base  equal  to  a  given 
angle,  consists  of  the  sides  or  the  sides  produced  of  a  certain 
I'hombus. 

7.  Find  the  locus  of  the  centre  of  a  circle  which  shall  pass  through 

a  given  point,  and  have  its  radius  equal  to  a  given  straight 
line. 

8.  Find  the  locus  of  the  centres  of  the  circles  which  jiass  through 

two  given  points. 

9.  Find  the  locus  of  the  vertices  of  all  the  isosceles  triangles  which 

stand  on  a  given  base. 

10.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have 

the  same  base,  and  the  median  to  that  base  equal  to  a  given 
length. 

11.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base  and  equal  altitudes. 

12.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base,  and  their  areas  equal. 

13.  Find  the  locus  of  the  middle  points  of  all  the  straight  lines 

drawn  from  a  gi\  en  point  to  meet  a  given  straight  line. 

14.  A  series  of  triangles  stand  on  the  same  base  and  between  the 

same  parallels.  Find  the  locus  of  the  middle  points  of  their 
sides. 

15.  A  series  of  |1""  stand  on  the  same  liase  and  between  the  same 

))ara11els.  Find  the  locus  of  the  intersection  of  their 
diagonals. 

16.  From    any  point   in  the  base  of   a  triangle  straight  lines  are 

drawn  parallel  to  the  sides.  Find  the  locus  of  the  intersection 
of  the  diagonals  of  every  |1"  thus  formed. 

17.  Straight  lines  are  drawn  jiarallel  to  the  base  of  a  triangle,  to 

meet  the  sides  or  the  sides  produced.  Find  the  locus  of  their 
middle  points. 
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IS.  Find  the  locus  of  the  angular  point  opposite  to  the  hypotenuse 
of  all  the  right-angled  triangles  that  have  the  same  hypoten- 
use. 

19.  A  ladder  stands  upright  against  a  perpendicular  wall.     The  foot 

of  it  is  gradually  drawn  outwards  till  the  ladder  lies  ou  the 
ground.  Prove  that  the  middle  point  of  the  ladder  has 
described  part  of  the  O  '^^  of  a  circle. 

20.  Find  the  locus  of  the  points  at  which  two  equal  segments  of  a 

straight  line  subtend  equal  angles. 

21.  A  straight  line  of  constant  length  remains  always  parallel  to 

itself,  while  one  of  its  extremities  describes  the  O*^*  of  a  ch'cle. 
Find  the  locus  of  the  other  extremity. 

22.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base  BC,  and  the  median  from  B  equal  to  a  given 
length. 

23.  The  base  and  the  difference  of  the  two  sides  of  a  triangle  are 

given  ;  lind  the  locus  of  the  feet  of  the  perpendiculars  drawn 
from  the  ends  of  the  base  to  the  bisector  of  the  interior 
vertical  angle. 

•24.  The  base  and  the  sum  of  the  two  sides  of  a  triangle  are  given  ; 
find  the  locus  of  the  feet  of  the  perpendiculars  drawn  from 
the  ends  of  the  base  to  the  bisector  of  the  exterior  vertical 
angle. 

25.  Three  sides  and  a  diagonal  of  a  quadrilateral  are  given  :  find  the 
locus  (1)  of  the  undetermined  vertex,  (2)  of  the  middle  point 
of  the  second  diagonal,  (3)  of  the  middle  point  of  the  straiglit 
line  which  joins  the  middle  points  of  the  two  diagonals. 
{Solutions  raisonnees  des  ProUemes  enonces  dans  les  Elements 
de  Geometrie  de  M.  A.  Amiot,  1^^^  ed.  p.  124.) 
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D  E  F I X I T I  0  X  S. 

1.  A  rectangle  (or  rectangular  parallelogram)  is  said  to 
be  contained  hy  any  two  of  its  conterminous  sides. 

Thus  the  rectangle  A  BCD  is  said  to    *^ 
be  contained  hy  AB  and  BC ;  or  by  BC 
and  CD ;  or  by  CD  and  DA  ;  or  by   j. 


DA  and  J5.  '^  ^ 

The  reason  of  this  is,  that  if  the  lengths  of  any  two  conterminous 
sides  of  a  rectangle  are  given,  the  rectangle  can  be  constructed  ;  or, 
what  comes  to  the  same  thing,  that  if  two  conterminous  sides  of  one 
rectangle  are  respectively  equal  to  two  conterminous  sides  of  another 
rectangle,  the  two  rectangles  are  equal  in  all  respects.  The  truth 
of  the  latter  statement  may  be  proved  by  applying  the  one  rectangle 
to  the  other. 

2.  It  is  oftener  the  case  than  not,  that  the  rectangle  con- 
tained by  two  straight  lines  is  spoken  of  when  the  two 
straight  lines  do  not  actually  contain  any  rectangle.  When 
this  is  so,  the  rectangle  contained  by  the  two  straight  lines 
will  signify  the  rectangle  contained  by  either  of  them,  and 
a  straight  line  equal  to  the  other,  or  the  rectangle  contained 
by  two  other  straight  lines  respectively  equal  to  them. 


F^.  1. 


Fig.  2. 
Ci iD 


A- 


Fig.  3. 
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Thus  ABEF  (fig.  1)  may  be  considered  the  rectangle  contained 
by  AB  and  CD,  if  BE  =  CD  ;  CDEF  (tiu^  2)  may  be  considered 
the  rectangle  contained  by  AB  and  CD,  if  DE  —  AB ;  and  EFGH 
(tig.  3)  may  be  considered  the  rectangle  contained  by  AB  and  CD,  if 
EF  =  AB  and  FG  =  CD. 

3.  As  the  rectangle  and  the  square  are  the  figures  ■\vhieh 
the  Second  Book  of  Euclid  treats  of,  jjlirases  such  as  '  the 
rectangle  contained  by  AB  and  AC,'  and  'the  square 
described  on  AB,'  will  be  of  constant  occurrence.  It  is 
usual,  therefore,  to  employ  abbreviations  for  these  phrases. 
The  abbreviation  which  will  be  made  use  of  in  the  present 
text-book*  for  'the  rectangle  contained  by  AB  and  BC  is 
ABBC,  and  for  ' the  square  described  on  AB,'  AB-. 

4.  When  a  point  is  taken  in  a  straight  line,  it  is  often 
called  a  point  of  section,  and  the  distances  of  this  point 
from  the  ends  of  the  line  are  called  segments  of  the  line. 

D 

A 1 -B 


Thus  the  point  of  section  D  divides  ^5  into  two  segments  ^i) 
and  BD. 

In  this  case  AB  is  said  to  be  divided  internally  at  D,  and  AD  and 
BD  are  called  internal  segments. 

The  given  straight  line  is  eijual  to  the  sum  of  its  internal  seg- 
ments ;  for  AB  =  AD  +  BD. 

5.  When  a  point  is  taken  in  a  straight  line  produced,  it 
is  also  called  a  point  of  section,  and  its  distances  from  the 
ends  of  the  line  are  called  segments  of  the  line. 

A                                P.                D                 D                A  ig 
1 1 S 


Thus  D  is  called  a  j-ioint  of  section  of  AB,  and  the  segments  into 
which  it  is  said  to  divide  AB  are  AD  and  BD. 

*  In  certain  wTitten  examinations  in  England,  the  only  abbreviation 
allowed  for  'the  rectangle  contained  by  AB  and  BC  is  rect.  AB,  BC, 
and  for  '  the  square  described  on  AB,'  sq.  on  AB  ;  the  pupil,  therefore,  if 
preparing  for  these  examinations,  should  piactise  himself  in  the  use  of 
such  abbreviations. 
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In  this  case,  AB  is  said  to  be  divided  ixternally  at  D,  and 
AD,  BJJ  are  called  external  seijments. 

The  tjiveii  straight  line  is  equal  to  the  difference  of  its  external 
segments ;  iov  AB  =  AD  -  BD,  or  BD  -  AD. 

6.  When  a  straight  line  is  divided  into  two  segments, 
sncli  that  the  rectangle  contained  by  the  Avhole  line  and 
one  of  the  segments  is  equal  to  the  square  on  the  other 
segment,  the  straight  line  is  said  to  be  divided  in  medial 
section.* 

H 

A 1 B 

Thus,  if  ^5  be  divided  at  H  into  two  segments  AH  and  BH, 
such  that  AB  •  BH  =  AH",  AB  is  said  to  be  divided  in  medial 
section  at  H 

It  will  be  seen  that  AB  is  internally  diviiled  at  H;  and  iu 
general,  when  a  straight  line  is  said  to  be  divided  in  medial  section, 
it  is  ixnderstood  to  be  internalh'  iJivided.  But  the  deliiiitiuii  need 
not  be  restricted  to  internal  division. 

ir A B 

Thus,  if  AB  be  divided  at  //'  into  two  segments  AH'  and  BH', 
such  t]ia.t  A B  ■  B H '  =  AH'-,  AB  in  this  case  also  may  be  said  to  be 
divided  iu  niedi.il  section. 

7.  The  projection  t  of  a  point  on  a  straiglit  line  is  the 
foot  of  the  perjx'ndiculur  drawn  from  the  point  to  the 
strii'-hi  lii.e. 


I]- 


D 


■C 


'!  h;3S  D  is  the  projection  of  A  on  the  straight  line  BC. 

8.  The  projection  of  one  straight  line  on  another  straight 

^  The  phrase,  'medial  pection,'  seems  to  be  due  to  Leslie.  See  his 
'Jlem  nts  of  Geometry  (1809),  \>.  6G. 

+  Sometinios  the  adjective  'orthogonal'  is  prefixed  to  the  word  pro- 
iction,  to  distinguish  this  kind  from  others. 
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line  is  that  portion  of  the  second  intercepted  between  per- 
pendiculars drawn  to  it  from  the  ends  of  the  first. 


Fig.  1. 


Fig.  2. 


EG  H      K  L     r    E     A  H     K  D     F 

Thus  tbe  projections  oi  AB  and  CD  on  EF  are,  in  fig.  1,  GH  and 
KL  :  in  fig.  2,  AH  and  KD. 

While  the  straight  line  to  be  projected  must  be  limited  in  length, 
the  straight  line  on  which  it  is  to  be  projected  must  be  considered 
as  unlimited. 

9.  If  from  a  parallelogram  there  be  taken  away  either 
of  the  parallelograms  about  one  of  its  diagonals,  the 
remaining  figure  is  called  a  gnomon. 

A  C     B  A  ('      B 


K 


I>  FED  F       E 

Thus  if  A  DEB  is  a  \\^\  BD  one  of  its  diagonals,  and  HF,  CK 
11"^^  about  the  diagonal  BD,  the  figure  which  remains  when  HF  or 
CK  is  taken  away  from  ADEB  is  called  a  gnomon.  In  the  Hrst 
case,  when  HF  is  taken  away,  the  gnomon  ABEFGH  (inclosed 
within  thick  lines)  is  usually,  for  shortness'  sake,  called  AKF  or 
HCE ;  in  the  second  case,  when  CK  is  taken  away,  the  frnoinon 
ADEKGC  would  similarly  be  called  AFK  or  CHE. 

The  word  'gnomon'  iu  Greek  means,  amonc;  other  things,  a 
carjjenter's  square,*  which,  when  the  |1'"  ADEB  is  a  square  or  a 

*  Anotlier  less  known  figure  was,  from  its  shajje.  called  by  the  ancient 
geometers,  'the  shoemaker's  knife.'     See  Pappus,  IV.  section  14. 


G 

/ 

/ 

G 
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rectangle,  the  figure  A  KF  resembles.     The  only  gnomons  mentioned 
by  Euclid  in  the  second  book  are  parts  of  squares. 

The  more  general  definition  given  by  Heron  of  Alexandria,  that  a 
gnomon  is  any  figure  which,  when  added  to  another  figure,  jn-odnces 
a  figure  similar  to  the  original  one,  will  be  i)artly  understood  after 
the  fourth  proposition  has  been  read. 


PROPOSITION  1.     Theorem. 

If  there  he  two  sirai(jld  lines,  one  of  wlucli  is  divided  inter- 
ncdJy  into  any  nnmher  of  segwenfs,  the  rectangle  con- 
tained hy  the  two  straight  lines  is  equal  to  the  rectangles 
contained  hy  the  luidivided  line  and  the  several  segments 
of  the  divided  line. 

C  E        F  D 


K 


Let  AB  and  CD  he  the  two  straight  lines, 
and  let  CD  be  divided  internally  into  any  number  of  seg- 
ments CE,  EF,  FD  : 

it   is   required   to  prove    AB-CD  =  AB •  CE  +  AB-EF 
+  AB .  FD. 


AB; 


I.  11,  3 


From  C  draw  CG  ±  CD  and 
through  G  draAv  GH  \\  CD, 
and  through  E,  F,  D  draw  EK,  FL,  DII  \\  CG 

Then  CH  =  CK  +  EL  +  FH ; 
that  is,  GC-  67)  =  GC-  CF  +  KE-  EF  +  LF •  FD. 
But  GC,  KE,  L F:\ve  each  =  AB  :  Const.,  I.  34 

.-.  AB-CD  ^  AB-  CE  +  AB-EF  +  AB-  FD. 


J.  31 
/.  Ax.  8 
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ALGEBRAICAL    ILLUSTRATION. 

Let  AB  =  a,CD  =  b,  CE  =  c,  EF  =  d,  FD  =  e  ; 
thttn  h  —  c  -V  d  ■\-  e. 
Now  AB-GD  =  ab, 

•ind  AB  ■  GE  +  AB  •  EF  +  AB  ■  FD  =  ac  +  ad  +  ae. 
But  since  6  =  c  +  c^  -j-  e, 

.'.  c«6  =  ac  +  acZ  +  ae  ; 

.-.  AB-CD  =  AB.CE  +  AB  ■  EF  +  AB  •  FD. 

1    The  rectangle  contained  by  two  straight  lines  is  equal  to  twice 
the  rectangle  contained  hy  one  of  them  and  half  of  the  other. 

2.  The  rectangle  contained  by  two  straight  lines  is  equal  to  thrice 

the  rectangle  contained  ))y  one  of  them  and  one-third  of  the 
other. 

3.  The  rectangle  contained  l)y  two  equal  straight  lines  is  equal  to 

the  square  on  either  of  them. 

4.  If  two  straight  lines  be  each  of  them  divided  internally  into  any 

number  of  segments,  the  rectangle  contained  by  the  two 
straight  lines  is  equal  to  the  several  rectangles  contained  by 
all  the  segments  of  the  one  taken  separately  with  all  the 
segments  of  the  other. 


PEOPOSITION  2.     Theorem. 

ffa  straight  line  be  divided  internally  into  any  two  segments, 
the  square  on  the  straight  line  is  equal  to  the  sum  of  the 
rectangles  contained  hy  the  straight  line  and  the  two 
segments. 


D  F        E 

Let    AB  be   di^^ided   iutcruall}'  into   any  two    ses^ments 
AG,  CB: 
it  is  required  to  prove  AB^  =  AB  •  AC  +  AB-  CFi. 
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On  AB  describe  the  square  A  DEB, 
and  through  C  draw  CF  ||  AB,  meeting  DE  at  F. 

Then  AE  ==  AF  +  CE;  I. 

that  is,  AB^  =  DA  ■  AC  +  EB  ■  CB. 
But  DA  and  EB  are  each  =  AB  ; 
.-.  AB'  =  AB-AC  +  AB.  CB. 


I.  46 
/.  31 

Az:  8 


ALGEBRAICAL   ILLUSTRATION. 

J.etAC=a,  CB  =  b; 
tlieu  AB  —  a  +  b. 

Now,  ^52  =  (a  +  6)2  =  a2  +  2a?-'  +  62, 

&nA  AB  ■  AC  +  AB  ■  CB  =  {a  +  h)  a  +  [a  +  h)  b  =^  a^  +  2ab  +  6= ; 
.-.  AB^  =  AB-AC  +  AB-CB. 

1.  Prove  this  proposition  by  taking  another  straiLrht  line  =  AB, 

and  using  the  j)receding  proposition. 

2.  If  a  straight  hne  be  divided  internall}'  into  any  three  segments. 

the  square  on  the  straight  line  is  equal  to  the  sum  of  the 
rectangles  contained  by  the  straight  line  and  the  three 
segments. 

3.  If  a  straight   Hne   be  divided  internall}'  into   any  number  of 

segments,  the  square  on  the  straight  line  is  equal  to  the  sum 
of  the   rectangles    contained  by  the   straight   line   and   the 
several  segments. 
Show  that  the  proposition  is  equivalent  to  either  of  the  following  : 

4.  The  square  on  the  sum  of  two  straight  lines  is  equal  to  the  two 

rectangles  contained  by  the  sum  and  each  of  the  straight  lines. 

5.  The  square  on  the  greater  of  two  straight  lines  is  equal  to  the 

rectangle  contained  by  the  two  straight  lines  together  with 
the  rectangle  contained  by  the  gi-eater  and  the  difference 
between  the  two. 
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PR0P08ITI0X  3.     Theorem. 

If  a  straight  line  be  divided  extemaUy  into  ami  two  segments, 
the  square  on  the  straight  line  is  equal  to  the  difference 
of  the  rectangles  coninliird  hy  the  straight  line  and  the 
two  segments. 


D  E       F 

Let  AB  be   divided  externally   into   any   two   segments 
AC,  CB: 
it  is  required  to  prove  AB^  =  AB  ■  AC  —  AB  ■  CB. 

On  AB  describe  the  square  A  DEB,  I.  46 

and  through  C  draw  CF  \\  AD,  meeting  DE  produced  at 
F.  I.  31 

Then  AE  =  AF  ~  CE ;  I.  Ax.  8 

that  is,  AB^-  =  DA-AC-EB-  CB. 
But  DA  and  EB  are  each  =  AB  ; 
.-.  AB^  =  AB-AC  -  AB-  CB. 

Note. — The  enunciation  of  this  proposition  usually  given  is  : 
If  a  straight  line  be  divided  into  any  two  parts,  the  rectangle 
contained  by  the  whole  and  one  of  the  parts  is  equal  to  the  rectangle 
contained  by  the  two  parts  together  with  the  square  on  the  afore- 
said part. 

That  is,  in  reference  to  the  figure, 

ACA£  =  AB-^  +  AB-BC, 
an  expression  which  can  be  easily  derived  fiom  that  iu  the  text, 

ALGEBRAlfAl,    ILLI  STRATION. 

Let  AC  =  a,  CB  =  h  ; 
then  AB  =  a  -  h. 
Now,  AB''={a  -  b)"-  =  cfi  -  ?.ah  f  IP, 
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and  AB-AC  -  AB-CB=^  {a  -  b)a-  (a  -b)b  =  a"-  -  2ah  +  b^ ; 
.•.AB-^  =  AB-AC-AB-CB. 

1.  Prove  this  proposition  by  taking  another  straight  line  =  AB, 

and  using  the  first  proposition. 
Show   that    the    proposition    is    equivalent   to   either  of    the 
following  : 

2.  The  rectangle  contained  by  the  sum  of  two  straight  lines  and 

one  of  them  is  equal  to  the  square  on  that  one  together  with 
the  rectangle  contained  liy  the  two  straight  lines. 

3.  The  rectangle  contained  by  two  straight  lines  is  equal  to  the 

square  on  the  less  together  ^^•ith  the  rectangle  contained  by 
the  less  and  the  diflfereuce  of  the  two  straight  lines. 


PROPOSITION  4.     Theorem. 

1/  a  straight  /i7ie  be  divided  internally  into  any  tico  segments, 
the  square  on  the  straight  line  is  eciual  to  the  squares  on 
the  tivo  segments  increased  by  twice  the  rectangle  con- 
tained by  the  segments. 

A  C      B 


*^r\/ 


-IK 


D  F        E 

Let  AB  he  divided   internally   into  any  two  segments 
AC,  CB: 
it  is  required  to  prove  AB~  =AC-  +  CB'  +  2  AC-  CB. 

On  AB  describe  the  square  A  DEB,  and  join  BD.      I.   \ 
Through  C  draw  CF  ||  AD,  meeting  DB  at  G; 
and  through  G  draw  HK  \\  AB,  meeting  DA  and  EB 
at  H  and  K. 

Because  CG  \\  AD,         .:    ^  CGB  =  l  ADB ; 
and  because  AD-^  AB,    .-.    l  ADB  -  l.  ABD  ; 


31 
29 
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.-.    L  CGB  =  _  ABD, 

=  L  CBG  ; 

CB  -^  ca.  I.  fi 

Hence  the  ||™  CK,  having  two  adjacent  sides  eqnalj  has 
all  its  sides  equal.  /.  31 

But  the  II"  CK  has  one  of  its  angles,  KBC,  rignt, 
sLiice  L  KBC  is  the  same  as  l.  ABE; 

.'.  it  has  all  its  angles  right;  /.  34 

.'.  the  ir  CK  is  a  sciuare,  and  =  CB^-.  I.  Drf.  32 

Similarly,  the  |i'"  ^i'"  is  a  square,  and  =  HG'^  =  AC'^. 
Again,  the  T  AG  =  AC-  CG  -  AC-  CB; 

GE  =  AC-  CB;  I.  43 

AG  +  GE  =  2  AC-  CB. 
:N'o\v  AB^  =  ADEB, 

=  HF  +  CK  +  AG  +  GE,      I.  Ax.  8 
=  AC-^  +  CB^  +  2  AC-  CB.  ^ 

Cor.  1. — The  square  on  the  sum  of  two  straight  lines  is 
equal  to  the  sum  of  the  S(j^uares  on  the  two  straight  lines, 
increased  hy  twice  the  rectangle  contained  by  the  two 
straight  lines. 

For  if  A  C  and  CB  he  the  two  straight  lines, 
then  their  sum      =  AC   +  CB    —  AB. 
Xow  since     AB'  =  AC'  +  CB^  +  2  AC  -  CB,  II.  4 

.-.  {AC  +  CBf  =  AC'-  +  6'Z?2  +  2  AC-  CB. 

Cor.   2. — The  Ij""'  about  a  diiigonal  of  a  square  are  them 
selves  squares. 

[It  i«  recommended  that  II.  7  be  read  immediatel}-  after  II.  4.] 

OTHJERWISE  : 

r 

A 1 li 

AE^  -=  AB  ■  AC  +  AB    BC,  If.  2 

=  (AC  -AC  +  BC-AC)  +  {AC-  BC  r  BC  -  BC),         il.  ?, 
=  AC^  f  BC  +  1AC-BC. 
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Let  AC  =  a,  CB  =  b; 
then  AB  =  a  +  b. 

Now  AB^=  {a  +  bf  =  a2  +  2ab  +  b\ 
and  ^C2  +  C52  +  2  JC  •  C'5  =  a2  +  62  +  2a6  ;  , 

.• .  J^2  =  ^(72  +  C52  +  2  ^C  •  C5. 

1.  Name  the  two  figures  which  form  the  sum  of  the  squares  fm  AC 

and  CB. 

2.  Name  the  figure  wliich  is  the  square  on  the  sum  of  AC  and  CB. 

3.  Name  the  figure  which  is  the  difference  of  the  squares  on  AB 

aud.4C. 

4.  Name  the  figure  which  is  the  difference  of  the  squares  on  AB 

and  BC. 

5.  Name  the  figure  which  is  the  square  on  the  diflference  of  AB  and 

AC. 

6.  Name  the  figure  which  is  the  squai'e  on  the  diflference  of  ^45  and 

BC. 

7.  By  how  much  does  the  square  on  the  sum  of  ^C  and  CB  exceed 
•       the  sum  of  the  squares  on  AC  and  CB  ? 

8.  Show  that  the  projiositiou  may  be  enunciated  :     The  square  on 

the  sum  of  two  straight  Hues  is  greater  than  the  sum  of 
the  squares  on  the  two  straight  lines  by  twice  the  rectangle 
contained  by  the  two  straight  lines. 

9.  The  square  on  any  straight  line  is  equal  to  four  times  the  square 

on  half  of  the  line. 
••0.  If  a  straight  line  be  divided  internally  into  any  three  segments, 

the  square  on  Ihe  whole  line  is  equal  to  the  squares  on  the 

three  segments,  together  with  twice  the  rectangles  contained 

by  every  two  of  the  segments. 
11.  Illustrate  the  preceding  deduction  algebraically. 


PROPOSITION  5.     Theorem. 

If  a  strrnijht  line  he  divided  into  two  equal,  and  also  internally 
into  two  unequal  segments,  the  rectangle  contained  hij 
the  unequal  segments  is  equal  to  the  difference  between 
the  square  on  half  the  line  and  the  square  on  the  line 
between  ihe  points  of  section. 


Book  II.] 


123 


Let  AB  he  divided  into  two  equal  sef,nnents  AC,  CB, 
and  also  internally  into  two  unequal  segments  AB\  DB  : 
it  is  required  to  prove  AD-DB  =  CB-  -  CD^. 

On  CB  describe  the  square  CEFB,  and  join  BE.       /.  4G 
Through  D  draw  DHG  \\  CE,  meeting  EB  and  EF  at 
i/and  G; 

through  H  draw  MHLK  \\  AB,  meeting  FB  and  EC  at 
M  and  L  ; 
and  through  A  draw  AK  \\  CL.  /.  31 


Then 


Buc 


AD-DB  =  AD.  DH, 
=  AH, 
=  AL  +  CH, 

-  CM  +  HF, 

—  gnomon  CMG. 
CB''-  -  CD'^  =  CB^  -  LH\ 

=  CEFB  -  LEGH, 
=  gnomon  CMG. 
AD-DB  =  CB^  -  CD"-. 


II.  4.  Cor.  2 

/.  A.r.  8 

/.  36,  43 

/.  Ax.  8 

/.  34 

/.  A:r.  8 


Cor. — The  difference  of  the  .squares  on  two  straight  line.s  is 
equal  to  the  rectangle  contained  hy  the  sum  and  the  differ- 
ence of  the  two  straight  lines. 

Let  A  C  and  CD  be  the  two  straight  lines  : 
if  is  required  fo  prove 
AC^  -  CD"^  =  {AC  +  CD)  -  (AC  -  CD). 
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AC  +  CD  =  AD, 

and  AC  -  CD  =  CB  -  CD     =  DB; 

.-.  {AC  +  CD)  '  (AC  -  CD)  =  AD  •  DB, 

=  CB"-  -  CD'^, 
=  AG^  -  CD' 


IL  ^ 


ALGEBRAICAL  ILLUSTRATION. 

'LeiAC=CB  =  a,CD=  h  ; 
then  AD  =  a  -^  h,  and  DB  =  a-  b. 
Now  AD  ■  DB  =  (a  -^  b)  (a  -  b)  =  a^  -  6*, 
and  CB^  -  CD^  =  a^  -  b'^ ; 
.-.  AD-DB  =  CB^  -  CDK 

1.  By  how  much  does  the  rectangle  AC  ■  CB  exceed  the  rectangle 

.  AD  •  DB  ?  The  rectangle  contained  by  the  two  interna^ 
segments  of  a  straight  line  is  the  greatest  possible  when  the 
segments  are  equal.     (Pappus,  VII.  13.) 

2.  The  rectangle  contained  by  the   two   internal  segments  of  a 

straight  line  grows  less  according  as  the  point  of  section  is 
removed  farther  from  the  middle  point  of  the  straight  line. 
(Pappus,  VII.  14.) 

3.  Prove  that  AC  =  half  the  sum  and  CD  =  half  the  difference  of 

AD  and  DB. 

4.  Name  two  figures  in  the  diagram,  each  of  which  =  the  rectangle 

contained  by  half  the  sum,  and  half  the  difference  oi  AD  and 
DB. 

5.  Name  that  figure  in  the  diagram  which  is  the  square  on  half  the 

sum  oi  AD  and  DB. 
6-  Name  that  figure  in  the  diagram  which  is  the  square  on  half  tbt» 
difference  oi  AD  and  DB. 
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7.  Hence  show  that  the  proposition  may  be  enunciated  :  The  rect- 
angle contained  by  any  two  straight  lines  is  equal  to  the 
square  on  half  their  sum  diminished  by  the  square  on  half 
their  difi'erence. 

S.  The  perimeter  of  the  rectangle  A  D  ■  DB  =  the  perimeter  of  the 
square  on  CB. 

9.  Hence  show  that  if  a  square  and  a  rectangle  have  equal  peri- 
meters, the  square  has  the  greater  area. 
10.  Construct   a   rectangle   equal   to   the   difference   of   two   given 
squares. 
By  means  of  the  first  deduction  above,  and  II.  4,  show  that  the 
sum  of  the  squares  on  the  two  segments  of  a  straight  line  is 
least  when  the  segments  are  equal. 
The   square  on  either  of  the  sides  about  the  right  angle  of  a 
right-angled  triangle,  is  equal  to  the  rectangle  contained  by 
the  sum  and  the  difference  of  the  hypotenuse  and  the  other 
side. 


11 


12, 


PROPOSITION  6.     Theorem. 

If  a  straight  line  he  divided  into  tico  equal,  and  also  exter- 
nally into  two  unequal  segments,  the  rectangle  con- 
tained by  the  unequal  segments  is  equal  to  the  difference 
hetireen  the  square  on  the  live  between  the  j^oints  of 
section  and  the  square  on  half  the  line. 
K  L  M      H 


D 


E  F      G 

Let  AB  be  divided  into  two  equal  segments  AC,  CB,  and 
also  externally  into  two  unequal  segments  AD,  BD  : 
it  is  required  to  prove  AD  •  DB  =  GD^  —  C&. 

On  CB  describe  the  square  CEFB,  and  join  BE.       /.  46 


1           1          ^\/  \ 

C; 

/\   • 

•z. 
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bL--'''  '. 

'^'             c 

y\        ' 

D 


7. 

31 

//. 

7,    Crv/- 

2 

7.  Ax 

.  8 

1.  36, 

43 

7  ^^ 

.  8 

7  34 

E  F       G 

Tlirough  D  draw  7r7)(?  ||  CE,  meeting  EB  and  J^T'  produced 
at  TTand  G; 

through  H  draw  HMLK  |j  ^i?,  meeting  FB  and  77C  pro- 
duced at  M  and  7  ; 
and  through  A  draAv  -4A'  ||  CL. 

Then  ADDB  =  AD-  DH, 

=  AH, 
•  =  ^7.  +  (77^, 

=  Cii7  +  ^t; 

=  gnomon  CMG. 
But  C'7>2  -  CB^  =  L7r^'  -  CB\ 

=  LjK(?7r  -  C7;7^j5, 
=  gnomon  CMG.  I.  Ax.  8 

.-.  AD.DB  =  CD^  -  CBK 

Cor. — The  difference  of  the  squares  on  two  straiglit  lines 
is  eiiual  to  the  rectangle  contained  by  tlie  sum  and  the 
difference  of  the  two  straight  lines. 

Let  AC  and  CD  be  the  two  straight  lines  : 
it  is  required  to  j^rore 
CD^  -  AC^  =  (CD  +  AC)  •  {CD  -  AG). 

CD  +  AC  =  AD, 
and  CD  -  AC  ^  CD  -  CB     ^  DB ; 
.-.  {CD  +  AC)  •  {CD  -  AC)  =  AD-DB, 

=  CD^  -  CB\  JI.  6 

=  CD"-  -  AC^. 
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OTHERWISE  :  ' 

A                            C                             B 
E I h— D 

Let  AB  he  divided  into  two  equal  segments  AC,  CB,  and  also 
externally  into  two  unequal  segments  AD,  DB : 
it  hi  required  to  prove  AD  •  DB  =  CD'^  -  CB-. 

Produce  BA  to  E,  making  AE  ^  BD.  I.  3 

Then  EC  =  CD,  and  EB  =  AD. 
Now,  because  ED  is  divided  into  two  equal  segments  EC,  CD,  and 
also  internally  into  two  unequal  segments  EB,  BD, 
.:  EBBD  =  CD-  -  CB^ ;  II.  5 

.-.  AD  ■  BD  =  CD-  -  CB-. 

ALGEBRAICAL   ILLUSTKATION. 

"Let  AC  ^  GB  =  a,  CD  :^  b ; 
then  AD  =  b  +  a,  and  DB  —  b  -  a. 
Now  AD  ■DB=  (b  +  a)  {b  -  a)  =  fP  -  a\ 
and  CD^  -  CB^  =  V^  -  a?; 
.:AD-DB  =  CD^  -  CB\ 

1.  Does  the  rectangle  AD  ■  DB  exceed  the  rectangle  AC  •  CB? 

Examine  the  various  cases. 

2.  The   rectangle   contained  by  the  two    external  segments  of  a 

straight  line  grows  greater  according  as  the  point  of  section 
is  removed  farther  from  the  middle  point  of  the  straight 
line. 

3.  Prove  that  AC  —  half  the  difference,  and  CD  ~  half  the  sum  of 

AD  and  DB. 

4.  Name  two  figures  in  the  diagram  each  of  which  =  the  rectangle 

contained  by  half  the  sum  and  half  the  difference  of  AD  and 
DB. 

5.  Name  that  figure  in  the  diagram  which  is  the  square  on  half  the 

sum  of  *4Z>  and  DB. 

6.  Name  that  figure  in  the  diagram  which  is  the  square  on  half  the 

difference  oi  AD  and  DB. 

*  Due  to  Mauricius  Brescius  (of  Grenoble),  a  professor  of  Mathematics 
in  Paris  (probably  about  the  end  of  the  sixteenth  century). 
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7.  Hence,  show  that   the  proposition   may  be   enunciated  :    The 

rectangle  contained  by  any  two  straight  lines  is  equal  to 
the  square  on  half  their  sura  diminished  by  the  square  on 
half  their  difference. 

8.  The  perimeter  of  the  rectangle  AD  ■  DB  =  the  perimeter  of  the 

square  on  CD. 


PEOPOSITION  7.     Theorem. 

If  a  straight  line  he  divided  extei-naUi/  into  any  two  seg- 
'       ments,  the  sq^iare  on  the  straight  line  is  equal  to  the 

squares  on  the  two  segments  diminished  by  twice  the 

rectangle  contained  by  the  segmentis. 
H  K 


D  E       F 

Let  AB  be  divided  externally  into  any  two  segments 
AC,  GB: 
it  w  required  to  prove  AB"-  =  AC^  +  CB^  -  2  AC- CB. 

On  AB  describe  the  square  ADEB,  and  join  BD.     I.  46 
Through  C  draw  CF  \\  AD,  meeting  DB  produced  at  G  ; 
and  through  G  draw  HK  \\  AB,  meeting  DA  and  EB  pro- 
duced at  H  and  K.  /.  31 

Because  GG  \\  AD,      . 
and  because  AD  —  AB,  . 
.-.  L  GGB  =  L.  ABD, 
=  L  CBG; 
CB  =  GG. 

Hence  the  H"'  GK,  having  two  adjacent  sides  equal,  has  all 
its  sides  equal.  /.  34 


L  GGB  = 

_  ADB  ; 

I.  29 

L.  ADB  - 

^  ABD; 

/.  5 

/.  15 
/.  6 
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But  the  II"  CK  has  one  of  its  angles,  KBC,  right, 
since  l.  KBC  =  i.  ABE;  I.  15 

.'.  it  has  all  its  angles  right;  /.  34 

.-.  the  II"  CK  is  a  square,  and  =  CB^.  I.  Def.  32 

Similarly,  the  |r  HF  is  a  square,  and  =  HG^  -=  ACK 
Again,  the  ||™  ^G^  -  ^O-  CG^  =  ^C-  CB ; 

GE  =  AC-  CB;  I.  43 

AG  +  GE  =  2  AC-  CB. 
l^ow  AB^  =  ^Z>^5, 

=  HF+  CK  -  AG  -  GE,      I.  Ax.  8 
=  AC-^  +  CB^  -  2  AC-  CB. 

Cor.  1. — The  square  on  the  ditference  of  two  straight 
lines  is  equal  to  the  sum  of  the  squares  on  the  two  straight 
lines  diminished  by  twice  the  rectangle  contained  by  the 
two  straight  lines. 

For  if  ^C  and  CB  be  the  two  straight  lines, 
then  their  ditference  =  AC   —  CB   =  AB. 
Now  since  AB^  =  AC^  +  CB'^  -  2  AC-  CB,  II.  7 

(AC  -  CBf  =  AC'^  +  CB^  -2  AC-  CB. 

CoR.  2. — The  11"^  about  a  square's  diagonal  produced  are 
themselves  squares. 


OTHERWISE  I 


B 
H C 


AB^=  AB-AG  -  AB-BG.  IT.  S 

=  {AG-AG  -  BG-AG)  -  {AC  -  BG  -  BG  ■  BG),  //.  2,  3 

=  AG^  +  BG^  -  2AG-BG. 

ALGEBKAICAL  ILLCSTRATIOlf. 

Let  AG  =  a,  GB  =  b; 
then  AB  =  a  -  b. 

Now  AB^  =  {a  -  by^  =  a^  -  2ab  +  b\ 
and  AG'  +  GB^  ^- 2  AG -GB  =- a"  +  b'  -  2ab; 
.-.  4B^  =  4C«  +  CB^  -240-  GB. 
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Name  the  two  figures  which  form  the  sum  of  the  squares  on  AG 

and  CB. 
Name  the  figure  which  is  the  square  vu  the  difference  of  AC 

and  CB. 
Name  the  figitte  which  is  the  difference  of  the  squares  on  AB 

and  AC. 
Name  the  figure  which  is  the  square  on  the  difference  oi  AB 

and  AC. 
By  how  much  is  the  square  on  tiie  difference  of  ^C  and  CB 

exceeded  by  the  sum  of  the  squares  on  ^C  and  CBi 
Show  that  the  proposition  may  be  enunciated  :  Tiie  square  on 

the  difference  of  two  straight  lines  is  less  than  the  sum  of 

the  squares  on  the  two  straight  lines  by  twice  the  rectangle 

contained  by  the  two  straight  lines. 
The  sum  of  the  squares  on  two  straight  lines  is  never  less  than 

twice  the  rectangle  contained  bj'  the  two  straight  lines. 
If  a  straight  line  be  divided  internally  into  two  segments,  and 

if  twice  the  rectangle  contained  by  the  segments  be  equal  to 

the  sum  of  the  squares  on  the  segments,  the  straight  line  is 

bisected. 


PEOPOSITION  8.     Theorem. 

The  square  on  the  sum  of  two  straight  lines  diminished  by 
cne  square  on  their  difference,  is  equal  to  four  times  the 
rectangle  contained  by  the  ttvu  straight  lines. 

G 


E      G 

Let  AB  and  BC  be  two  straight  linos  : 
■t  is  required  to  prove    {AB  +  BCf  -  {AB  -  BCf 
i  AB  ■  BC. 
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Place  AB  and  BC  in  the  same  straight  line, 
and  on  AC  describe  the  square  ACDE.  I.  46 

From  CD,  DE,  EA  cut  off  CF,  DG,  EH  each  =  AB ;     I.  3 
through  B  and  G  draw  BL,  GN  \\  AE, 
and  through  F  and  H  draw  FM,  HK  \\  AC.  I.  31 

Then  all  the  |1""  in  the  figure  are  rectangles.      /.  34,  Cor. 
Now  because  CD,  DE,  EA  are  each  =  AC,  1.  Def.  32 

and  CF,  DG,  EH  axe  each  =  AB;  Const. 

DF,  EG,  AHaie  each  =  BC; 
.-.    the    foiu-    rectangles    AK,    CL,    DM,    EN  are    each 
=  AB .  BC. 

Because  AG  =  AB  +  BC, 
.-.  ACDE  =  AC^-  =  (AB  +  BC)^ 

Because  BL,  FM,  GN,  HK  are  each  =  AB,  I.  34 

and  BK,  FL,  GM,  HN  are  each  =  BC;  I.  34 

KL,  LM,  MN,  NK  are  each  =  AB  ~  BC; 
.•.  the  rectangle  KLMN  is  a  square,  and  =  (AB  —  BCy. 
Hence  {AB  +  BCf  -  {AB  -  BCf  =  ACDE  -  KLMN, 

=  AK  +  CL  +  DM  +  EN, 
=  4:AB-  BC. 

OTHERWISE  : 

(AB  +  BC)^  =  AB'  +  BC^  +  2  AB  ■  BC,  II.  4,  Cor.  1 

(AB  -  BC)'  =  AB-^  +  BC^  -  2  AB  ■  BC.  IL  7,  Cor.  1 

Subtract  the  second  equality  from  the  first ; 
then  {AB  +  BC)-  -  (AB  -  BCf  =  4  AB  ■  BG. 

ALGEBRAICAL   ILLUSTRATION. 

Let  ^5=  n,  BC=b; 
then  AB  +  BC  =  a  +  b,  and  AB  -  BC  =  a  -  h. 
Now  (AB  +  BC)^  -  [AB  -  BCf  =  (a  +  6)2  -  (a  -  hf  =  4ai, 
And4:AB-BC=iab; 
.\  (AB  +  BCf  -  (AB  -  BCf  =  4AB-  BC. 
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1.  Name  the  figure  which  is  the  square  on  the  sum  oi  AB  and  BC. 

2.  Name  the  figure  which  is  the  square  ou  the  difference  of  A£ 

and  BC. 

3.  Name  the  figures  by  which  the  square  on  the  sum  of  AB  and 

BC  exceeds  the  square  on  the  difference  oi  AB  and  BC. 

4.  By  how  much  does  the  square  on  the  sum  oi  AB  and  BC  exceed 

the  sum  of  the  squares  on  AB  and  BC ? 

5.  By  how  much  does  the  sum  of  the  squares  on  AB  and  BC 
-       exceed  the  square  on  the  difi"erence  of  AB  auU  BGi 


PROPOSITION  9.     Theorem. 

If  a  straight  line  he  divided  into  hco  equal,  and.  also  inter- 
naUij  into  tico  unequal  segments,  the  sum  of  the  siiuares 
on  the  two  unequal  segments  is  double  the  sum  of  the 
squares  on  half  the  line  and  on  the  line  between  the 
points  of  section. 


A  CD  B 

Let  AB  be  divided  iato  two  equal  segments  AG,  CB^  and 
also  internally  into  two  unequal  segments  AD,  DB  : 
it  is  required  to  prove  AD'  +  DB'  =^  2  AC'^  +  2  CD^. 

From  Cdraw  CE  J_  AB,  and  =  AC  or  CB,         /.  11,  3 
and  join  AE,  EB. 

Through  D  draw  DF  \\  CE,  meeting  EB  at  F;  J.  31 

through  F  draw  FG  ||  AB,  meeting  EC  at  G;  L  31 

and  join  AF. 

(1)  To  prove  l  AEB  right. 
Because  i.  ACE  is  right, 
.*.  L  OAE  +  L  CEA  =  a  right  angle.  /•  32 
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But  L  CAE  =  L  CE-A;  I.  5 

.•.  each  of  them  is  half  a  right  angle. 
Similarly,  l  CBE  and  l  CEB  are  each  half  a  right  angle ; 

.-.   L  AEB  is  right. 

(2)  To  prove  EG  =  GF. 

L  EGF  is  right,  because  it  =   a  ECB;  I.  20 

and  z.  GEF  was  proved  to  he  half  a  right  angle  j 
.-.    L  GFE  is  half  a  right  angle;  /.  32 

.-.    L  GEF  =  L  GFE; 

EG  =  GF.  I.  6 

(3)  To  prove  DF  =  DB. 

L  FDB  is  right,  because  it  =   a  ECB;  I.  29 

and  L.  DBF  is  half  a  right  angle,  being  the  same  as  L  CBE ; 

.'.  L  DFB  is  half  a  right  angle;  /.  32 
.-.  L  DBF  =    L.  DFB; 

DF  =  DB.  I.  6 

Now  AD^  +  DB^  =             AD^  +  DF\  (3) 

AF\  I.  47 

AE^        +        EF\  I.  47,  (1) 

=  ^6'^  +  CE^  +  EG^  +  GF\  1.4:7 

■2AC^  +  2GF\  Const,  {2) 

2AC'^  +  2CDK  I.  34 

OTHERWISE  : 

Consider  A  C  and  CD  as  two  straight  lines ; 
then      AD=.AG+CD, 
and        DB  =  CB  -  CD  =  AG  -  CD. 

Hence  AD^-  =  (AC  +  CD)^  =  AG^  +  CD^  +2  AC  CD,    TT.  4.  Cor.  1 
and      Dm={AG -CD)'^^AC^  +  CD^-2AG.CD.     ll.l,Gor.l 
Add  the  second  equality  to  the  first ; 
then  AD'^  +  DB^  =  2AG^'  +  2  GDI 

ALGEBBAICAL  ILLUSTRATION. 

Let  AC=CB=^  a,  CD  =  b ; 
then  AD  ^   a  +  b,  and  DB  =  a  -  b. 
JJow  AD^  +  DB'  =  (a  +  bf  +  (a  -  6)2  =  2a-  +  262, 
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and  2  ^C2  +  2  CD"^  =  2a2  +  26-' ; 
.-.  AD^  +  DBT-  =  2  JC-'  +  2CD\ 

1.  Show  that  the  proposition  may  be  enunciated :  The  square  on 

the  sum  together  with  the  square  on  the  difference  of  two 
straight  lines  =  twice  the  sum  of  the  squares  on  the  two 
straight  lines.  Or,  The  sum  of  the  squares  on  two  straight 
lines  =  twice  the  square  on  half  their  sum  together  with 
twice  the  square  on  half  their  difference. 

2.  By  how  much  does  AD-  +  DB-  exceed  AC-  +  CB^'i 

.?.  The  sum  of  the  squares  on  two  internal  segments  of  a  straight 
line  is  the  least  possible  when  the  straight  line  is  bisected. 

4.  The  sum  of  the  squares  on  two  internal  segments  of  a  straight 
line  becomes  greater  and  greater  the  nearer  the  point  of 
section  approaches  either  end  of  the  line.  (Euclid,  x.  Lemma 
before  Prop.  43.) 

n.  Prove  that  AD'^  +  DE'  =  4  CD"-  +  2  AD-  DB. 

6.  In  the  hypotenuse  of  an  isosceles  right-angled  triangle  any  })oint 
is  taken  and  joined  to  the  opposite  vertex  ;  prove  that  twice 
the  square  on  this  straight  line  is  equal  to  the  sum  of  the 
squares  on  the  segments  of  the  hypotenuse. 


PROPOSITION  10.     Theorem. 

If  a  straight  line  he  dicided  info  tivo  equal,  and  also  exter- 
nally into  two  unequal  segments,  the  sum  of  the  squares 
on  the  two  unequal  segments  is  double  the  sum  of  the 
squares  on  half  the  line  and  on  the  line  between  the 
points  of  section.  „ 


G 


C \B 


•jy 


-F 


Let  AB  be  divided  into  two  equal  segments  AC,  CB,  and 
also  externally  into  two  unequal  segments  AD,  DB : 
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it  is  required  to  jtrove  AD"-  +  DB''-  =  2  AC-  +  2  CD"-. 

From  C  draw  CE  ±  AB,  and  =  AC  ot  CB,  /.  11,  3 

and  join  AU,  EB. 

Through  D  draw  DF\\  CE,  meeting  EB  produced 
at  F;  I.  31 

through  F  draw  FG  \\  AB,  meeting  EC  produced 
at  G;  ^  I.  31 

and  join  AF. 

(1)  To  prove  l  AEB  right. 
Because  L  A  CE  is  right, 

.-.  L  CAE  +   L  CEA  =3  a  right  angle.  /.  32 

But  L  CAE  =   L  CEA;  I.  5 

.•.  each  of  them  is  half  a  right  angle. 
Similarly,  L  CBE  and  z.  CEB  are  each  half  a  right  angle  ; 

.-.  L  AEB  is  right. 

(2)  To  prove  EG  =  GF. 

L  EGF  is  right,  because  it  =   _  ECB;  I.  29 

and  L  GEF  was  proved  to  be  half  a  right  angle  ; 
.-.   L  GEE  is  half  a  right  angle ;  I.  32 

.-.   L  GEF  =   L  GFE; 

EG  =  GF.  L  6 

(3)  To  prove  DF  =  DB. 

u  FDB  is  right,  because  it  =  .'.  ECB; 
and  L  DBF  is  half  a  right  angle,  being  =  l  CBE; 
.'.   L  DFB  is  half  a  right  angle ; 
.-.  L  DBF  =   L  DFB; 

DF  =  DB. 
Now  AD-  +  DB"-  =  Alfi  ->  DF'^, 

AF'^, 

^        AE-        +        EF""-, 

=  AC^  +  CE-^  +  EG-^  +  GF\  J.  47 

2AC-^  +  2GF-^,  Co7isf.,  (2) 

2AC-^  +  2CDK  I.  34 


I.  29 

/.  15 

/.  32 

I.  6 

(3) 

/.  47 

/. 

47,  (1) 
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OTHERWISE  : 

Consider  A  C  and  CD  as  two  straight  lines  ; 
then      AD  =  CD  +  AC, 
and        DB  =  CD  -  CB  =  CD  -  AC. 

Hence  AD"-  =  (CD  +  ACr-  =  CD"-  +  AC"-  +  2CD-AC;    IT. 4, Cor.  1 
and       DB^=-{CD-ACy'=CD"--\-AC^ -2CD-AC.    II.l,Cor.\ 
Add  the  second  equality  to  the  first ; 
then  AD^  +  DBT-  =  2  CD-  +  2AC-^. 


E- 


OR: 

C 

— 4- 


■D 


Let  AB  he  divided  into  two  equal  segments  AC,  CB.  and  also 
externally  into  two  unequal  segments  AD,  DB : 
it  is  required  to  jwove  AD"  +  DB"^  ^  2  AC'^  +  2  CD^. 

Produce  BA  to  E,  making  AE  =  BD.  I.  3 

Then  EC  =  CD,  and  EB  =  AD. 
Now  because  ED  is  divided  into  two  equal  segments  EC,  CD,  and 
also  internally  into  two  unequal  segments  EB,  BD  ; 
.'.    EB^  +  BD^  =  2EC^  +2CB^;  II.  9 

.-.  AD^  +  5Z>2  =  2  CD"-  +  2AC\ 

ALGEBRAICAL   ILLUSTRATION. 

Let  AC  =  CB  =  a,  CD  =  b ; 
then  AD  =  b  +  a,  and  DB  =  h  -  a. 
Now  AD^  +  DBT-  =  (b  +  of  +  {h  -  af  =  2h"-  ^  2a% 
and  2  AC^  +  2  CD"-  =  2  a^  +  2b- ; 
.-.  AD"-  +  DBT-  =  2  AC"-  +  2  CD\ 


*  Clavii  Commentaria  in  Euclidis  Elementa  Oeometrica  (1612),  p.  93. 
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1.  Show  that  the  proposition  may  be  enunciated  :    The  square  on 

the  sum  together  with  the  square  on  the  difference  of  two 
straight  hnes  =  twice  the  sum  of  the  squares  on  the  two 
straight  lines.  Or,  The  sum  of  the  squares  on  two  straight 
lines  =  twice  the  square  on  half  their  sum  together  with 
twice  the  square  on  half  their  difference. 

2.  By  how  much  does  AD-  +  DBT-  exceed  AC-  +  CBT-t 

3.  The  sum  of  the  squares  on  two  external  segments  of  a  straight 

line  becomes  less  and  less  the  nearer  the  point  of  section 
approaches  either  end  of  the  line. 

4.  Prove  that  AD"^  +  Dm  =  4  CD^  -2  AD-  DB. 

5.  In  the  hypotenuse  produced  of  an  isosceles  right-angled  triangle, 

any  point  is  taken  and  joined  to  the  opposite  vertex ;  prove 
that  twice  the  square  on  this  straight  line  is  equal  to  the  sum 
of  the  squares  on  the  segments  of  the  hypotenuse. 


PEOPOSITION  11.     Problem. 

To  divide  a  given  straight  line  inteinially  and  externally*  in 
medial  section. 


H' 


L' 


G' 


F 

— |G 

A 

H 

E 

-^ 

C 

r 

L 

Let  AB  be  the  given  straight  line : 
tt  is  required  to  divide  it  in  medial  section. 


*  The  second  part  of  this  proposition  is  not  given  by  EuoMd. 
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(1)  Internally : 

On  AB  describe  the  square  ABDC.  I.  46 

Bisect  ylC  at  i;;  /.  10 

join  EB,  and  produce  CA  to  F,  making  EF  =  EB.        I.  3 
On  AF  (the  difference  of  EF  and  EA)  describe  the 
square  AFGH.  I.  46 

H  is  the  point  required. 

Complete  the  rectangle  FL. 

Because  CA  is  divided  into  two  equal  segments  CE,  EA, 
and  also  externally  into  two  unequal  segments  CF,  FA  ; 

CF.FA  =  EF^  -  EA\  II.  6 

=  EB^  -  EA\ 

=  AB-^;  lAI.Cor. 

that  is,  CF.FG  =  AB-2; 

tliat  is,  CG  =  AD. 

From  each  of  these  equals  take  AL; 

FH  =  HD: 
that  is,  AH'^  =  DB.  BH, 

=  ABBH. 

(2)  Externally: 

On  AB  describe  the  square  ABDC.  I.  46 

Bisect  ^C  at  ^;  /•  10 

join  EB,  and  produce  ^C  to  F',  making  EF'  =  EB.      L  3 
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On  AF'  (the  sum  of  EF'  and  EA)  describe  the  square 
AF'G'H',  I.  46 

H'  is  the  point  required. 
Complete  the  rectangle  F'L'. 

Because  CA  is  divided  into  two  equal  segments  CE,  EA, 
and  also  externally  into  two  unequal  segments  CF',  F'A  ; 

OF' .  F'A  =  EF'-^  -  EA\  II.  6 

=  EB^   -  EA% 

=  AB^ ;  J.  47,  Car. 

that  is,  CF'  •  F'G'=  AR^ ; 

that  is,  CG'  =  AD. 

To  each  of  these  equals  add  AL' ; 

F'H'  =  H'D; 
that  is,  AH'-  =  DB  •  BH\ 

=  AB .  BH'. 

■» 

Cor.  1. — If  a  straight  line  be  divided  internally  in  medial  section, 
and  from  the  greater  segment  a  part  be  cut  oflF  equal  to  the  less 
segment,  the  greater  segment  will  be  divided  in  medial  section. 

For  in  the  proof  of  the  proposition  it  has  been  shown  that  CF  •  FA 
=  AB-,  that  is  -AC-; 
.'.  CF  is  divided  internally  in  medial  section  at  A. 

Now,  from  AB,  which  =  AC,  the  greater  segment  of  CF,  a  part 
AH  has  been  cut  off  =  AF,  the  less  segment  of  CF; 
and  AB  has  been  shown  to  be  divided  in  medial  section  at  H. 

Let  ABhe  divided  internally  in  medial  section  at  C,  so  that  AG 
is  the  greater  segment. 

G     F         E              ]j  C 

A — — I 1 1 1  I  -E 


From  ^C  cut  off  .47)  =  BC;  then  JC  is  divided  in  medial  section 
at  D,  and  AD  is  the  greater  segment. 

From  AD  cut  off  AB  =  CD  ;  then  ^Z>  is  divided  in  medial  sectiou 
at  E,  and  AE  \s  the  greater  segment. 

From  AE  out  off  AF  =  DE ;  then  AE  is  divided  in  medial  section 
at  F,  and  ^i^  is  the  greater  segment. 


J 
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From  ^/'c lit  off  ^46'  =  EF  ;  then  ^4/"  is  divided  in  medial  section 
at  G,  aud  A  G  is  the  greater  segment. 

Tliis  i)rocess  niaj^  evidently  be  continued  as  long  as  we  please,  and  it 
will  be  seen  on  comparison  that  it  is  equivalent  to  the  arithmetical 
method  of  finding  the  greatest  common  measure.  That  method,  if 
applied  to  two  integers,  always,  however,  comes  to  an  end ;  unity,  in 
default  of  any  other  number,  being  always  a  common  measure  of  any  . 
two  integers.  In  like  manner  any  two  fractions,  whether  vulgar  or 
decimal,  have  always  some  common  measure,  for  instance,  unity 
divided  by  their  least  common  denominator.  From  these  considera- 
tions, therefore,  it  will  ajipear  that  the  segments  of  a  straight  line 
divided  in  medial  section  cannot  both  be  expressed  exactly  either 
in  integers  or  fractions ;  in  other  words,  these  segments  are  incom- 
mensurable. 

Cor.  2. — If  a  straigiit  line  be  divided  internally  in  medial  section, 
and  to  the  given  straight  line  a  jiart  be  added  equal  to  the  greater 
segment,  the  whole  straight  line  will  be  divided  in  medial  section. 

For  this  proc3s?is  just  the  reversal  of  "that  described  in  Cor.  1, 
as  will  be  evident  from  the  following.     (See  fig.  to  Cor.  1.) 

Let  AF  be  divided  in  medial  section  at  G.  so  that  AG  is  the 
greater  segment. 

To  AF  add  i^^,  which  =  AG  ;  then  AE  is  divided  in  medial 
section  at  F,  and  AF  is  the  greater  segment. 

To  AE  add  ED,  winch.  =  AF;  then  AD  is  divided  in  medial 
section  at  E,  and  AE  is  the  greater  segment. 

To  AD  add  DC,  which  =  AE ;  then  AC  is  divided  in  medial 
section  at  D,  and  ^Z>  is  the  greater  segment. 

To  AC  add  CB,  which  —  AD ;  then  AB  is  divided  in  medial 
section  at  C,  and  AC  is  the  greater  segment. 


ALGEBRAICAL   APPLICATION. 

Let  AB  =  a  ;  to  find  the  length  oi  AH  or  A H'. 
Denote  AH  by  x ;  then  Bit  —  a  -  x. 
Now,  since  AB  •  BH  =  AH- 
.*.  a  (a  -  x)  =  X-,  a  quadratic  equation,  which  being  solved  gives 

a(N/5-  1)        -a  (\/5'+  1) 
X  =  —5 — " '-  or  s • 
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The  first  value  of  x,  which  is  less  than  a,  since  — ^ —  is  less  than 

unity,  coiTesponds  to  AH ;  and  the  second  value  of  x,  which  is 

\/5  +  1 
numerically  greater  thaa  a,  since  ^ —    is  greater  than  unity, 

corresponds  to  A  H' .  The  significance  of  the  -  in  the  second  value 
cannot  be  explained  here  ;  it  will  be  enough  to  say  that  it  indicates 
that  AH  and  AH'  are  measured  in  opposite  directions  from  A. 

The  following  approximation  to  the  values  of  the  segments  of  a 
straight  line  divided  internally  in  medial  section,  is  given  in  Leslie's 
Elements  oj'  Geometry  (4th  edition,  p.  'iVl),  and  attributed  to  Girard, 
a.  Flemish  mathematician  (17th  cent.). 

Take  the  series  1,  1,  2,  3,  5,  S,  13,  21,  34,  55,  89,  144,  &c.,  where 
each  term  is  got  by  taking  the  sum  of  the  jireceding  two.  If  any 
term  be  considered  as  denoting  the  leugth  of  the  straight  line,  the 
two  preceding  terms  will  approximately  denote  the  lengths  of  its 
segments  when  it  is  divided  internally  in  medial  section.  Thus,  if 
89  be  the  length  of  the  Une,  its  segments  will  be  nearly  34  and  55  ; 
because  89  x  34  =  3026,  and  55'-  =  3025.  If  144  be  the  length  of 
the  Hue,  its  segments  will  be  nearly  55  and  89 ;  because  144  x  55 
=  7920,  and  892  ^  7901. 

1.  It  is  assumed  in  the  construction  that   a  side  of  the  square 

described  on  AF  will  coincide  with  AB.     Prove  this. 

2.  If  .45  •  BH  =  AH-,  prove  that  AH  is  greater  than  BH. 

3.  If  CH  be  produced,  it  ynll  cut  BF  at  right  angles. 

4.  The  point  of  intersection  of  BE  and  CH  is  the  projection  of  A 

on  CH. 

5.  It  is  assumed  in  the  proof  of  the  second  j)art  that  a  side  of  the 

square  described  on  AF'  will  be  in  the  same  straight  line  with 
AB.     Prove  this. 

6.  If  .45  •  BH  =  AH-,  prove  that  AH  is  greater  than  AB. 

7.  If  CH  be  i)roduced,  it  will  cut  BF'  at  right  angles. 

8.  The  point  of  intersection  of  BE  and  CH  is  the  i^rojection  of 

A  on  CH. 
P.  Prove  that  HB  is  divided  externally  in  medial  section  at  A, 

and  H'B  internally  at  A. 
10.  Hence  name  all  the  straight  lines  in  the  figure  that  are  divided 

internally  or  externally  in  medial  section. 
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PROPOSITION  12.     Theorem. 

In  obtuse-angled  triangles,  the  square  on  the  side  opposite  the 
obtme  angle  is  equal  to  the  sum  of  the  squares  on  the 
other  two  sides  increased  hy  tivice  the  rectangle  contained 
hy  either  of  those  sides  and  the  p)>'ojection  on  it  if  the 
other  side. 


Let  ABC  be  an  obtuse-angled  triangle,  having  the  obtuse 
angle  ACB ;  and  let  CD  be  the  projection  of  CA  on  EC: 
it  is  required  to  prove  AB^  =^  BC'^  +  CA^  +  2BC-  CD. 

Because  BD  is  divided  internally  into  any  two  segments 
BC,  CD, 

.-.  BD^  =  BC'^  +  CD^  +  2BC-  CD. 
Adding  DA'~  to  both  sides, 

BD^  +  DA^  =  BC-  +  CD^  +  DA^  +  2BC-  CD; 
.-.       AB^        ^  BC~  +         CA^        +2BC-CD. 


II.  i 


I.  47 


ALGEBRAICAL  APPLICATION. 

Let  the  sides  opposite  the  ls  A,  B,  C  be  denoted  by  a,  b,  c, 
so  that  AB  ^  c,  BC  =  a,  CA  ^  h  ; 

then,  since  AB^  =  BC^- +  CA'^  +  2BC-  CD,  U.  12 

^1^  a?  +  b'^  +  2a -CD; 
C-  -  or  -  b" 


CD  = 


BD  =  BC  +  CD  =  a  + 


c^  -  a-  -  b"- 


gg  -  6^  +  c^ 

2a  ~  2a 

Hence,  if  the  three  sides  of  an  obtuse-angled  trianfjle  are  known, 
we  can  calculate  the  lengths  of  the  segments  into  which  either  side 
about  the  obtuse  angle  is  divided  by  a  peri)endicular  from  one  of  the 
acute  angles. 
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1.  If  from  B  there  be  drawn  BE  ±  AC  produced,  then  BC  •  CD 

=  AC-CE. 

2.  ABCD  is  a  H""  havinc;  z  ^i?C equal  to  an  angle  of  an  equilateral 

triangle ;  prove  BD'  =  BC"  +  CD-  +  BC  ■  CD. 

3.  If  AB-  =  AC'^  +  3  CD-   (figure  to   proposition),  how  will   the 

perpendicular  A  D  divide  BC  1 

4.  If  L  ACB  become  more  and  more  obtuse,  till  at  length  A  falls 

on  BC  produced,  what  does  the  proposition  become  ? 


PEOPOSITIOX  13.     Theorem. 

In  every  triangle  the  square  tm  the  side  opposite  an  acute 
angle  is  equal  to  the  sum  of  the  squares  on  the  other  two 
sides  diminished  by  twice  the  rectangle  contained  by 
either  of  those  sides  and  the  projection  on  it  of  the  oilier 
side. 


B      D  C  D      B  C 

Let  ABC  he  any  triangle,  having  the  acute  angle  ACB  ; 
and  let  CD  be  the  projection  of  CA  on  BC  : 
it  is  required  to  x)rove  AB^-  =  BC^  +  CA'^  -  2  BC  •  CD. 

Because  BD  is  divided  externally  into  any  two  segments 
BC,  CD, 

BD'-  =  BC"  +  CD-  ~  2BC-  CD.  II.  7 

Adding  DA'  to  both  sides, 

BD^  +  DA^  =  BC^  +  CD^  +  DA^  -  2  BC  ■  CD; 
.-.      AB'-         =  BC- -\-        CA'-         -2BC-CD.     /.  47 


ALGEBRAICAL   APPLICATION. 


As  before,  let  ^^  =  c,  BC  =  a,  CA  =  h  ; 
then,  since         AB-  =  BC^  +  CA'^  '2BC-  CD, 


II.  13 
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a2  +  62  _  2a  ■  CD  ; 
a-  +  h^  -  c- . 

h-  +  c- 


•••  (fig-  1) 

and  (fig.  2)  BD  =  C'i)  -  £C 

Hence,  from  the  results  of  this  proposition  and  the  preceding,  if  the 
three  sides  of  any  triangle  are  known,  we  can  calculate  the  lengths 
of  the  segments  into  which  any  side  is  divided  by  a  perpendicular 
from  the  opposite  angle. 

Hence,  again,  if  the  three  sides  of  any  triangle  are  known,  we  can 
calculate  the  length  of  the  perpendicular  drawn  from  any  angle  of  a 
triangle  to  the  opposite  side. 

For  example  (fig.  1),  to  find  the  length  of  AD. 

AD^  =  AC'-^  -  CD%  I.  47,  Car. 

=  *"-(         2a         ) 

_  4a-  b^  -  {a-  +  b-  -  c^)- 

_  (2ab  +  a^  +  b^  ~  c^)  {2ab  -  a^  -  b^  +  c^) 

^  {(«2  +  2ab  +  b^)  -  c^  {c-  -  (a-  -  2ab  +  b^)} 

4a-' 
^  {(a  +  fe)2-c2}{c2_(a  -6H 

4a-' 
_  {a  +  b  +  c)  (a  +  b  -  c)  (c  +  a  -  b)  {c  -  a  +  b)_ 
4a2  ' 


1 


.-.  AD  =  --  \/(a  +  b  +  c)  (a  +  h  -  c)  {u  -  h  +  c)  {h  -f  /•  -  a). 

This  expression  for  the  length  of  AD  may  be  put  into  a  shorter 
and  more  convenient  form,  thus  : 

Denote  the  semi-perimeter  of  the  A  ABC  by  s ; 
then  a  +  b  +  c  =  the  perimeter      =  2s  ; 

.-.  a  +  b  -  c  =  a  +  b  +  c  -  2c  =  2s  -  2c  =  2  (s  -  c), 

a-b  +  c^a  +  b  +  c-2b  =  2s-2b  =  2(s-b), 

and    6  +  c  —  a  =  a  +  6  +  c  -  2a  =  2s  -  2a  =  2  (,s  -  a). 
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Hence  AD  =  ^  \'2s  •  2  (s  -  c)  •  2  (s  -  6)  •  2  (s  -  a), 

2     / 

=  —  vs  (s  -  a)  (6-  —  6)  («  -  c). 


Similarly,  the  jierpendiciilar  from  fi  on  C'^  —j-\'s  (s  —  a)  (s  -  h)  (»-c) 


and  II  II  ConAB=~-\'8(s-a){s-b)(s-c). 

c 

Hence,  lastly,  if  the  three  sides  of  a  triangle  are  known,  we  can 

calculate  the  area  of  the  triangle. 

For  the  area  oi  ^  ABC  =^  h  BC  ■  AD,  /.  41,  35 

a      o 

=  -5-  •  -^  \  s  (s  -  a)  (s  -  b)  (s  -  c), 


=  \s  (s  ~  a)  (s  -  b)  (s  -  c) ; 
which  expression  may  be  put  into  the  form  of  a  rule,  thus  : 

From  lialf  the  sum  of  the  three  sides,  subtract  each  side  separ- 
ately ;  multiply  the  half  sum  and  the  three  remainders  together,  and 
the  square  root  of  the  product  will  be  the  area.* 

1.  If  from   B  there  be  drawn  BE  x  AC  or  AC  produced,  then 

BC-CD  ^  AC-CE. 

2.  A  BCD  is  a  ||™  having  z  ABC  double  of  an  angle  of  an  equilateral 

triangle  ;  prove  BD-  =  BC^  +  CD^  -  BC  ■  CD. 

3.  If   AB^  =  AC-  +  ZCD-   (tig.  1    to   proposition),  how  will   the 

perpendicular  .4  i)  divide  BC  ? 
4i  If  z  ACB  become  more  and  more  acute  till  at  length  A  falls  on 
CB  or  CB  produced,  what  does  the  proposition  become  ? 

5.  If  the  square  on  one  side  of  a  triangle  be  greater  than  the  sum 

of  the  squares  on  the  other  two  sides,  the  angle  contained  by 
these  two  sides  is  obtuse.     (Converse  of  II.  12.) 

6.  If  the  square  on  one  side  of  a  triangle  be  less  than  the  sum  of 

the  squares  on  the  other  two  sides,  the  angle  contained  by 
these  two  sides  is  acute.     (Converse  of  II.  13.) 

7.  The  square  on  the  base  of  an  isosceles  triangle  is  equal  to  twice 

the  rectangle  contained  by  either  of  the  equal  sides  and  the 
projection  on  it  of  the  base. 

*  The  discovery  of  this  expression  for  the  area  of  a  triangle  is  due  to 
RcTon  of  Ale.xandria.  See  Hultsch's  Heronis  Alexandrini  .  .  .  reliquia: 
(Kerlin,  1864),  pp.  235-237. 
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PROPOSITION  14.     Problem. 

To  descHbe  a  square  that  shall  he  equal  to  a,  given  rectilineal 
figure. 


Let  A  be  the  given  rectilineal  figure  : 
it  is  required  to  describe  a  square  =  A. 

Describe  the  rectangle  BODE  =  A.  7.  45 

Then,  if  BE  =  ED,  the  rectangle  is  a  square,  and  what 
was  required  is  done. 

P.ut  if  not,  produce  BE  to  F,  making  EF  =  ED.  I.  3 

VAsQctBEmG;  /.  10 

with  centre  G  and  radius  (^i^  describe  the  semicircle  BHF ; 
and  produce  DE  to  H.  EH"-  =  A. 

Join  GH. 

Because  BF  is  divided  into  two  equal  segments  BG, 
GF^  and  also  internally  into  two  unequal  segments  BE, 
EF; 

BE-EF  =  GF2  -  GE-\  II.  r. 

=  Gm  -  GE\ 

=  EH\  I.  47,  Co"' 

BD^EH^-; 
A  =  EH\ 

1.  From  any  point  in  the  arc  of  a  semicircle,  a  ]ierpendicular  is 
drawn  to  the  diameter.  Prove  that  the  square  on  this  per- 
pendicular =  the  rectangle  contained  by  the  sei;nients  into 
which  it  di^'ides  the  diameter. 
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2.  Divide  a  given  straight  line  internally  into  two  segments,  such 

that  the  rectangle  contained  by  them  may  be  equal  to  the 
square  on  another  given  straight  line.  What  hmits  are  there 
to  the  length  of  the  second  straight  line  ? 

3.  Divide  a  given  straight  line  externally  into  two  segments,  such 

that  the  rectangle  contained  by  them  may  be  equal  to  the 
square  on  another  given  straight  line.  Are  there  any  limits 
to  the  length  of  the  second  straight  line  ? 

4.  Describe  a  rectangle  equal  to  a  given  square,  and  having  one  of 

its  sides  equal  to  a  given  straight  line. 


APPENDIX    II. 


Proposition  1, 

The  sum  of  the  sqvares  on  two  sides  of  a  triangle  is  double  the  snn^ 
of  the  squares  on  half  the  base  and  on  the  median  to  the  base* 

A 


B  DEC 

Let  ABC  be  a  triangle,  AD  the  median  to  the  base  BO: 
it  is  required  to  prove  AB-  +  AC-  =  2  BD'-  +  2  Al/-. 

Draw  AE  ±  BC.  I.  12 

Then  AB-  =  BD^  +  AD^  +  2  BD  •  DE,  II.  12 

and  AC-^  =  CD^-  +  AD^  -  2  CD  ■  DE.  II.  13 

But  BD"^  =  CD''-,  and  BD  ■  DE  =  CD  ■  DE,  since  BD  =  CD  ; 
.-.  AB^  +  AC^  =  2  BD"-  +  2  AD\ 

CoE. — The  theorem  is  true,  however  near  the  vertex  A  may  be  to 
tbe  base  BC.  When  A  falls  on  BC,  the  theorem  becomes  11.  9 ; 
when  A  falls  on  BC  produced,  the  theorem  becomes  II.  10. 

*  Pappus,  VII.  122. 
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Note. — It  may  be  well  to  remark  that  the  converse  of  the 
theorem,  'If  ABC  be  a  triangle,  and  from  the  vertex  A  a  straight 
line  ^Z>  be  drawn  to  the  base  BC,  so  that  AB^  +  AC^  =  2BD'i 
+  2  AD^,  then  D  is  the  middle  point  of  BC,'  is  not  always  true. 

A 
A 


B  D      C  C  li      D'      C    D 

For,  let  ABC,  ABC  be  two  triangles  having  AC  =  AC. 
Find  D,  the  middle  point  of  BC.     D  must  fall  either  between  B 
and  C,  between  C  and  C,  or  on  C". 
In  the  first  case,  join  AD. 

Then  AB^  -^  AC-  =  2 BD^-  +  2AD-;  Api).  11. 1 

.^452  +  ylC"2  =.  2  5i)2  +  2  JZ)2 ; 
and  we  know  that  D  is  not  the  middle  point  of  BC . 

Ill  the  second  case,  find  D'  the  middle  point  of  BC,  and  join  AD'. 
Then  AB^  +  AC^  =  2  BD'^-  +  2AD'-^;  App.  11.  1 

AST-  +  AC^    =2BD''^  +  2AD'-^; 
and  we  know  that  i)'  is  not  the  middle  point  of  BC. 
The  third  case  needs  no  discussion. 


Proposition  2. 


The  difference  of  the  squares  on  two  sides  of  a  triangle  is  double  the 
rectangle  contained  by  the  base  and  the  distance  of  its  middle  point 
from  the  perpendicular  on  it  from  the  vertex.* 

A 


Fig.  2, 


B  DEO  B  D  C       E 

Let  ABC  be  a  triangle,  D  the  middle  point  of  the  base  BC,  and 
AE  the  perpendicular  from  A  on  BC.- 
it  is  required  to  prove  AB-  -  AC^  =  2BC  ■  DE. 

*  Pappus,  VII.  120. 
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For  AB-^  -  AC-^=  (BE'^  +  AE^)  -  (EC^  +  AE\ 

=  BE-'  -  EC% 

=  (BE  +  EC)  (BE  -  EC),      II.  5,  6,  Corr 
^  BC-2DE    in  fig.  1  ; 
or  =2  DE    BC    in  fig.  2, 
==2BC-  DE. 


Proposition  3. 


If  the  straight  line  A  D  he  divided  internally  at  any  ttvo  points  C  and 
B,  then  AC  ■  BD  +  AD  ■  BC  =  AB  ■  CD.* 


C 


B 


D 


Kor  AC  ■  BD  ^  AD  .  BC  =  AC  ■  BD  +  (BD  +  AB)  •  BC,         K. 
=  AC  ■  BD  +  BD  .  BC  +  AB  .  BC,  II.  1 
=  BD  ■  (AC  +  BC)         +  AB  ■  BC,  II.  1 
=  BD-AB  +  AB.  BC, 

=  AB  •  (BD  +  BC),  II.  1 

=  AB  .  CD. 


LOCI. 

Proposition  4. 

I^ind  the  locus  of  the  vertices  of  all  the  triangles  which  have  the  same 
base  and  the  sum.  of  the  squa.res  of  their  sides  equal  to  a  given 
square. 

M 


Let  BC  be  the  given  base,  M-  the  giA^en  square. 

Suppose  ^  to  be  a  point  situated  on  the  required  locus. 
Join  ^5,  AC ; 
bisect  BC  in  D,  and  join  AD. 

*  Euler,  Novi  Comm.  Petrop.,  vol.  i.  p.  49. 
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.     Then,  since  Aha.  point  on  the  locus,  AR-  +  AC^  =  M".       Hyp- 
But  AB^  +  AC^  =  2  ^2)2  +  2  AD'- ;  •  App.  I'l.  1 

.-.  2  BD^  +  2  ^Z>2  =  M'- ; 
.-.  AD'-  =  hM-^  -  ED'-'. 

Now  ^  Jl/2  ig  a  constant  magnitude,  and  so  is  BD-,  being  the  square 
on  half  the  given  base  ; 
.•.  \  M^  -  BD-  must  be  constant ; 
•.•.  AD-  must  be  constant. 

And  since  AD-  is  constant,  AD  must  be  equal  to  a  fixed  length  ; 
that  is,  the  vertex  of  any  triangle  fulfilling  the  given  conditions  is 
always  at  a  constant  distance  from  a  fixed  point  D,  the  middle  of 
the  given  base.     Hence,  the  locus  required  is  the  O"  of  a  circle 
whose  centre  is  the  middle  point  of  the  base. 

To  determine  the  locus  completelj',  it  would  be  necessarj'  to  find 
the  length  of  the  radius  of  the  circle.  This  may  be  left  to  the 
reader.  

Proposition  5. 

Find  the  lociis  of  the  rertkes  of  all  the  trianrjlef!  n-hkh  have  the  same 
base,  and  the  difference  of  the  squares  of  their  sides  equal  to  a 
given  square. 


M 


A 

• 

• 

\ 

• 

• 
• 

B                  D      E 

C 

Let  BC  be  the  given  base,  M-  the  given  square. 
Suppose  -4  to  be  a  point  .situated  on  the  required  locus. 
Join  AB,AC; 
bisect  BC  in  D,  and  draw  AE  J.  BC  or  BC  produced.  I.  10,  12 

Then,  since  ^  is  a  point  on  the  locus  AB-  -  AG-  =  M-.       Hyp. 
But  AB-^  -  AC^  =  2BC-DE ;  App.  II.  2 

.-.  1BC-DE=M"-. 

Now  M-  is  a  constant  magnitiide,  and  so  is  2  BC  ; 
.'.  DE  must  be  constant ; 

.-.  a  perpendicular  drawn  to  BC  from  the  vertex  of  any  triangle 
fulfilling  the  given  conditions  will  cut  BC  at  a  fixed  point. 
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If  AC'  -  AB"  —  M-,  the  perpendicular  from  A  on  £C  will  cui 
BC  at  a  point  E'  on  the  other  side  of  Z>,  such  that  DE'  =  DE. 

Hence,  the  locus  consists  of  two  straight  lines  drawn  perpendicular 
to  the  base  and  equally  distant  from  the  middle  point  of  the  base. 

DEDl'CTIOXS. 

1.  If  from  the  vertex    of  an   isosceles  triangle  a  straight  line  be 

drawn  to  cut  the  base  either  internally  or  externally,  the 
difference  between  the  squares  on  this  line  and  either  side 
is  equal  to  the  rectangle  contained  by  the  segments  of  the 
base.     (Pappus,  III.  5.) 

2.  The  sum  of  the  squares  on  the  diagonals  of  a  1,™  is  eqiial  to  the 

sum  of  the  squares  on  the  four  sides. 

3.  The  sum  of  the  squares  on  the  diagonals  of  any  quadrilateral  is 

equal  to  twice  the  simi  of  the  squares  on  the  straight  liaes 
joining  the  middle  points  of  opposite  sides. 

4.  The  sum  of  the  st)uares  on  the  four  sides  of  any  quadrilateral 

exceeds  the  sum  of  the  squares  on  the  two  diagonals  by  four 
times  the  square  on  the  straight  line  which  joins  the  middle 
points  of  the  diagonals.    (Euler,  Xovi  Comm.  Petrop.,  i.  p.  (i().'( 

5.  The  centre  of  a  lixed  circle  is  the  middle  point  of  the  base  of  a 

triangle.  If  the  vertex  of  the  triangle  be  on  the  o™,  the 
sum  of  the  squares  on  the  two  sides  of  the  triangle  is  con- 
stant. 

6.  The  centre  of  a  fixed  circle  is  the  point  of  intersection  of  the 

diagonals  of  a  1,™.  Prove  that  the  sum  of  the  squares  on  the 
straight  lines  drawn  from  any  point  on  the  O  '^^  to  the  lour 
vertices  of  the  |i™  is  constant. 

7.  Two  circles  are  concentric.     Prove  that  the  sum  of  the  squares 

of  the  distances  from  any  point  on  the  o*^^  of  one  of  the 
circles  to  the  ends  of  a  diameter  of  the  other  is  constant. 

8.  The  middle  point  of  the  hypotenuse  of  a  right-angled  triangle  is 

equidistant  from  the  three  vertices. 

9.  Three  times  the  sum  of  the  squares  on  the  sides  of  a  triangle 

is  equal  to  four  times  the  sum  of  the  squares  on  the  three 
medians,  or  equal  to  nine  times  the  sum  of  the  squares 
on  the  straight  lines  which  join  the  centroid  to  the  three 
vertices. 
10.  If  A  BCD  be  a  quafb-ilateral,  and  P,  Q,  K.  S  be  the  middle 
points  of  AB,  BC,  CD,  DA  respectively,  then  2  J'R-  +  AB- 
+  CD'  =  '1  y^'-  +  BC-  +  DA\ 
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11.  Thrice  the  sum  of  the  squares  ou  the  sides  of  cany  pentagon  = 

the  sum  of  the  squares  on  the  diagonals  together  with  four 
times  the  sum  of  the  squares  on  the  live  straight  Hues  joining, 
in  order,  the  middle  points  of  those  diagonals. 

12.  li  A,  B  be  fixed  points,  and  O  any  other  ))oint,  the  sum  of  the 

squares  on  OA  and  OB  is  least  when  0  is  the  middle  point 
of  AB. 

13.  Prove  II.  9,  10  by  the  following  construction  :  On  AD  describe 

a  rectangle  AEFD  whose  sides  AE,  J)F  are  each  =  AG  or 
CB.  According  as  D  is  in  AB,  or  in  AB  produced,  from 
DF,  or  X*/' produced,  cut  oflf  FG  -  DB ;  and  join  EC,  CG, 
GE.  Show  how  these  figures  may  be  derived  from  those  in 
the  text. 

14.  If  from  the  vei-tex  of  the  right  angle  of  aright-angled  triangle  a 

perpendicular  be  drawn  to  the  hypotenuse,  then  (1)  the  square 
on  this  perpendicular  is  equal  to  the  rectangle  contained  by 
the  segments  of  the  hypotenuse  ;  (2)  the  square  on  either  side 
is  equal  to  the  rectangle  contained  by  the  hypotenuse  and  the 
segment  of  it  adjacent  to  that  side. 

15.  The   sum   of  the    squares   on   two   unequal    straight   lines   is 

greater  than  twice  the  rectangle  contained  by  the  straight 
lines. 

16.  The  sum  of  the  squares  on  three  unequal  straight  lines  is  greater 

than  the  sum  of  the  rectangles  contained  by  every  two  of  the 
straight  lines. 
17-  The  square  on  the  sum  of  three  unequal  straight  lines  is  greater 
than  three   times  the  sum. of  the  rectangles   coutaiue.l  by 
every  two  of  the  straight  lines. 

18.  The  sum  of  the   squares  on  the  sides  of  a  triangle  is  less  than 

twice  the  sum  of  the  rectangles  contained  by  every  two  of 
the  sides. 

19.  If  one  side  of  a  triangle  be  greater  than  another,  the  median 

drawn  to  it  is  less  than  the  median  drawn  to  the  other. 

20.  If  a  straight  line  .^.S  be  bisected  in  C,  and  divided  internally 

at  D  and  E,  D  being  nearer  the  middle  than  E,  then 
AD    DB^AEEB  +  CD-  DE  +  CE  ■  ED. 

21.  ABC  is  an  isosceles  triangle  having  each  of  the  angles  7>  and 

C  =  2  J.     BD  is  drawn  X  AC ;  prove  AD-  +  DC-  =  2  BD-. 

22.  Divide  a  given  straight  line  inteinally  so  that  the  sipiares  on 

the  whole  and  on  one  of  the  segments  may  be  double  of  the 
square  on  the  other  segment. 
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23.  Given  that  AB  is  divided  internally  at  H,  and  externally  at  //', 

in  medial  section,  prove  the  following  : 

(1)  AH  -BH  =  {AH  +  BH)  •  {AH  -  BH); 
AH  ■  BH  =  {BH  +  AH)  •  {BH  -  AH). 

(2)  AH  .  {AH  -  BH)  =.  BH-;  AH  ■  {AH'  +  BH)  =  BH\ 

(3)  AB^  +  Bm  -.  2AW-;  A  fi-'  +  BH-  =  3  AH^. 

(4)  {AB  +  BH)-^  =  5AH^-;  {AB  +  BHT-  =  oAH-. 

(5)  {AH  -BH)-  =  3BH-^  -  A^;  {BH  -  AHf=Z  AH'^  -  BH\ 

(6)  {AH  +BH)-^  =  3  AH^  -  BH'^  ;  {AH  +  BH'f'  =  3  BH'^  -  AH-. 

(7)  {AB +  AH)-^SAH"--3BH-^;  {AH - AB)^=SAH-'-3BH"'. 

(8)  AB-  +  AH^-  =4:AH^  -  BH^-;  AB'  +  AH'  =  AAH"^  -  BH\ 

24.  In  any  triangle  ABC,  if  BP,  CQ  be  drawn  ±  CA,  BA,  produced 

if  necessary,  then  shall  BC'^  =  AB  ■  BQ  +  AC  ■  CP. 

25.  If  from  the  hjpotenuse  of  a  right-angled  triangle  segments  be 

cut  oflf  equal  to  the  adjacent  sides,  the  square  of  the  middle 
segment  thus  formed  =  twice  the  rectangle  contained  by  the 
extreme  segments.  Show  how  this  theorem  may  be  used  to 
find  numbers  expressing  the  sides  of  a  right-angled  triangle. 
(Leslie's  Elements  of  Geometry,  1820,  p.  315.) 

Loci. 

1.  Given  a  A  ABC :  find  the  locus  of  the  points  the  sum  of  the 

squares  of  whose  distances  from  B  and  C,  the  ends  of  the 
base,  is  equal  to  the  suui  of  the  squares  of  the  sides  AB,  AC. 

2.  Given  a  A  ABC ;   find  the  locus  of  tlie  points  the  difference 

of  the  squares  of  whose  distances  from  B  and  C,  the  ends 
of  the  base,  is  equal  to  the  diQ'erence  of  the  squares  of  the 
sides  AB,  AC. 

S.  Ct  the  A  ABC,  the  base  BC  is  given,  and  the  sum  of  the  sides 
AB,  AC ;  find  the  locus  of  the  point  where  the  perpendicular 
from  C  to  ^C  meets  the  bisector  of  the  exterior  vertical 
angle  at  A. 

«.  Ot  the  A  ABC,  the  base  BC  is  given,  and  the  difference  of  the 
sides  AB,  AC ;  find  the  locus  of  the  point  where  the  per- 
pendicular from  C  to  .46' meets  the  bisector  of  the  interior 
vertical  angle  at  A. 

5.  A  variable  chord  of  a  given  circle  subtends  a  right  angle  at  a 
fixed  point ;  find  the  locus  of  the  middle  point  of  the  chord. 
Examine  the  cases  when  the  fixed  point  is  inside  the  circle, 
outside  the  circle,  and  on  the  O"*, 
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DEFINITION'S. 

1.  A  circle  is  a  plane  figure  contained  by  one  line 
\vhich  is  called  the  circumference,  and  is  such  that  all 
straight  lines  drawn  from  a  certam  point  within  the  figure 
to  the  circumference  are  equal.  This  point  is  called  the 
centre  of  the  circle,  and  the  straight  lines  drawn  from  the 
centre  to  the  circumferen"^  are  called  radii. 

Cor.  1. — If  a  point  be  situated  inside  a  circle,  its  distance 
from  the  centre  is  less  than  a  radius ;  and  if  it  be  situated 
outside,  its  distance  from  the  centre  is  greater  than  a  radius 


Fig.  1. 


Fig.  2. 


Thus,  in  fig.  1, 
OP,  the  distance 
of  the  point  F 
from  the  centre 
O,  is  less  than 
the  radius  OA ; 
in  fig.  2,  OP  is 
greater  than  the 
radius  OA. 

Cor.  2. — Conversely,  if  the  distance  of  a  point  from  the 
centre  of  a  circle  be  less  than  a  radius,  the  point  must  be 
situated  inside  the  circle ;  if  its  distance  from  the  centre  be 
greater  than  a  radius,  it  must  be  situated  outside  the  circle. 

CoR.  3. — If  the  radii  of  two  circles  be  equal,  the  circum- 
ferences are  equal,  and  so  are  the  circles  themselves. 

This  may  be  rendered  evident  by  applying  the  one  circle  to  thtj 
other,  so  that  their  centres  shall  coincide.  Since  the  radii  of  the  one 
circle  are  ecjual  to  those  of  the  other,  every  point  in  the  circum- 
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ference  of  the  one 
circumference  of  the 
other ;  therefore,  the 
two  circumferences 
coincide  and  are  equal. 
Consequently  also  the 
two  circles  coincide 
and  are  equal. 

Cor.  4. — Conversely,  if  two  circles  be  equal,  their  radii 
are  equal,  and  also  their  circumferences. 

This  may  be  proved  indirectly,  by  supposing  the  radii  unequal. 

Cor.  5. — A  circle  is  given  in  magnitude  when  the  length 
of  its  radius  is  given,  and  a  circle  is  given  in  position  and 
magnitude  when  the  position  of  its  centre  and  the  length  of 
its  radius  are  given.     (Euclid's  Data,  Definitions  5  and  6.) 

Cor.  6. — The  two  parts  into  which  a  diameter  divides  a 
circle  are  equal. 

This  may  be  proved,  like  Cor.  3,  by  superposition. 
The  two  parts  are  therefore  called  semicircles. 

CoR.  7. — The  two  parts  into  which  a  straight  line  not  a 
lianieter  divides  a  circle  are  unequal. 

Thus  if  ^5  is  not  a  diameter  of  the  circle 
ABC,  the  two  parts  ACB  and  ADB  into 
whicli  AB  divides  the  cii'cle  are  unequal. 

For  if  a  diameter  AE  be  drawn,  the  part 
ACB  is  less  than  the  semicircle  ABE,  and  the 
l)art  A  DB  is  greater  than  the  semicircle  A  DE. 

2.  Concentric  circles   are  those  which 
centre.  B 

3,  A  straight  line  is  said  to  touch  a 

circle,  or  to  be  a  tangent  to  it,  when  it 

meets   the  circle,  but  being  produced 

does  not  cut  it. 

Thus  BC  is  a  tangent  to  the  circle  ADE. 
K 


have  a  common 
A  c 
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4.  A  straight  line  drawn  from  a  point  outside  a  cii'cle, 
and  cutting  the  circumference,  is  called  a  secant. 

Thus  ECA  and  EBD  are  secants  of 
the  circle  ABC. 

If  the  secant  EC  i  were,  like  one  of 
the  hands  of  a  wa  -  A,  to  revolve  round 
£  as  a  pivot,  jc  points  A  and  C 
would  approac^  one  another,  and  at  D^ 
length  coiuci'"  .  When  the  points  A 
and    C    coincided,   the    secant    would 

have  become  a  tangent.  Hence  a  tangent  to  a  circle  may  be 
defined  to  be  a  secant  in  its  limiting  position,  or  a  secant  which 
meets  the  circle  in  two  coincident  points. 

This  way  of  regarding  a  tangent  straight  line  may  be  applied  also 
to  a  tangent  circle. 

5.  Circles  which  meet  but  do  not  cut  one  another,  are 
said  to  touch  one  another. 


Thus  the  circles  ABC,  ADE,  which  meet  but  do  not  intersect,  are 
said  to  touch  each  other.  In  fig.  1,  the  circles  are  said  to 
touch  one  another  internaUy,  although  in  strictness  only  one  of 
them  touches  the  other  internally  ;  in  fig.  2,  they  are  said  to 
touch  one  another  externally. 

6.  llie  points  at  which  circles  touch  each  other,  or  at 
which  straight  lines  touch  circles,  are  called  points  of 
contact. 

Thus  in  the  figures  to  definitions  3  and  5,  the  points  A  are  points 
of  contact. 
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7.  A  chord  of  a  circle  is  the  straight  line  joining  any 
two  points  on  the  circumference. 

Thus  ^i?  is  a  chord  of  the  circle  ABC, 

8.  An  arc  of  a  circle  is  any  part 
of  the  circumference. 

Thus  ACB  is  an  arc  of  the  circle  ABC ; 
so  is  ADB. 

9.  A  chord  of  a  circle  which  does  not  pass  through  the 
centre  divides  the  circumference  into  two  unequal  arcs. 
These  arcs  are  called  the  major  and  the  minor  arcs,  and 
they  are  said  to  be  conjugate  to  each  other. 

Thus  the  chord  xAB  divides  the  circumference  of  the  circle  ABC 
into  the  conjugate  arcs  ADB,  ACB,  of  which  ADB  is  a  major  arc, 
and  ACB  a  minor  arc. 

10.  Chords  of  a  circle  are  said  to  be  equidistant  from  the 
centre  when  the  perpendiculars  drawn  to  them  from  the 
centre  are  equal ;  and  one  chord  is  farther  from  the  centre 
than  another,  when  the  perpendicular  on  it  from  tlie  centre 
is  greater  than  the  perpendicular  on  the 
other. 

Thus  in  the  circle  ABC,  whose  centre  is  O, 
if  the  perpendiculars  OG,  OH  on  the  chords 
AB,  CD  are  equal,  AB  and  CD  are  said  to  be 
equidistant  from  0 ;  if  the  perpendicidar  OL 
on  the  chord  EF  is  greater  than  OG  or  OH, 
the  chord  EF  is  said  to  be  farther  from  the 
centre  than  AB  ox  CD. 

11.  A  segment  of  a  circle  is  the  figure  contained  by  a 
chord,  and  either  of  the  arcs  into  which  the  chord  divides 
the  circumference.  The  segments  are  called  major  or  minor 
segments,  according  as  their  arcs  are  major  or  minor  arcs. 

Thus  (see  figure  to  definition  7)  the  figure  contained  by  the 
minor  arc  ACB  and  the  chord  AB'\%  a.  minor  segment ;  the  figure 
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contained  by  the  major  arc  ADB  and  the  chord  AB  is  a  major 
segment. 

It  is  worthy  of  observation  that  a  segment,  like  a  circle,  is 
generally  named  by  three  letters ;  but  the  letters  may  not  be 
ari'anged  anyhow.  The  letters  at  the  ends  of  the  chord  must  be 
placed  either  first  or  last. 

12.  All  angle  in  a  segment  of  a   circle   is   the   angle 
contained  by  two  straight  lines  drawn 
from    any  point    in    the    arc   of    the 
segment  to  the  ends  of  the  chord. 

Thus  ACB  and  ADB  are  angles  in  the 
segment  ACB. 

13.  Similar  segments  of  circles  are  those  which  contain 
equal  angles. 

Thus  if  the  angles 
C  and  F  are  equal, 
the  segment  ACB   is 

said  to  be   similar  to  j^i^ — ^J!      d''^^- ^E 

the  segment  DFE. 

14.  A  sector  of  a  circle  is  the  figure  contained  by  an 
arc  and  the  two  radii  drawn  to  the  ends  of  the  arc. 

Thus  if  O  be  the  centre  of  the  circle  ABI),  _D^ 

the  figure  OAGB  is  a  sector  ;   so  is  OADB. 

It  is  obvious  that,  when  the  radii  are  in  the 
same  straight  hne,  the  sector  becomes  a  semi- 
circle. 

1 5.  The  angle  of  a  sector  is  the  angle 
contained  by  the  two  radii. 

Thus  the  angle  of  the  sector  OACB  is  the  angle  AOB. 

16.  Two  radii  of  a  circle  not  in  the  same  straight  line 
divide  the  circle  into  two  sectors,  one  of  which  is  greater 
and  the  other  less  than  a  semicircle;  the  former  may  be 
called  a  major,  and  the  latter  a  minor  sector. 

Thus  OADB  is  a  major  sector,  and  OACB  is  a  minor  sector. 
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17.  Sectors  have  received  particular  names  according  to 
the  size  of  the  angle  contained  by  the  radii.  When  the 
contained  angle  is  a  right  angle,  the  sector  is  called  a 
quadrant ;  when  the  contained  angle  is  equal  to  one  of  the 
angles  of  an  equilateral  triangle,  the  sector 

is  called  a  sextant.  .--^-^C 

Thiis  if  AOB  is  a  right  angle,  or  one-fourth 
of  four  right  angles,  the  sector  OAB  is  a 
quadrant;  if  ^400  is  two- thirds  of  one  right 
augle  (see  p.  71,  deduction  9),  or  one-sixth 
of  four  right  angles,  the  sector  OAC  is  a 
sextant. 

18.  An  angle  is  said  to  be  at  the  centre,  or  at  the 
circumference  of  a  circle,  when  its  vertex  is  at  the  centre, 
or  on  the  circumference  of  the  circle. 

A 

Thus  BEC  is  an  angle   at  the   centre,  and 

BAG  a,n    angle    at    the    circumference   of    the 
circle  ABC. 

19.  An  angle  either  at  the  centre  or  at 
the  circumference  of  a  circle  is  said  to 
stand  on  the  arc  intercepted  between  the 
arms  of  the  angle. 

Thus  the  angle  BEC  at  the  centre  and  the  angle  BAC  at  the 
circumference  both  stand  on  the  same  arc  BDC. 

In  respect  to  the  angle  BEC  at  tbe  centre  of  the  circle  A  BC,  it 
may  readily  occur  to  the  reader  to  inquire  whether  the  minor  arc 
BDC  is  the  only  arc  intercepted  by  EB  and  EC,  the  arms  of  the  angle. 
Obviously  enough  EB  and  EC  intercept  also  the  major  arc  BAC. 
What,  then,  is  the  angle  which  stands  on  the  major  arc  BAC ?  This 
inquiry  leads  us  naturally  to  reconsider  oui-  <letiuition  of  an  angle. 

20.  An  angle  may  be  regarded  as  generated  (or  descriljed) 
by  a  straight  line  which  revolves  round  one  of  its  end 
points,  the  size  of  the  angle  depending  on  the  amount  of 
revolution. 
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Thus  if  the  straight  line  OB  occupy  at  first  the  position  OA,  and 
then  revolve  round  0  iu  a  manner  opposite  to  that  of  the  hands  of 
a  watch,  till  it  conies  into  the  position  OB, 
it  will  have  generated  or  described  the  angle 
AOB.  If  OB  continue  its  revolution  round 
O  till  it  occupies  the  position  OD,  it  will 
have  generated  the  angle  AOD ;  if  OB 
still  continue  its  revolution  round  0  till  it 
occupies  successivelj'  the  positions  OF,  OH, 
it  will  have  generated  the  angles  A  OF, 
AOH.  The  angles  AOB,  AOD,  AOF, 
A  OH,  being  successively  generated  by  the 
revolution  ©f  OB,  are  therefore  arranged  in  order  of  magnitude, 
AOD  being  greater  tlian  AOB,  J  Of  greater  than  AOD,  and  AOH 
greater  than  A  OF. 

It  is  plain  enough  that  OB,  after  reaching  the  position  OH,  may 
continue  its  revohition  till  it  occupies  the  position  it  started  from, 
when  it  will  coincide  again  with  OA.  OB  will  then  have  described 
a  complete  revolution.  If  the  revolution  be  supposed  to  continue, 
the  angle  generated  by  OB  will  grow  greater  and  greater  (since  its 
size  depends  on  the  amount  of  revolution),  but  OB  itself  will  return 
to  the  positions  it  occupied  before  ;  and  therefore  in  its  second 
revolution  OB  will  not  indicate  any  new  direction  relatively  to  OA, 
which  it  did  not  indicate  in  its  first.  Hence  there  is  no  need  at 
present  to  consider  angles  greater  than  those  generated  by  a  straight 
line  in  one  complete  revolution. 

21.  In  the  course  of  the  revohition  of  OB  from  the 
position  of  OA  round  to  OA  again,  OB  will  at  some  time  or 
other  occupy  the  position  OE,  which  is  in  a  straight  line 
with  OA  ;  the  angle  AOE  thus  generated  is  called  a  straight 
(or  sometimes  a  flat)  angle. 

AVhen  OB  occu[)ie8  tlic  position  OC  midway  between  that 
of  OA  and  OE  (that  is,  when  the  angles  AOO  and  COE  are 
equal),  the  angle  AOC  thus  generated  is  called  a  right 
angle.     Hence  a  straight  angle  is  equal  to  two  right  angles. 

AVhen  OB  occupies  the  position  00  which  is  in  a  straight 
line  with  OC,  the  angle  AOO  tluis  generated  is  an  angle  of 
tlirec  right  angles  ;  wlien  0/?  again  coincides  with  OA,  it  hag 
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generated  an  angle  of  four  right  angles.  Hence  angle  AOB 
is  less  than  a  right  angle;  angle  AOD  is  greater  than  one 
right  angle,  and  less  than  two ;  angle  A  OF  is  greater  than 
two  and  less  than  three  right  angles ;  angle  AOH  is  greater 
than  three  and  less  than  four  right  angles. 

22.  It  has  been  explained  how  OB,  starting  from  the 
position  OA,  and  revolving  in  a  man- 
ner opposite  to  that  of  the  hands  of  a 
watch,  generates  the  angle  AOB,  less 
than  a  right  angle  when  it  reaches  the 
position  OB.  But  we  may  suppose 
that  OB,  starting  from  OA,  reaches  the  position  OB  by 
revolving  round  0  in  the  same  maimer  as  the  hands  of  a 
watch ;  it  will  then  have  generated  another  angle  AOB, 
gi'eater  than  three  right  angles.  Thus  it  appears  that  two 
straight  lines  drawn  from  a  point  contain  two  angles  having 
common  arms  and  a  common  vertex.  Such  angles  are  said  to 
be  conjugate,  the  greater  being  called  the  major  conjugate, 
and  the  less  the  minor  conjugate  angle.  "When,  however, 
the  angle  contained  by  two  straight  lines  is  spoken  of,  the 
minor  conjugate  angle  is  understood  to  be  meant. 

23.  It  will  be  apparent  from  the  preceding  that  the  sum 
of  two  conjugate  angles  is  equal  to  four  right  angles ;  and 
that  when  two  conjugate  angles  are  unequal,  the  minor 
conjugate  must  be  less  than  two  right  angles,  and  the  major 
conjugate  greater  than  two  right  angles.  When  tvv^o  con- 
jugate angles  are  equal,  each  of  them  must  be  a  straight 
angle. 

Major  conjugate  angles  are  often  called  reflex  angles,  and 
to  prevent  obtuse  angles  from  being  confounded  with  reflex 
angles,  obtuse  angles  may  now  be  defined  to  be  angles  greater 
than  one  right  angle,  and  less  than  two  right  angles. 
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PKOPOSITIOX  1.     Problem. 
To  Jincl  the  centre  of  a  given  circle. 


Let  ABC  be  the  given  circle  : 
it  is  required  to  find  its  centre. 

Draw  any  chord  AB,  and  bisect  it  at  D;  /.  10 

from  D  draw  DC  ±  AB,  /.  11 

and  let  DC,  produced  if  necessary,  meet  the  Q*'*  at  C  and  E. 
Bisect  CE  at  F.  /.  10 

F  is  the  centre  of  0  ABC. 
For  if  F  be  not  the  centre,  let  G  be  the  centre  ; 
and  join  GA,  GD,  GB. 

i  AD  =  BD  Const. 

In  As  ADG,  BDG,  '  D<^  =  DG 

I  GA  =  GB;  III.  Def.  1 

.-.    L  ADG  =  L  BDG;  /.  8 

.-.    L  ADG  is  right.  /.  Def.  10 

But  z.  ^ DC  is  right;  Const. 

.-.    L  ADG  =  L  ADC,  whicli  is  impossible; 
.".   (r  is  not  the  centre. 

Now  G  is  any  point  out  of  CE; 
.'.  the  centre  is  in  CE. 

But,  since  the  centre  is  in  CE,  it  must  be  at  F,  the  middle 
point  of  CE. 


Book  III.J  PROPOSITION    1.  163 

Cor.   1. — The  straight  line  which  bisects  any  chord  of  a 
circle  perpendicularly,  passes  through  the  centre  of  the  circle. 

Cor.  2. — Hence  a  circle  may  be  described  which  shall 
pass  through  the  three  vertices  of  a  triangle. 
A 


For  if  a  circle  could  be  described  to  pass  through  A,  B,  C, 
the  vertices  of  the  triangle  ABC,  AB  and  AC  would  be 
chords  of  this  circle  ; 

.'.  DF,    which    bisects   AB   perpendicularly,    Avould    pass 
through  the  centre.  ///.  1,  Cok  1 

Similarly  EF,  which  bisects  AC  perpendicularly,  would 
pass  through  the  centre.  ///.  1,  Cor.  1 

Hence  F  will  be  the  centre,  and  FA,  FB,  or  FC  the  radius. 

1.  Show  how,  by  twice  applying  Cor.  1,  to  find  the  centre  of  a 

given  circle. 

2.  Similarly,  show  how  to  find  the  centre  of  a  circle,  an  arc  only 

of  which  is  given. 

3.  Describe  a  circle  to  pass  through  three  given  points.     When  is 

this  impossible  ? 

4.  Describe  a  circle  to  pass  through  two  given  points,  and  have 

its  centre  in  a  given  straight  line.     When  is  this  impossible  ? 

5.  Describe   a   circle    to    pass    through    two    given    points,    and 

have  its  radius  equal  to  a  given  straight  line.     When  is  this 
impossible  ? 

6.  A  quadrilateral  has  its  vertices  situated  on  the  O"  of  a  circle. 

Prove  that  the  straight  lines  which  bisect  the  sides  perpen- 
dicularly are  concurrent. 

7.  From  a  point   outside   a  circle   two   equal   straight    lines   are 

drawn  to  the  0'^^     Prove  that  the  bisector  of  the  angle  they 
contain  passes  through  the  centre  of  the  circle. 
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8.  Show  also  that  the  same  thing  is  true  when  the  point  is  taken 

either  within  the  circle  or  on  the  O"^*. 

9.  Hence  give  another  method  of  finding  the  centre  of  a  given 

circle. 


PROPOSITION  2.     Theorem. 

If  any  tico  points  he  taken  in  the  circumference  of  a  circle, 
the  straight  line  which  joins  them  shall  fall  within  the 

circle.* 


Let  ABC  be  a  circle,  A  and  B  any  two  points  in  the  0°*  • 
it  is  required  to  j^i'ove  that  AB  shall  fall  within  the  circle. 

Find  D  the  centre  of  the  0  ABC;  III.  1 

take  any  point  E  in  AB,  and  join  DA,  DE,  DB. 

Because  DA  =  DB,  ..   i.  A  =   L  B.  /.  5 

But  ^  DEB  is  greater  than  l  A  ;  I.  16 

.'.    L  DEB  is  greater  than  i.  B ; 

DB  is  gveatev  than  DE.  /.  19 

NoAv  since  DE  drawn  from  the  centre  of  the  0  ABC  is  less 

than  a  radius,  ^must  he  within  the  circle.    ///.  Def.  1,  Cor.  1 

But  E  is  any  point  in  AB,  except  the  end  points  A  and  B; 

.".  AB  itself  is  within  the  circle. 

1.  Prove  that  a  straight  line  cannot  cut  the  0*="  of  a  circle  in  more 
than  two  points. 

*  Euclid's  proof  is  indirect.    The  one  in  the  text  is  found  in  Clavii 
Commentaria  in  Eudidis  Ekmcnta  (1612),  p.  109. 
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2.  Describe  a  circle  whose  O™  shall  iiass  through  a  given  jioint, 
whose  centre  shall  be  in  one  given  straight  line,  and  whose 
radius  shall  be  equal  to  another  given  straiglit  line.  May 
more  than  one  circle  be  so  drawn  ?  If  so,  how  many  ?  When 
will  there  be  only  one,  and  when  none  at  all  ? 


PEOPOSITIOX  3.     Theorems. 

Jf  a  straujht  line  drawn  through  the  centre  of  a  circle  bisect 
a  chord  tvhich  does  not  pass  through  the  centre,  it  shall 
cut  it  at  right  angles. 

Concerselg :  If  it  cut  it  at  right  angles,  it  shall  bisect  it. 

0 


(1)  Let  ABC  be  a  circle,  F  its  centre  ;  and  let  CE,  wliich 
passes  through  F,  bisect  the  chord  AB  which  does  not  pass 
through  F.- 
it  is  required  to  prove  CE  _L  AB. 


Join  FA,  FB. 

iAD  =  BD 
In  As  ADF,  BDF,  \dF  =  DF 
I  FA  =  FB; 
.-.   L  ADF=   L.  BDF; 
.-.  CEis  ±  AB. 

(2)  In  0  ABC  let  CE  be  _L  AB . 
it  is  required  to  prove  AD  =  BD. 


Hyp. 

III.  Def  1 

/.  8 

/.  Def  10 
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Join  FA,  FB. 
In  As  ADF,  BDF, 
.  AD  =  BD. 


_  ADF  =   L  BDF 

L  FAD  =   z.  FBD 

DF  =  DF; 


Hyp. 
I.  5 

/.  2G 

Need 


1.  In  the  figure  to  the  proposition,  C  and  E  are  on  the  0*'^ 

they  be  so  ? 

2.  The  0*=®  of  a  circle  passes  through  the  vertices  of  a  triangle. 

Prove  that  the  straight  lines  drawn  from  the  centre  of  the 
circle  perpendicular  to  the  sides  will  bisect  those  sides. 

3.  Two  concentric  circles  intercept  between  their  O  '^'^*  two  equal 

portions  of  a  straight  line  cutting  them  both. 

4.  Through  a  given  point  within  a  circle  draw  a  chord  which  shall 

be  bisected  at  that  point. 

5.  If  two  chords  in  a  circle  be  parallel,  their  middle  points  wiil  lie 

on  the  same  diameter. 

6.  Hence  give  a  method  of  finding  the  centre  of  a  given  circle. 

7.  If  the  vertex  of  an  isosceles  triangle  be  taken  as  centre,  and  a 

circle  be  described  cutting  the  base  or  the  base  produced,  the 
segments  of  the  base  intercepted  between  the  O"^*  and  the 
ends  of  the  base  will  be  equal. 

8.  If  two  circles  cut  each  other,  any  two  parallel  straight  lines 

drawn  through  the  points  of  intersection  to  the  O'^''''  will  be 
equal. 

9.  If  two  circles  cut  each   other,  any  two  straight  lines  drawn 

through  one  of  the  points  of  intersection  to  the  O"'  and 
making  equal  angles  with  the  line  of  centres  will  be  equal. 
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PROPOSITION  4.     Theorem. 

If  two  chords  of  a  circle  cut  one  another  and  do  not  both  pass 
through  the  centre,  theij  do  not  bisect  one  another. 


B^-- — -"C 

Let  ABC  be  a  circle,  AC,  BD  two  chords  which  cut 
one  another  at  E,  but  do  not  both  pass  through  the  centre  : 
it  is  required  to  prove  that  AC,  BD  do  not  bisect  one  another. 

(1)  If  one  of  them  pass  through  the  centre,  it  may  bisect 
the  other  which  does  not  pass  through  the  centre ;  but  it 
cannot  be  itself  bisected  by  that  other. 

(2)  If  neither  of  them  pass  through  the  centre,  let  AE 
=  EC,  and  BE  =  ED. 

Find  F  the  centre  of  0  ABC,  III.  1 

and  join  FE. 

Because  FE  passes  thi'ough  the  centre,  and  bisects  AC, 

.-.   i-  FEA  is  right.  ///.  3 

Because  FE  j^asses  through  tlie  centre,  and  bisects  BD, 

.-.   L  FEBh  right;  III  3 

.•.   L  FEA  =   L  FEB,  wliich  is  impossible. 

.•.  AC,  BD  do  not  bisect  one  another. 

1.  If  two  chords  of  a  circle  bisect  each  other,  what  must  both  of 

them  be  ? 

2.  No  11™  whose  diagonals  are  unequal  cau  have  its  vertices  on  the 

O''*  of  a  circle. 

3.  No  11""  except  a  rectangle  can  have  its  vertices  on  the  O"  of  a 

circle. 
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PROPOSITION  5.     Theorem. 

If  two  circles  cut  one  another,  they  cannot  have  the  same 
centre. 


Let  the  0s  ABC,  ADE  cut  one  another  at  A: 
it  is  required  to  prove  that  they  cannot  have  the  same  centre. 

If  they  can,  let  F  be  the  common  centre. 
Join  FA,  and  draw  any  other  straight  line  FCE  to  meet 
the  two  O"''- 

Then  FA  =  FC,  being  radii  of  0  ABC,         III.  Def.  1 
and         FA  =  FE,  being  radii  of  Q)  ADE ;       III.  Def.  1 

FC  =  FE,  which  is  impossible. 
.'.  0s  ABC,  ADE  cannot  have  the  same  centre. 

1.  If  two  circles  do  not  cut  one  another,  can  they  have  the  same 

centre  ? 

2.  If  two  circles  cut  one  another,  can  their  common  chord  be  a 

diameter  of  either  of  them  ?     Can  it  be  a  diameter  of  both  ? 

3.  If  the  common  chord  of  two  intersecting  circles  is  the  diameter 

of  one  of  them,  prove  that  it  is  X  the  straight  line  joining  the 
centres. 

4.  If  two    circles   cut   one   another,  the   distance  between  their 

centres  is  less  than  the  sum,  and  greater  than  the  difiference 
of  their  radii. 

5.  Prove  the  converse  of  the  preceding  deduction. 
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I6d 


PROPOSITION  6.     Theorem. 

If  two  circles  touch  one  another  internally,  they  cannot  have 
the  same  eenire. 

A 


Let  the  0s  ABC,  ADE  touch  one  another  internally  at  A  : 
it  is  required  to  jvove  that  they  cannot  have  the  same  centre. 

If  they  can,  let  F  be  the  common  centre. 
Join  FA,  and  draw  any  other  straight  line  FFC  to  meet 
the  two  O"''- 

Then  FA  =  FC,  being  radii  of  0  ABC,  III.  Def.  1 

and        FA  =  FE,  being  radii  of  0  ADE;        III.  Def.  1 

FC  =  FE,  which  is  impossible, 
.'.  0s  ABC,  ADE  cannot  haA^e  the  same  centre. 

1.  If  two  circles  touch  one  another  externally,  can  they  hare  the 

same  centre  ? 

2.  Enunciate  III.  5,  6,  and  the  preceding  deduction  in  one  state- 

ment. 

3.  If  one  circle  be  inside  another,  and  do  not  touch  it,  the  distance 

between  their  centres  is  less   than  the   difference  of  their 
radii. 

4.  If  one  circle  be  outside  another  and  do  not  touch  it,  the  distance 

between  their  centres  is  greater  than  the  sum  of  their  radii. 

5.  Prove  the  converses  of  the  two  preceding  deductions. 
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PROPOSITION  7.     Theorem. 

If  from  any  point  within  a  circle  u-hich  is  not  the  centre, 
straight  lines  he  drawn  to  the  circumference,  the  greatest 
is  that  which  jMsses  through  the  centre,  and  the  remain- 
ing 2i(i'rt  of  that  diameter  is  the  least ;  of  the  others, 
that  lohich  is  nearer  to  the  greatest  is  greater  than  the 
more  remote ;  and  from  the  given  j)oint  straight  lines 
which  are  equal  to  one  another  can  he  drawn  to  the 
circumference  only  in  jyairs,  one  on  each  side  of  the 
diameter. 


Let  ABC  be  a  circle,  and  P  any  point  within  it  which  is 
not  the  centre  ;  from  P  let  there  be  drawn  to  the  Q**  DPA, 
PB,  PC,  of  which  DPA  passes  through  tlie  centre  0  : 
it  is  required  to  2J7'Ove  (1)  that  PA  is  greater  than  PB  ; 

(2)  that  PB  is  greater  than  PC; 

(3)  that  PD  is  less  than  PC; 

(4)  that  only  one  straight  line  can  he 

drawn  from  P  to  the  Q'^  =  PC. 

Join  OB,  OC. 

(1)  Because  OB  =  OA,  being  radii  of  the  same  circle  ; 
.-.    PO  +  OB        =  PO  +  OA,  or  PA. 
But  PO  +  OB  is  greater  than  PB  ;  I.  20 

PA  is  L'reater  than  PB. 
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(PO  =  PO 

(2)  In  As  FOB,  POC,  lOB  =  OC  III.  Def.  1 

(  _  POB  is  greater  than  i.  POC; 
.'.  PB  is  greater  than  PC.  I.  24 

(3)  Because  OC  -  OP  is  less  than  PC,  1.  20,  Cor. 
and  OC  =  OD,  being  radii  of  the  same  circle ; 

..  OD  -  OP  is  less  than  PC  ; 
.-.  PD  is  less  than  PC. 

(4)  At  0  make  L  POL  =  l  POC,  I.  23 
and  join  PL. 

i         PO  =  PO 
In  As  POL,  POC, }         OL  =  00  IIL  Def.  1 

(  L  POL  =    ^  POC;  Coitd. 

.'.  PL  =  PC.  I.  4 

And  besides  PL  no  other  straight  line  can  be  dra"\vn  from 
P  to  the  O™  =  PC. 
For  if  PM  were  also  =  PC, 
then  PM  =  PL,  which  is  impossible. 

Cor. — If  from  a  point  inside  a  circle  more  than  two  equal 
straight  lines  can  be  drawn  to  the  Q)"^,  that  point  must  be 
the  centre. 

For  another  proof  of  this  Cor.,  see  III.  9. 

1.  Prove  PC  greater  than  PD,  using  I.  20  instead  of  I.  20,  Cor. 

2.  Wherever  the  point  P  be  taken,  provided  it  be  inside  the  circle 

ABC,  the  Slim  of  the  greatest  and  the  least  straight  lines 
that  can  be  drawn  from  it  to  the  O  '^^   is  constant. 

3.  Find  another  point  wliose  greatest  and  least  distances  from  the 

O™  are  respectively  =  those  of  P  from  the  O'^^     How  many 
such  points  are  there  ?     Where  do  they  lie  ? 

4.  Pi-ove,  by  considering  POA  and  POD  as  infinitely  thin  triangles, 

that  PA  is  greater  than  PB,  and  PC  greater  than  PD  by 
L24. 
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PROPOSITION  8.  Theorem. 
If  from  any  point  loithout  a  circle  strair/ht  lines  be  clrmim  to 
the  circumference,  of  those  which  fall  %qyun  the  concave  part 
of  tlie  circumference  the  greatest  is  that  which  jmsses 
through  the  centre,  and  of  the  other's  that  ivhich  is  nearer  to 
the  greatest  is  greater  than  the  more  remote:  htit  of  those 
which  fall  on  the  convex  imrt  of  the  circumference  the  least 
is  that  tchich,  when  produced,  passes  through  the  centre, 
and  of  tlie  others  that  which  is  nearer  to  tlie  least  is  less  than 
the  more  remote  ;  and  from  the  given  point  straight  lines 
which  are  equal  to  one  another  can  he  drawn  to  the  circum- 
ference only  in  pairs,  one  on  each  side  of  the  diameter, 
C 


Let  ABC  be  a  circle,  and  P  any  point  without  it ;  from 
P  let  there  be  drawn  to  the  Q'"  PDA,  PEB,  PFC,  of 
which  PDA  passes  through  the  centre  0  : 
it  is  required  to  prove  (1)  that  PA  is  greater  than  PB  ; 

(2)  that  PB  is  greater  than  PC ; 

(3)  that  PD  is  less  than  PE ; 

(4)  that  PE  is  less  than  PF; 

(5)  that  only  one  straight   line   can 
be  drawn  from  P  to  the  0°*  =  P^- 

Join  OB,  DC,  OE,  OF. 

(1)  Because  OB  =  OA,  being  radii  of  the  same  circle ; 
PO  +  OB  =  PO  +  OA,  or  PA. 
But        PO  +  OB  is  greater  than  PB ;  J.  20 

PA  is  greater  than  PB. 


PO  =  PO 
In  As  POG,  POP,  \  OG  =  OP  III.  Def.  1 
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(2)  In  As  POB,  PQC,  \oB=OC  III.  Def.  1 

(  _  P05  is  greater  than  _  POG , 
.'.  PB  is  greater  than  PC  /.  24 

(3)  Because  OP  -  OP  is  less  than  PE,  I.  20,  Cor. 
and  OE  =  OD,  being  radii  of  the  same  circle ; 

.-.  OP  -  on  is  less  than  PE ; 

.'.  PD  is  less  than  PE.     /  p^  _  px^ 

(4)  In  As  POE,  POP,  \0E  ^  OF  III.  Def.  1 

(  L  POE  is  less  than  l  POP  ; 
.-.  PE  is  less  than  PP.  I.  24 

(5)  At  0  make  l  POG  =   l.  POP,  I.  23 
and  ioin  PG. 

\ 

(  L.  POG  =   L  POP;  Cond. 

.'.  PG  =  PP.  I  4 

And  besides  PG  no  other  straight  line  can  be  drawn  from 
P  to  the  C  =  PP. 
For  if  PH  were  also  =  PF, 
then  PH  =  PG,  which  is  impossible. 

1.  Prove  PJ5^  greater  than  PD,  using  I.  20  instead  of  I.  20,  Cor. 

2.  Prove  that  PE  is  less  than  PF,  using  I.  21  instead  of  I.  24. 

3.  Wherever  the  point  P  be  taken,  provided  it  be  outside  the  circle 

ABC,  the  difference  of  the  greatest  and  the  least  straight 
lines  that  can  be  drawn  from  it  to  the  O™  is  constant. 

4.  Compare  the  enunciations  of  the  last  deduction  and  of  the  analo- 

gous one  from  III.  7,  and  state  and  prove  the  corresponding 
theorem  when  the  point  P  is  on  the  O"^  of  tha  ©  ABC. 

5.  Prove  that  AD  is  greater  than  BE,  and  BE  greater  than  CF. 

6.  If  the  straight  line  PFC  be  supposed  to  revolve  round  P  as  a 

pivot,  till   the   points   F  and    C  coincide,  what  would   the 
straight  line  PFC  become  ? 

7.  The  tangent  to  a  circle  from  any  external  point  is  less  than  any 

secant  to  the  circle  from  that   point,  and  greater  than  the 
external  segment  of  the  secant. 
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S.   Could  a  line  be  drawn  to  separate  the  concave  from  the  convex 
part  of  the  O  "  of  the  G  A  BC  viewed  from  the  point  P 1  How ': 


PEOPOSITIOX  9.     Theorem. 

If  from  a  point  loithin  a  circle  more  than  two  equal  straight 
lines  can  he  drawn  to  the  circumference,  that  jpoint  is  the 
centre* 


Let  ABC  be  a  circle,  and  let  three  equal  straight  lines 
DA,  DB,  DC  be  drawn  from  the  point  D  to  the  Q'" : 
it  is  required  to  prove  that  D  is  the  centre  of  the  circle. 

Join  AB,  BC,  and  bisect  them  at  E,  F;  L  10 

and  join  DE,  DF. 

(AE^BE  Const. 

In  As  AED,  BED,  ]  ED  =  ED 

[DA  =  DB;  Hyp. 

.'.    L  AED  =  L  BED ;  I.  8 

.-.  DEk  ±  AB; 

.-.  DE,   since   it  bisects  AB  perpendicularly,   must   pass 
through  the  centre  of  the  circle.  ///.  1,  Cor.  1 

Hence  also  DF  must  pass  through  the  centre  ; 
.'.  D,  the  only  point  common  to  DE  and  DF,  is  the  centre. 

Prove  the  proposition  by  nsing  the  eighth  deduction  from  III.  1. 

*  In  the  MSS.  of  Euclid,  two  proofs  of  this  proposition  occur,  only  the 
second  of  which  Simson  inserted  in  his  edition.  The  one  given  in  the 
text  is  the  first. 
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PROPOSITION"  10.     Theorem. 
One  circle  cannot  cut  another  at  more  than  iico  j)oints.^ 
A 


If  it  be  possible,  let  the  Q  ABC  cut  the  0  EBC  at  more 
than  two  points — namely,  at  B,  C,  D. 

Join  BC,  CD,  and  bisect  tbem  at  i^and  G  ;  /.  10 

tlirougb  F  and  G  draw  FO,  GO  ±  BC,  CD,  I.  1 1 

and  let  FO,  GO  intersect  at  0. 

Because  BC  is  a  chord  in  both  circles,  and  FO  bisects  it 
perpendicularly, 

.•.  the  centres  of  both  circles  lie  in  FO.  III.  1,  Cor.  1 

Hence  also  the  centres  of  both  circles  lie  in  GO  ; 

.'.  0  is  the  centre  of  both  circles, 
which  is  impossible,  since  they  cut  one  another.  III.  5 

.•.  one  circle  cannot  cut  another  at  more  than  two  points. 

1.  Two  circles  cannot  meet  each  other  in  more  than  two  points. 

2.  If  two  cir.  les  have  three  points  in  common,  how  must  they  be 

situated  ? 

3.  Show,  b3'  supposing  the  radius  of  one  of  the  circles  to  increase 

iudetinitely  in  length,  that  the  first  deduction  from  III.  2  is 
a  particular  case  of  this  proposition. 

*  In  the  MSS.  of  Euclid,  two  proofs  of  this  proposition  occur,  only  the 
second  of  which  Simson  inserted  in  his  edition.  The  one  given  in  the 
text  is  the  first. 
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PROPOSITION  11.     Theorem. 

If  two  circles  touch  one  another  internally  at  any  jjoint,  the 
straight  line  ivhich  johis  their  centres,  being  2^1'odnced, 
shall  2^ass  through  that  poitd. 
A 


Let  the  two  Os  ABC,  ADE,  whose  centres  are  F  and  G, 
touch  one  another  internally  at  the  point  A  : 
it  is  required  to  prove  that  FG  j^i'oduced  2Ktsses  through  A. 

If  not,  let  it  pass  otherwise,  as  FGHL. 
Join  FA,  GA. 

Because  FA  =  FL,  being  radii  of  0  ABC,      IIL  Def.  1 
and  GA  =  GH,  being  radii  of  0  ADE;  IIL  Def.  1 

.-.  FA  -  GA  =  FL  -  GH, 
=  EG  +  HL; 
.-.  FA  -  GAis  greater  than  EG  by  HL. 
But  FA  -  GA  is  less  than  EG  ;  L  20,  Cor. 

.'.  FA  —  GA  is  both  greater  and  less  than  EG,  Avhich  is 
impossible ; 
.•.  EG  produced  must  pass  through  A. 

1.  If  two  circles  touch  internally,  the  distance  between  their  centres 

is  equal  to  the  difference  of  their  radii. 

2.  Two  circles  touch  internally  at  a  point,  and  through  that  point  a 

straight  line  is  drawn  to  cut  the  O"^  of  the  two  circles.  If 
the  ])oints  of  intersection  be  joined  with  the  respective 
centres,  the  two  straight  lines  will  be  parallel. 

3.  This  proposition  is  a  particular  case  of  the  tenth  deduction  from  1. 8. 
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PROPOSITION  12.     Theorem. 

If  two  circles  touch  one  another  externally  at  any  point,  the 
straight  line  which  joins  their  centres  shall  pass  through 
that  point. 


Let  the  two  0s  ABC,  ADE,  whose  centres  are  -Fand  G, 
touch  one  another  externally  at  the  point  A  : 
it  is  required  to  prove  that  FG  p)asses  through  A. 

If  not,  let  it  pass  otherwise,  as  FLHG. 
Jem  FA,  GA. 

Because  FA  =  FL,  being  radii  of  0  ABC,      III.  Def.  1 
and  GA  =  GH,  being  radii  of  0  ADE;  III.  Def.  1 

.-.  FA  +  GA  =  FL  +  GH, 
=  FG  -  HL; 
.-.  FA  +  GA  is  less  than  FG  by  HL. 
Buti^.4  +  GA  is  greater  than  FG ;  I.  20 

.'.  FA  +  GA  is  both  less  and  greater  than  FG,  which  is 
impossible  ; 
.•.  FG  must  pass  through  A. 

1.  If  two  circles  touch   externally,  the   distance    between    their 

centres  is  equal  to  the  sum  of  their  radii. 

2.  Two  circles  touch  externally  at  a  point,  and  through  that  point 

a  straight  line  is  drawn  to  cut  the  O"^  of  the  two  circles.  If 
the  points  of  intersection  be  joined  with  the  respective 
centres,  the  two  straight  lines  will  be  parallel. 

3.  This  proposition  isaparticular  caseof  the  tenth  deduction  from  1. 8. 
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PROPOSITION  13.     THEOREii. 

Two  circles  cannot  touch  each  other  at  more  jioints  than  on«, 
whether  internally  or  externally. 


C         A 


For,  if  it  be  possible,  let  the  two  0s  ABC,  BDC  touch 
each  other  at  the  points  B  and  C. 

Join  BC,  and  draw  AD  bisecting  BC  perpen- 
dicularly. /.  10,  11 

Because  B  and  C  are  points  in  the  Q)"^^  of  both  circles, 
.".  BC  is  a  chord  of  both  circles. 

And  because  AD  bisects  BC  perpendicularly,  Const. 

.'.  AD  passes  tlirough  the  centres  of  both  circles; 

///.  1,  Cor.  1. 
.•.  AD  passes  also  through  the  points  of  contact 
BundC,  7/7.11,12 

which  is  impossible. 

Hence  the  two  ©s  ABC,  BDC  cannot  touch  each  other  at 
more  points  than  one,  whether  internally  or  externally. 

J.  If  the  distance  liehveen  the  centres  of  two  circles  be  equal  to 

the  siiin    of   their   radii,  the   two   circles   touch   each   other 

externally. 
2.  If  the  distance  between  the  centres  of  two  circles  be  equal  to 

the  difference  of  their  radii,  the  two  circles  touch  each  other 

interiinlly. 
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PEOPOSITION  14.     Theorems. 

Equal  chords  in  a  circle  are  equidistant  from  the  centre. 
Conversely :  Chords  in  a  circle  which  are  equidistant  from 
the  centre  are  equal. 


A 


(1)  Let  AB,   CD  be  equal  chords  in  the  0  ABC,  and 
EF,  EG  their  distances  from  the  centre  E  : 

it  is  required  to  prove  EF  =  EG. 

Join  EA,  EC. 

Because  EF  drawn  through  the  centre  ^  is  X  AB, 
.-.  EF  bisects  AB,  that  is,  AB  is  double  of  AF.     '    ///.  3 
Hence  also  CD  is  double  of  CG. 

Now  since     AB  =  CD,    .\     AF  =  CG,  and  AF'^  =  CG'^. 
But  because  EA  =  EC,     .-.  EA"^  =  EC  ; 
.'.  AF-  +  FE-^  =  CG"  +  GE\  I.  47 

Take  away  AF'^  and  C&^  which  are  equal ; 
.-.  FE'^  =  GE%  and  FE  =  GE. 

(2)  Let   AB,    CD   be  chords  in  the    0    ABC,    and  let 
EF,  EG,  their  distances  from  the  centre  E,  be  equal : 

it  is  required  to  prove  AB  =  CD. 

Join  EA,  EC. 

It  may  be  proved  as  before  that  AB  =  2AF,   CD  =  2  CG, 
and  that  AF'^  +  FE'^  =  CG'^  +  GEl 
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Now  FE-  =  GE\        since  FE  =  GE; 
.-.     AF-^  =  CG\  and  AF  =  CG; 

.-.   2  /tF  =  2  CG,  that  is,  AB  =  CZ). 

1.  If  a  series  of  equal  chords  be   placed  in  a  circle,  their  middle 

points  will  lie  on  the  O"^"  of  another  circle. 

2.  Two  parallel  chords  in  a  circle  whose  diameter  is  10  inches,  are 

8  inches  and  6  inches ;  find  the  distance  between  them. 
.'!.  If  two  chords  of  a  circle  intersect  each  other  and  make  equal 
angles  with  the  diameter  drawn  through  their  point  of  inter- 
section, they  are  equal. 

4.  If  two  secants  of  a  circle  intersect,  and  make  eqiial  angles  with 

the  diameter  drawn  through  their  point  of  intersection,  those 
parts  of  the  secants  intercepted  by  the  O  "^^  ai-e  equal. 

5.  If  in  a   given  circle  a  chord    of  given  length  be   placed,  the 

distance  of  the  chord  from  the  centre  will  be  fixed. 
G.  Prove  the  converse  of  the  preceding  deduction. 
7.  If  two  equal  chords  intersect  either  within  or  without  a  circle, 

the  segments  of  the  one  aie  equal  to  the  segments  of  the 

other. 


•       PROPOSITION  15.     Theorems. 

The  diameier  is  the  greatest  chord  in  a  circle;  and  of  all 
others  that  ivhich  is  nearer  to  the  centre  is  greater  than 
one  more  remote. 

Converselij :  The  greater  chord  is  nearer  to  the  centre  than 
the  less.  j^  j^ 
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Let  ABC  be  a  circle  of  whicli  AD  is  a  diameter,  and 
BC,  FG  two  other  chords  whose  distances  from  the  centre 
E  ure  EH,  EK  : 
it  is  required  to  jjrove  : 

(1)  that  AD  is  greater  than  BC  or  FG  ; 

(2)  thai,  if  EH  is  less  than  EK,  BC  must  he  greater  thaji  FG ; 

(3)  that,  if  BC  is  greater  than  FG,  EH  must  he  less  than  EK. 

(1)  Join  EB,  EC. 

Because  AE  =  BE,  and  ED  =  EC;  III.  Def.  1 

.-.  AD  =  BE  +  EC. 
But  BE  +  EC  is  greater  than  BC;  I.  20 

.'.  AD  is  greater  than  BC. 

(2)  Join  EB,  EC,  EF. 

It  may  be  proved,  as  in  the  preceding  proposition, 
that  BC  is  double  of  BH,  that  FG  is  double  of  FK, 
and  that  EH^  +  HE-  =  EK'-  +  KF^-. 
Now  EH"  is  less  than  EK'-,  since  EH  is  less  than  EK  ;  Hyp. 

.'.  HB-  is  greater  than  KF'-,  and  HB  greater  than  KF. 

.• .  twice  HB  is  greater  than  twice  KF, 
that  is,  BC  is  greater  than  FG. 

(3)  Join  EB,  EC,  EF. 

It  may  be  proved,  as  before,  that  BC=2  BH,  FG  =  2  FK, 
and  that  EH^  +  HB^  =  EK'^  +  KF\ 
Now,  since  BC  is  greater  than  FG,  Hyp- 

.'.  BH  is  greater  than  FK,  and  BH^  greater  than  FK'-. 
Hence  EH^  must  be  less  than  EK'^,  and  EH  less  than  EK 

1.  The  shortest  chord  that  can  be  drawn  through  a  given  point 
within  a  circle  is  that  which  is  perpendicular  to  the  diameter 
through  the  point. 
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2.  Of  two  chords  of  a  circle  ■which  intersect  each  other,  and  make 

unequal  angles  with  the  diameter  drawn  through  their  point 
of  intersection,  that  which  makes  the  less  angle  is  the 
greater. 

3.  If  two  secants  of  a  circle  intersect  each  other,  and  make  unequal 

angles  with  the  diameter  drawn  through  their  point  of  inter- 
section, that  part  which  is  intercepted  by  the  O"''  on  the 
secant  making  the  less  angle  is  greater  than  the  corresponding 
part  on  the  other. 

4.  Through  either  of  the  points  of  intersection  of  two  circles  draw 

the  greatest  possible  straight  line  terminated  both  ways  by 
the  O'^'^^  Draw  also  the  least  possible,  and  show  that  the 
two  are  at  right  angles  to  each  other. 


PROPOSITION  IG.     Theorem. 

The  straight  line  drawn  2>Gr2)endicular  to  a  diameter  of  a 
circle  from  either  end  of  it,  is  a  tangent  to  the  circle ; 
and  every  other  straight  line  drawn  through  the  same 
point  cuts  the  circle.''' 


*  Euclid's  proof  of  this  proposition  is  indirect.  The  one  in  the 
text  is  given  by  Orontius  Finanis  (1544),  the  second  pait,  however, 
being  somewhat  simplified. 
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Let  ABC  he  a  circle,  of  which  F  is  the  centre  and  AC  s, 
diameter;  through  C  let  there  be  drawn  DE  ±  AC,  and 
any  other  straight  line  HK  : 

it  is  required  to  prove  tluit  DE  is  a  tangent  >o  the  0  ABC, 
and  that  HK  cuts  the  circle. 

Take  any  point  G  in  DE,  and  join  FG  ; 
from  i^  draw  FL  J_  HK.  I.  12 

Because  L  FCG  is  right,  Hyp. 

.'.  FG  is  greater  than  FC,  a  radius  of  the  circle  ;  /.  19  Cor. 
.'.  the  point  G  must  be  outside  the  circle.     ///.  Def-  1,  Co?'.  2 
'Now  G  is  any  point  in  DE,  except  the  point  C; 
.".  DE  is  a  tangent  to  the  circle.  ///.  Def.  3 

Again,  because  L  FLC  is  right,  Const. 

.'.  FL  is  less  than  FC,  a  radius  of  the  circle  ;       7.  19  Cor. 
.'.  the  point  L  must  be  inside  the  circle.     ///.  Def.  I,  Cor.  2 
Now  L  is  a  point  in  HK  ; 
.•.  HK  cuts  the  circle. 

1.  Draw  a  tangent  to  a  circle  at  a  given  point  on  the  O"®. 

2.  Only  one  tangent  can  be  drawn  to  a  circle  at  a  given  point  on 

its  0''^ 

3.  Two   (or  a  series  of)   circles   touch   each   other,  externally  or 

internally,   at  the   same   point.     Prove  that  thej-  have  the 
same  tangent  at  that  point. 

4.  If  a  series  of  equal  chords  te  placed  in  a  circle,  they  will  be 

tangents  to  another  circle  concentric  ^vith  the  fonner. 

5.  A  straight  hne  will  cut,  touch,  or  lie  entirely  outside  a  circle, 

according  as  its  distance  from  tb.e  centre  is  less  than,  equal 
to,  or  greater  than  a  radius. 

6.  Draw  a  tangent  to  a  circle  which  shall  be  l!  a  given  straight 

line. 

7.  Draw  a  tangent  to  a  circle  which  shall  be  J.  a  given  straight 

line. 

8.  Draw  a  tangent  to  a  circle  which  .sliall  make  a  given  angle  with 

a  given  straight  line.     How  many  tangents  can  be  drawn  in 
each  of  the  three  cases  ? 
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PROPOSITION  17.     Problem. 
To  drato  a  tangent  to  a  circle  from  a  fjlcen  point. 

G 


Let  BDC  be  the  given  circle,  and  A  the  given  point : 
it  is  required  to  draw  a  tangeyit  to  the  O  BDC  from  A. 

Case  1. — When  the  given  point  A  is  inside  the  O  BDC^ 
the  problem  is  impossible. 

Case  2. — When  the  given  point  A  is  on  the  O"'  of  the 
0  BDC. 

Find  E  the  centre  of  the  O  BDC;  III.  1 

join  EA,  and  through  A  draw  FG  _L  EA.  7.  11 

Then  FG  is  a  tangent  to  the  0  BDC.  III.  16 

Case  3. — When   the   given  point  A  is  outside  the  0 
BDC. 

Find  E  the  centre  of  the  O  BDC ;  III.  1 

and  join  AE,  cutting  the  O''"  of  0  BDC  at  D. 
Witli  centre  E  and  radius  EA,  describe  O  AGF ; 
tiirough  D  draw  FDG  J_  AE,   and   meeting   the  O"  of 
0  AGF  at  Fd^nd.  G.  /.  11 

Join  EF,  EG,  cutting  the  O'"  of  O  BDC  at  B  and  C, 
and  join  AB^  AC.         AB  or  ^C  is  the  required  tangent. 
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(    AE  =  FE 

///.  Def.  1 

In  As  ABE,  FDE,  \    EB  =  ED 

///.  Def.  1 

(  L  E  ^    L  E; 

,'.  L.  ABE  =   u  FDE, 

/.  4 

=  a  right  angle. 

Const. 

.-.  AB  is  a  tangent  to  the  0  BDC. 

III.  16 

Hence  also,  ^C  is  a  tangent  to  the  0  BDC. 

Cor. — The  two  tangents  that  can  be  drawn  to  a  circle 
from  an  external  point  are  equal. 

By  comparing  As  ABE,  FDE  it  may  be  proved  that 
AB  =  FD;  I.  4 

and  by  comparing  As  ACE,  GDE,  it  may  be  proved  that 
AC  =  GD.  I.  4 

Now,  since  FG  is  a  chord  of  the  0  AFG,  and  ED 
drawn  through  the  centre  is  J_  FG  ;  Const. 

.-.  FD  =  GD.  III.  3 

Hence  AB  =  AC. 

1.  Prove  AB  =  AO\iy  [a)  I.  47,  (6)  I.  5,  6. 

2.  The  tangents  AB,  AC  make  equal  angles  with  the  diameter 

through  A. 

3.  Prove  i  BA  C  supplementary  to  L  BEG.     State  this  result  in 

words. 

4.  No  more  than  two  tangents  can  be  drawn  to  a  circle  from  an 

external  point. 

5.  If  a  quadrilateral  be  circumscribed  *  about  a  circle,  the  sum  of 

two  opposite  sides  is  equal  to  the  sum  of  the  other  two. 

6.  Generalise  the  preceding  deduction. 

7.  If  a  li™  be  circumscribed  about  a  circle,  it  must  be  a  rliombus. 

8.  From  a  point  outside  a  circle  two  tangents  are  drawn.     The 

straight  line  joining  the  point  with  the  centre  bisects  per- 
pendicularly the  chord  of  contact.  (In  tig.  2,  BC  is  the 
chord  of  contact.) 


*  A  figure  is  circumscribed  about  a  circle  when  its  sides  touch  the 
circle. 
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PROPOSITION  18.     Theorem. 

The  radius  of  a  circle  drcmn  to  the  jjoint  of  contact  of  a 
tangent  is  perpendicular  to  the  tangent. 
A 


C  G      E 

Let  ABC  be  a  circle  whose  centre  is  F,  and  DE  a  tangent 
to  it  at  the  point  C  : 
it  is  required  to  prove  that  the  radius  FC  is  ±  DE. 

If  not,  from  F  draw  FG  ±  DE,  and  meeting  the  O" 
at  B.  I.  12 

Because  L  FGC  is  a  right  angle,  Const. 

.-.  FG  is  less  than  FC.  I.  19  Cor. 

But  FC  =  FB;  IIL  Def  1 

.-.  FG\&  less  than  FB, 
which  is  impossiljlc ; 
.-.  i^Cmust  be  ±  DE. 

1.  Tangents  at  the  ends  of  a  diameter  of  a  circle  are  parallel 

2.  If  a  series  of  cliords  in  a  circle  be  tangents  to  another  concentric 

circle,  the  chords  are  all  equal. 

3.  If  two  ciicles  be  concentric,  and  a  chord  of  the  greater  be  a 

tangent  to  the  less,  it  is  bisected  at  the  point  of  contact. 

4.  Through  a  given  point  within  a  circle  draw  a  chord  which  shall 

be  equal  to  a  given  length.     May  the  given  point  be  outside 
the  circle  ?     \\niat  are  the  limits  to  the  given  length  ? 

5.  Deduce  this  proposition  from  I.  5,  by  supposing  the  tangent  DE 

to  be  at  first  a  secant. 
S.  Two  circles,   whose   centres  are  A    and   B,    have   a  common 
tangent  GD ;  prove  AC\\  BD. 
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PKOPOSITION"  19.     Theorem. 

The  straight  line  drawn  from  the  paint  of  contact  of  a 
tangent  to  a  circle  perpendicular  to  the  tangent  passes 
through  the  centre  of  the  circle. 
A 


Let  DE  be  a  tangent  to  the  O  ABC  at  the  point  C,  and 
let  GA  be  ±  DE  : 
it  is  required  to  prove  that  CA  p)asse$  through  the  centre. 

If  not,  let  F  be  the  centre, 
and  join  FG. 

Then  l  FGE  is  right.  ///.  is' 

But  L  ACE  is  right ;  Hyix 

,\   L.  FGE  =   L  ACE,  which  is  impossible; 
/.  CA  must  pass  through  the  centre  of  the  circle. 

1.  In  the  figure,  A  is  on  the  o  ''^.    Need  it  be  so  ? 

2.  This  proposition  is  a  particular  case  of  III.  1,  Cor.  1, 

3.  A  series  of  circles  touch  a  given  straight  line  at  a  given  point. 

Where  will  their  centres  all  lie  ? 

4.  Describe  a  circle  to  touch  two  given  straight  lines  at  two  given 

points.     When  is  this  problem  possible  ? 

5.  If  two  tangents  be  drawn  to  a  circle  from  any  point,  the  angle 

contained  by  the  tangents  is  double  the  angle  contained  by 
the  chord  of  contact  and  the  diameter  drawn  through  either 
point  of  contact. 
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PROPOSITION  20.     Theorem. 

A71  angle  at  the  centre  of  a  circle  is  double  of  an  angle  at  the 
circumference  tvhich  stands  on  the  same  arc. 


F  F 

In  the  0  ABCl^t  l  BEC  at  tlie  centre  and  l  BAC  at 
the  O"^  stand  on  the  same  arc  BC: 
it  is  required  to  prove  l  BEC  =  twice  L  BAC. 

Join  AE  and  produce  it,  to  F. 

Because  EA  =  EG,.-.    ^  EAC  =  l  EC  A;  I  5 

.-.    I.  EAC  +  L  EC  A  =  twice  l  EAC. 
But  L  EEC  =  ^  EAC  +  L.  EC  A ;  L  32 

L.  EEC  =  twice  z.  EAC. 
Similarly  l  FEB  =  twice  l  EAB. 
Hence,  in  figs.  1  and  2, 

L  EEC  -{■  L  FEB  =  twice  l  EAC  +  twice  l  EAB, 
that  is,         L  BEC  =  twice  l  BAC; 
and  in  fig.  3, 

/.  EEC  -  L  FEB  =  twice  l  EAC  -  twice  l  EAB, 
that  is,         L  BEC  =  twice  i.  BAC. 

1.  In  the  figures  to  the  proposition,  F  is  on  the  0  '^^.     Need  it  be  so  ? 

2.  The  angle  in  a  semicircle  is  a  right  angle. 

3.  B  and  C  are  two  fixed  points  in  the   O"  of  the  circle  ABO. 

Prove  that  -wherever  A  be  taken  on  the  arc  BAC,  the  magni- 
tude of  the  angle  BAC  is  constant. 
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PEOPOSITION  21.     Theorems. 

Angles  in  the  same  segment  of  a  circle  are  equal. 
Conversely:     If  five  equal  angles  stand  on  the  same  arc, 

and  the  vertex  of  one  of  them  he  on  the  conjugate  arc, 

the  vertex  of  the  other  will  also  he  on  it.^ 

A 


(1)  Let  ABD  be  a  circle,  and  ls  A  and  C  in  the  same 
segment  BCD  : 

it  is  required  to  prove  l  A  =  l  C. 

Find  F  the  centre  of  the  0  ABD,  III.  1 

and  join  BF,  DF. 

Then  L  BFD  =  twice  L  A,  III.  20 

and         /.  BFD  =  tAvice  l  C ;  III.  20 

i.A^LC. 

(2)  Let  L?>  A  and  C,  which  are  equal,  stand  on  the  same 
arc  BD,  and  let  the  vertex  A  be  on  the  conjugate  arc  BAD  : 
it  is  required  to  prove  that  the  vertex  C  will  also  be  on  it. 

If  not,  let  the  arc  BAD  cnt  BC  ov  BC  produced  at  G  ; 
join  DG. 

Then  l  A  =  l  BCD.  Ill  21 

But         L.  A  =  L  C;  Hyp. 

.-.    L  BGD  =  L  C,  which  is  impossible.  116 

Hence  C  must  be  on  the  circle  which  passes  through  B,  A,  D. 

*  The  second  part  of  this  proposition  is  not  given  by  Euclid. 


190 


EUCLIDS   ELEMENTS. 


[Book  III. 


1.  In  the  figure  to  III.  4,  if  AB,  CD  be  joined,  A  AEB  is  equi- 

cangular  to  A  DEC. 

2.  If  from  a  point  E  outside  a  circle,  two  secants  EC  A,  EBD  be 

drawn,  and  AB,  CD  be  joined,  A  AEB  is  equiangular  to 
A  DEC. 

3.  Given  three  points  on  the  o "  of  a  circle ;  find  any  number  of 

other  points  on  the  C®  without  knowing  the  centre. 

4.  Two  tangents  AB,  AC  are  drawn  to  a  circle  from  an  external 

point  A;  D  is  any  point  on  the  O"^  outside  the  A  ABC. 
Show  that  the  sum  oi  la  ABD,  ACD  is  constant. 

5.  Is  the  last  theorem  true  when  D  lies  elsewhere  on  the  O "  ? 

6.  Segments   of    two   circles   stand  upon   a   common   chord    AB. 

Through  C,  any  point  in  one  segment,  are  drawn  the  straight 
lines  AGE,  BCD  meeting  the  other  segment  in  E,  D.  Prove 
that  the  length  of  the  arc  DE  is  invariable  wherever  the  point 
C  be  taken. 


PROPOSITION  22.     Theorems. 

The  opposite  angles  of  a  quadrilateral  inscribed  in  a  circle 

are  suppilementary. 
Conversely :     If  the  opjyosite  angles  of  a  quadrilateral  he 

sujyplenientary,  a  circle  may  he  circumscribed  about  the 

quadrilateral* 

A  ^ ^A 


(1)  Let  the  quadrilateral  ABGD  be  inscribed  in  the  0  ABC: 
it  is  required  to  prove  that  l  A  ^r  i-  C  -  'i,  rt.  ls. 

Find  F  the  centre  of  the  0  ABD,  III.  i 

and  join  BF,  DF. 

*  The  second  part  of  this  proposition  is  not  given  by  Euclid,  and  he 
proves  the  first  part  by  joinuig  AC,  BD. 
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Then  l  BFD  =  twice  l  A,  III.  20 

and  the  reflex  l  BFD  =  twice  l  C;  III.  20 

.'.  the  sum  of  the  two  conjugate  l  s  BFD 

=  twice  i-  A  +  twice  L  C. 
But  the  sum  of  the  two  conjugate  :.  s  BFD 

=  4  rt.   ^  s  ;  ///.  Def.  23 

L  A  +  L  C  =  2xt.    LB. 

(2)    Let    ii  s   J.    and    C,    which   are    supplementary,    he 
opposite  angles  of  the  quadrilateral  A  BCD, 
and  the  vertex  A  be  on  an   arc  BAD  which  passes  also 
through  B  and  D  : 

it  is  required  to  j^rove  that  the  vertex  C  will  be  on  the  con- 
jugate  arc. 

If  not,  let  the  arc  conjugate  to  BAD  cut  BC  or  BC 
produced  at  G;  III.  1,  Cor.  2 

joui  DG. 

Then  l  A  is  supplementary  to  l  BGD.  III.  22 

But         L  A  is  supplementary  to  z.  C;  H[ll>- 

L  BGD  =  L  C,  which  is  impossible.  /.  16 

Hence  C  must  be  on  the  circle  which  passes  through  B,  A,  D. 

Cor. — If  one  side  of  a  quadrilateral  inscribed  in  a  circle  be 
produced,  the  exterior  angle  is  equal  to  the  remote  interior 
angle  of  the  quadrilateral. 

For  each  is  supplementary  to  the  interior  adjacent  angle. 

/.  13,  ///.  22 

• 

1.  If  a  li*"  be  inscribed  in  a  circle,  it  must  be  a  rectangle. 

2.  If,  from  a  point  E  outside  a  circle,  two  secants  EC  A,  EBD  be 

drawn,  and  AD,  BC  be  joined,  A  AED  is  equiangular  to 
A  BEC. 

3.  If  a  polygon  of  an  even  number  of  sides  (a  hexagon,  for  example) 

be  inscribed  in  a  circle,  the  sum  of  its  alternate  angles  is  half 
the  sum  of  all  its  angles. 

4.  If  an  arc  be  divided  into  any  two  parts,  the  sum  of  the  angles  in 

the  two  segments  is  constant. 
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n.  Divide  a  circle  into  two  segments,  such  that  the  angle  in  the  one 
segment  shall  be  (a)  twice,  (b)  thrice,  (c)  five  times,  (d)  seven 
times  the  angle  in  the  other  segment. 

G.  A  CB  is  a  right-angled  triangle,  right-angled  at  C,  and  0  is  the 
lioiiit  of  intersection  of  the  diagonals  of  the  square  described 
on  AB  outwardly  to  the  triangle;  prove  that  CO  bisects 
I  ACB. 

7.  \Miat  nioditication  must  be  made  on  the  last  theorem  when  the 
square  is  described  on  AB  inwardly  to  the  triangle  ? 

?.  If  two  chords  cut  off  one  pair  of  similar  segments  from  two  circles, 
the  other  pair  of  segments  they  cut  off  are  also  similar. 

9.   Given  three  points  on  the  O"^  of  a  circle  :  find  any  number  of 

other  points  on  the  O™  without  knowing  the  centre. 
10.  ABC  is  a  triangle  ;  AX,  BY,  CZ  are  the  three  perpendiculars 
from  the  vertices  on  the  opposite  sides,  intersecting  at  0. 
Prove  the  following  sets  of  four  points  concyclic  (that  is, 
situated  on  the  O-^*  of  a  circle):  A,Z,0,Y;  B,X,0,Zj 
C,  Y,  0,  X;  A,  B,  X,  Y;  B,  C,  Y,Z;  C,A,  Z, X. 


PROPOSITION  23.     Theorem. 

On  the  same  chord  and  on  the  same  side  of  it  there  cannot  he 
two  similar  segments  of  circles  not  coinciding  ivith  one 
another. 


If  it  be  possible,  on  the  same  chord  AB,  and  on  the  same 
side  of  it,  let  Uiere  be  two  similar  segments  of  Qs  ACB, 
ADB  not  coinciding  with  one  another. 

Draw  any  straight  line  ADC  cutting   the  arcs  of   the 
segments  at  D  and  C ; 
an.l  join  EC,  BD. 

iJecaiise  segment  ADB  is  similar  to  segment  ACB,     Hyp. 
.  .    ^  ADB  =  L  ACB,  III.  Def  13 

which  is  inino^siljle.  /.  16 
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Hence  two  similar  segments  on  the  same  chord  and  on 
the  same  side  of  it  must  coincide. 

1.  Of  all  the  segments  of  circles  on  the  same  side  of  the    same 

chord,  that  which  is  the  greatest  contains  the  least  angle. 
2   Prove  by  this  proposition  the  second  part  of  III.  21. 


PROPOSITION  24.     Theorem. 

Similar  segments  of  circles  on  equal  chords  are  equal. 

E  F 


T-et  AEB,  CFD  be  similar  segments  on  equal  chords  AB, 
CD: 
it  is  required  to  prove  segment  AEB  —  segment  CFD. 

If  segment  AEB  be  applied  to  segment  CFD, 
so  that  A  falls  on  C,  and  so  that  AB  falls  on  CD; 
then  B  -will  coincide  with  D,  because  AB  -  CD.  Hyp. 

Hence  the  segment  AEB  being  similar  to  the  segment  CFD, 
must  coincide  with  it ;  III.  23 

.•.  segment  AEB  =  segment  CFD. 

1.  Similar  segments  of  circles  on  equal  chords  are  parts  of  equal 

circles. 

2.  ABC,  ABC  are  two  as  ■*■ 
•    such  that  AC  =  AC. 

Prove  that  the  circle 
■which  passes  through 
A,  B,  C  is  equal  to 
the  circle  which  passes 
through'^,  B,  C. 

3.  If  A  BCD  is  a  r,  and  BE  makes  with  AB,  i  ABE  =  i  BAD, 

and   meets    DC  produced   in  E,  the  circles  described  about 
AS  BCD,  BED  will  be  equal. 
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PROPOSITION  25.     Problem. 
An  arc  of  a  circle  being  yiven,  to  complete  the  circle. 

F. 


F 

Let  ABC  be  the  given  arc  of  a  circle  : 
it  is  required  to  complete  the  circle. 

Take  any  point  B  in  the  arc,  and  join  AB,  BC. 
Bisect  AB  and  BC  at  B  and  E;  I.  10 

draw  DF and  ^irrespectively  ±  AB  and  BC,  /.  11 

and  let  them  meet  at  F. 

Because  DF  bisects  the  chord  AB  perpendicularly, 
.'.  DF  passes  through  the  centre.  ///.  1,  Cor.  1 

Hence  also,  EF  passes  througli  tlie  centre  ; 
.•.  F  is  the  centre. 

Hence,  with  F  as  centre,  and  FA,  FB,  or  FC  as  radius,  the 

circle  may  be  completed. 

1.  Prove  that  D^and  EF  must  meet. 

2.  Prove   tlie    iiroposition    with    Euclid's   construction,  which   is : 

Bisect  the  chord  AG  at  D,  draw  DB  ±  AC,  meetiuc'  the  arc 
at  B,  and  join  AB.  At  A  make  z  BAE  =  l  ABD,  and 
let  AE  meet  BD  or  BD  produced  at  E.  E  shall  be  the 
centre. 

3.  Find  a  point  equidistant  iiom  three  given  points.     Wlien  is  the 

problem  impossible  ? 

4.  The  straight  lines  bisecting  perpendicularly  the  three  sides  of  a 

triangle  are  concurrent. 

5.  Find  a  point  equidistant  from  four  given  points.     When  is  the 

problem  possible  ? 
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PROPOSITION  26.     Theorem. 

In  equal  circles,  or  in  the  same  circle,  if  two  angles,  whether 
at  the  centre  or  at  the  circumfereyice,  he  equal,  the  arcs 
on  ichich  they  stand  are  equal. 

A  D 


Let  ABC,  DEF  be  equal  circles,  and  let  ^  s  6^  and  H  at 
the  centres  be  equal,  as  also  z.  s  ^  and  D  at  the  O"^  •' 
it  is  required  to  prove  that  arc  BKC  —  arc  ELF. 

Join  BC,  EF. 

Because  Os  ABC,  DEF  are  equal,  Hyp- 

.'.  their  radii  are  equal.  ///.  Def.  1,  Cor.  4 

(    BG  =  EH 
In  As  BGC,  EIIF, }    GC  ^  HF 

{  L  G  =   I.  H ;  HyP- 

.-.  BC  =  EF.  I.  4 

But  because  l  A  =   l  D, 

.-.  segment  BAC  is  similar  to  segment  EDF ;  III.  Drf.  13 
and  they  are  on  equal  chords  BC,  EF, 
.-.  segment  BAC  =  segment  EDF.  III.  24 

Xow  Q  ABC  =  O  DEF;  Hyp. 

.".  remaining  segment  BKC  =  remaining  segment  ELF ; 
.'.  arc  BKC  =  arc  ELF. 

Cor. — In  equal  circles,  or  in  the  same  circle,  those  sectors 
are  equal  which  have  equal  angles. 
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1.  If  AB  and  CD  be  two  parallel  chords  in  a  circle  ACDB,  prove 

arc  AG  =  arc  ED,  and  arc  ^ Z)  =  arc  BC. 

2.  In  equal  circles,  or  in  the  same  circle,  if  two  angles,  whether  at 

the   centre   or  at   the    O'^"  be   unequal,  that  which  is  the 
greater  stands  on  the  greater  arc. 

3.  If  two  opposite  angles  of  a  quadrilateral  inscribed  in  a  circle  be 

equal,  the  diagonal  which  does  not  join  their  vertioes  is  a 
diameter  of  the  circle. 

4.  Any  segment  of  a  circle  containing  a  right  angle  is  a  semicircle. 

5.  Any  segment  of  a  circle  containing  an  acute  angle  is  greater 

than  a  semicircle,  and  one  containing  an  obtuse  angle  is  less 
than  a  semicircle. 

6.  If  two  angles  at  the  0"=^  of  a  circle  are  supplementary,  the  sum 

of  the  arcs  on  which  they  stand  =  the  whole  O  '^. 

7.  Prove  the  proposition  by  superposition. 

8.  If  two  chords  intersect  within  a  circle,  the  angle  they  contain  is 

equal  to  an  angle  at  the  centre  standing  on  half  the  sum  of 
the  intercepted  arcs. 

9.  If  two  chords  produced  intersect  without  a  circle,  the  angle  they 

contain  is  equal  to  an  angle  at  the  centre  standing  on  half  the 
difference  of  the  intercepted  arcs. 
10.  Show  how  to  divide  the  O  '*  of  a  circle  into  3,  4,  6,  8  equal  parts. 


PROPOSITION  27.     Theorem. 

In  equal  circles,  or  in  the  same  circle,  if  two  arcs  he  equal, 
the  angles,  whether  at  the  centre  or  at  the  circumference, 
which  stand  on  them  are  equal. 

A  D 
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Let  ABC,  DEFhe  equal  circles,  and  let  arc  BC  =  arc  EF: 
it  is  required  to  prove  that  l  BGC  =  l.  EHF,  and  z.  A 
=   L  D. 

If  L  BGC  be  not  =  l  EHF,  one  of  them  must  be  the 
greater. 

Let  L  BGC  be  the  greater,  and  make  l  BGK  =   l  EHF. 

I.  23 

Because  the  circles  are  equal,  and  l.  BGK  =   L  EHF, 
.-.  arc  BK  =  arc  EF.  III.  26 

But  arc  BC  =  arc  EF;  Hyp. 

.'.  arc  BK  =  arc  BC,  which  is  impossible. 
Hence  z.  BGC  must  be  =   ^  EHF. 

Now,  since  l  A  =  ha\i  of  l  BGC,  III.  20 

and  ^  D  =  half  of  z.  EHF,  III.  20 

,'.    L  A  =    L  D. 

Cor. — In  equal  circles,  or  in  the  same  circle,  those  sectors 
are  equal  which  have  equal  arcs. 

1.  li  AC  and  BD  be  two  equal  arcs  in  a  circle  A CDB,  prove  chord 

AB  II  chord  CD. 

2.  In  equal  circles,  or  in  the  same  circle,  if  two  arcs  be  unequal, 

that  angle,  whether  at  the  centre  or  at  the  O  "^^j  is  the  greater 
which  stands  on  the  greater  arc. 

3.  The  angle  in  a  semicircle  is  a  right  angle. 

4.  The  angle  in  a  segment  greater  than  a  semicircle  is  less  than 

a  right  angle,  and  the  angle  in  a  segment  less  than  a  semi- 
circle is  greater  than  a  right  angle. 

5.  If  the  sum  of  two  arcs  of  a  circle  be  equal  to  the  whole  O  '^^,  the 

angles  at  the  O"^*   which  stand  on  them  are  supplementary. 

6.  Prove  the  proposition  by  superposition. 

7.  Two  circles  touch  each  other  internally,  and  a  chord  of  the 

greater  circle  is  a  tangent  to  the  less.  Prove  that  the  chord 
is  divided  at  its  point  of  contact  into  segments  which  subtend 
equal  angles  at  the  point  of  contact  of  the  circles. 
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PROPOSITION  28.     Theorem. 

In  equal  circles,  or  in  the  same  circle,  if  iwo  cliords  he  equal, 
the  arcs  they  cut  off  are  eqtial,  the  major  arc  equal  to 
the  major  arc,  and  the  minor  equal  to  the  minor. 
A  D 


G  H 

Let  ABC,   DEF  be  equal  circles,  and  let  chord  BC  = 
chord  EF: 

it  is  required  to  prove  that  major  arc  BA  C  =  major  arc 
EDF,  and  minor  arc  BGC  =  minor  arc  EHF. 

Find  K  and  L  the  centres  of  the  circles,  HI.  1 

and  join  BK,  KC,  EL,  LF. 

Because  Os  ABC,  DEF  are  equal, 
.•.  their  radii  are  equal. 

(  BK  =  EL 
In  As  BKG,  ELF,  j  KC  =  LF 
(  BC  =  EF; 
.-.  L  K  =  L  L: 
.-.  arc  BGC  -  arc  EHF. 
But  O™  ABC  =  O""  DEF; 


Hijp. 
IIL  Def.  1,  Cor.  4 


Hyp. 

L  8 

///.  26 

HI.  Def.  1,  Cor.  i 


.-.  remaining  arc  BAG  =  remaining  arc  EDF. 

1.  li  AG  and  BD  be  two  equal  chords  in  a  circle  ACDB,  prove 

chord  AB  \\  chord  CD. 

2.  Hence  devise  a  method  of  drawing  through  a  given  point  a 

straight  line  parallel  to  a  given  straight  Hnc. 


PROPOSITIONS    28,   29. 
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3.  If  two  equal  circles  cut  one  another,  any  straight  line  drawn 
through  one  of  the  points  of  intersection  will  meet  the  circles 
again  in  two  points  which  are  equidistant  from  the  other 
point  of  intersection. 


PEOPOSITION  29.     Theorem. 

In  equal  circles,  or  in  Hie  same  circle,  if  two  arcs  he  eqiial, 
the  chords  u-hicli  cut  them  off  are  equal. 
A  D 


G  H 

Let  ABC,  DEF  be  equal  circles,  and  let  arc  BGC  =  arc 
EHF: 
it  is  required  to  prove  that  chord  BC  =  chord  EF. 

Find  K  and  L  the  centres  of  tlie  circles,  ///.  1 

and  join  BK,  KC,  EL,  LF. 

Because  the  circles  are  equal,  Hyp- 

.'.  their  radii  are  equal.  ///.  Def.  1,  Cor.  4 

And  because  the  circles  are  equal,  and  arc  BGC  ==  arc  EHF, 

.-.  L  K  =   L  L.  Ill  27 

(    BK  =  EL 

In  As  BKC,  ELF,  \    KG  =  LF 

i  L  K  =   L  L; 
.-.  BC  =  EF.  L  4 

1,  If  ^C7  and  BD  be  two  equal  arcs  in  a  ciiolc  -4.0 DB,  prove  chord 

AD  =  chord  BC. 

2.  Prove  the  proposition  by  superposition. 
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PROPOSITION  30.     Problem. 
To  bisect  a  given  arc. 


C  B 

Let  ADB  be  the  given  arc  : 
it  is  requiied  to  bisect  it. ' 

Draw  the  chord  AB,  and  bisect  it  at  C ; 
from  C  draw  CD  _L  AB,  and  meeting  the  arc  at  D. 
D  is  the  point  of  bisection. 


Join  AD,  BD. 
In  As  ACD,  BCD, 
'.  AD  =  BD. 


AC  =  BC 
CD  =  CD 
L  ACD  =   L  BCD; 


I.  10 
/.  11 


Coiist. 


1.4: 

But  in  the  same  circle  equal  chords  cut  off  equal  arcs,  the 
major  arc  being  =  the  major  arc,  and  tlie  minor  =  the 
minor ; 

and  AD  and  BD  are  both  minor  arcs,  since  DC  if  produced 
would  be  a  diameter ;  ///.  1 ,  Cor.  1 

.-.  arc  AD  =  arc  BD.  III.  28 

1.  If  two  circles  cut  one  another,  the  straight  line  joining  their 

centres,  being  produced,  bisects  all  the  four  arcs. 

2.  A  diameter  of  a  circle  bisects  the  arcs  cut  off  by  all  the  *chords 

to  which  it  is  perpendicular. 

3.  Bisect  the  arc  ADB  without  joining  AB. 

4.  Prove  A  DA  B  greater  than  any  other  triangle  on  the  same  base 

4./j,  and  having  its  vertex  on  the  arc  ADB. 
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PROPOSITION  31.     Theorem. 

An  angle  in  a  semicircle  is  a  right  angle ;  an  angle  in  a 
segment  greater  than  a  semicircle  is  less  than  a  right 
angle  ;  and  an  angle  in  a  segment  less  than  a  semicircle 
is  greater  than  a  right  angle. 


Let  ABC  be  a  circle,  of  which  ^  is  the  centre  and  BC 
a  diameter;  and  let  any  chord  AC  he  drawn  dividing  the 
circle  into  the  segment  ABC  which  is  greater  than  a  semi- 
circle, and  the  segment  ADC  which  is  less  than  a  semi- 
■  circle : 
it  is  required  to  jyrove 

(1)  L  in  semicircle  BAC  =  art.  l  ; 

(2)  L  in  segment  ABC  less  than  a  rt.  l; 

(3)  /.  in  segment  ADC  greater  than  a  rt.   l.  . 

Join  AB  ; 
take  any  point  D  in  arc  ADC,  and  join  AD,  CD. 

(1)  Because  an  angle  at  the  O"*  of  a  circle  is  half  of  the 
angle  at  the  centre  which  stands  on  the  same  arc  ;      ///.  20 

.-.   ^  BAC  =  half  of  the  straight  L  BEC, 

=  half  of  two  rt.  z.  s,  ///.  Def.  21 

=  a  rt.  L  . 

(2)  Because  L  BAC  +  l  B  i&  less  than  two  rt.  z.  s,  7.  17 
and  L  BAC  =  a  rt.  l  ; 

.'.  L  B  is  less  than  a  rt.  ^. 


202                           Euclid's  elements.  [Book  ill 

A^- -^   „ 


(3)  Because  ABCD  is  a  quadrilateral  inscribed  in  the  circle, 
.-.  ^  B  +   L  D  =  two  rt.  ^s.  ///.  22 

But  L  B  IB  less  than  a  rt.  l  ; 
.'.    L  D\b  greater  than  a  rt.  z. . 

1.  Circles  described  ou  the  equal  sides  of  an  isosceles  triangle  as 

diameters  intersect  at  the  middle  point  of  the  base. 

2.  Circles  described  on  any  two  sides  of  a  triangle  as  diameters 

intersect  on  the  third  side  or  the  third  side  produced. 

3.  Use  the  first  part  of  the  proposition  to  solve  I.  11,  and  I.  12. 

4.  Solve  III.  1  by  means  of  a  set  square. 

5.  Solve  III.  17,  Case  3,  by  the  following  construction  :  Join  AE, 

and  on  it  as  diameter  describe  a  circle  cutting  the  giA'en  circle 
at  B  and  C.  B  and  C  are  the  points  of  contact  of  the_ 
tangents  from  A. 

6.  If  one  circle  pass  through  the  centre  of  another,  the  angle  in  the 

exterior  segment  of  the  latter  circle  is  acute. 

7.  If  one  circle  be  described  on  the  radius  of  another  circle,  any 

chord  in  the  latter  drawn  from  the  point  in  which  the  circles 
meet  is  bisected  by  the  former. 

8.  If  two  circles  cut  one  another,  and  from  one  of  the  ])oiuts  of 

intersection  two  diameters  be  drawn,  their  extremities  and 
the  other  point  of  intersection  will  be  in  one  straight  line. 

9.  Use  the  first  part  of  the  proposition  to  find  a  square  equal 

to  the  difference  of  two  given  squares. 

10.  The  middle  point  of  the  hypotenuse  of  a  right-angled  triangle  ia 

equidistant  from  the  three  vertices. 

11.  State  and  i)rove  a  converse  of  the  preceding  deduction. 

12.  Two  circles  touch  externally  at  A  ;  B  and  C  are  points  of 

contact  of  a  common  tangent  to  the  two  circles.  Prove 
I  .B^C  right. 
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PEOPOSITION  32.     Theorem. 

If  a  straight  line  he  a  tangent  to  a  circle,  and  from  the  jwint 
of  contact  a  chord  he  clraicn,  the  angles  ichich  the  chord 
maJies  with  the  tangent  shall  he  equal  to  the  angles  in 
the  cdternate  segments  of  the  circle. 


B  F 

Let  ABC  be  a  circle,  EF  a  tangent  to  it  at  the  point  B, 
and  from  B  let  the  chord  BD  be  drawn  : 
it  is  required  to  prove  l  DBF  —  the  L  in  the  segment  BAD, 
and  L  DBF  =  the  l  in  the  segment  BCD. 

From  B  draw  BA  L  EF ;  7.  11 

take  any  point  G  in  the  arc  BD,  and  join  BC,  CD,  DA. 

Because  BA  is  drawn  JL  the  tangent  FF  from  the  point 
of  contact, 

.".  BA  passes  through  the  centre  of  the  circle; 
.*.    L  ADB,  being  in  a  semicircle,  =  a  rt.  L  ; 
.'.    L  BAD  +  L  ABD  ^  a  rt.  l  , 
=  L  ABF. 
From  these  equals  take  away  the  common  l  ABD; 
.-.    L  BAD  =  L  DBF. 

Aco.in.^  because  ABGD  is  a  quadrilateral  in  a  circle, 
.\  '^  ^A  +  LC=^2TtL.s.  in.  22 

But  ^  DBF  +  L  DBF  =  2  rt.  ^  s ;  /.  13 

L  A  +  L  C  =^  L  DBF  +  L  DBF. 

N 


///.  19 

///.  31 

/.  32 
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Now  L  A  =  L  DBF; 
.-.     :.  G  =  L  DBE. 

1.  The  cliord  whicli  joins  the  points  of  contact  of  parallel  tangents 

to  a  circle  is  a  diameter. 

2.  If  two  circles  touch  each  other  externally  or  internally,  any 

straight  line  passing  through  the  point  of  contact  cuts  oflf 
pairs  of  similar  segments. 

3.  If  two  circles  touch  each  other  externally  or  internally,  and  two 

straight  lines  be  drawn  through  the  point  of  contact,  the 
chords  joining  their  extremities  are  parallel. 

4.  If  t^^o  tangents  be  drawn  to  a  circle  from  any  point,  the  angle 

contained  by  the  tangents  is  double  the  angle  contained  by 
the  chord  of  contact,  and  the  diameter  drawn  through  either 
point  of  contact. 

5.  Enunciate  and  prove  the  converse  of  the  proposition. 

6.  A  and  B  are  two  points  on  the  O  "'^  of  a  given  circle.     With  B 

as  centre  and  BA  as  radius  describe  a  circle  cutting  the 
given  circle  at  C  and  AB  produced  at  D.  Make  arc  DE  =■ 
arc  DC,  and  join  AE.    AE  is,  a.  tangent  to  the  given  circle. 

7.  Show  that  this  proposition  is  a  particular  case  either  of  III.  21, 

ci  of  III.  22,  Cor. 


PROPOSITION  33,     Problem. 

On  a  given  straight  line  to  describe  a  segment  of  a  circle 
which  shall  contain  an  angle  equal  to  a  given  angle. 
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Let  AB  be  the  given  straight  line,  i.  C  the  given  angle  : 
it  is  required  to  describe  on  AB  a  segment  of  a  circle  ivliich 
shall  contain  an  angle  =  l  C. 

At  A  make  _  BAD  ■■=  l  G.  I.  23 

From  A  draw  AE  1.  AD ;  '  /.  11 

bisect  AB  at  F,  /.  10 

and  draw  i^6^  _L  AB.  I.  11 

Join  BG. 

[         AF  =  BF  Const. 

In  As  AFG,  BFG,  ]         FG  =  FG 

(  L  AFG  =  _  BFG; 
.'.  AG  =  BG;  :.  4 

.•.  a  circle  described  with  centre  G  and  radius  AG  will 
pass  through  B. 
Let  this  circle  be  described,  and  let  it  be  AHB. 

The  segment  AHB  is  the  required  segment. 

Because  AD  is  _L  AE,  a  diameter  of  the  O  AHB, 
.'.  AD  is  a  tangent  to  the  circle.  ///.  16 

Because  AB  is  a  chord  of  the  circle  drawn  from  the 

point  of  contact  A, 
.-.  the  angle  in  the  segment  AHB  =  l  BAD,  III.  32 

=  L  a 

1.  Show  that  the  point  G  could  be  found  equally  well  by  making 

at  B  an  angle  =  I  BAE,  instead  of  bisecting  AB  perpendicu- 
larly. 
Construct  a  triangle,  having  given  : 

2.  The  base,  the  vertical  angle,  and  one  side, 

3.  The  base,  the  vertical  angle,  and  the  altitude. 

4.  The  base,  the  vertical  angle,  and  the  perpendicular  from  one 

end  of  the  base  on  the  opposite  side. 

5.  The  base,  the  vertical  angle,  and  the  sum  of  the  sides. 

6.  The  base,  the  vertical  angle,  and  the  difference  of  the  sides. 

[Several  other  methods  of  solving  this  proposition  will  be  found  ia 
T.  S.  Davies's  edition  (12th)  of  Hutton's  Course  of  Mathemattci, 
vol.  i.  pp.  389,  390.] 
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PROPOSITION  34.     Problem. 

From  a  given  circle  to  cut  off  a  segment  which  shall  contain 
an  angle  equal  to  a  gicen  angle. 

A. 


E  B  F 

Let  ABC  be  the  given  circle,  and  L  D  the  given  angle  : 
it  is  required  to  cut  off  from  O  ABC  a  segment  which  shall 
contain  an  angle  =  l  D. 

Take  any  point  B  on  the  O",  find  at  B  draw  the 
tangent  EF.  III.  17 

At  B  make  l  FBG  ^  l  D.  /.  23 

The  segment  BAC  is  the  required  segment. 

Because  EF  is  a  tangent  to  the  circle,  and  the  chord  BC 
is  drawn  from  the  point  of  contact  B, 
.-.  the  angle  in  the  segment  BAC  ^  l  FBC,  III.  32 

=  ^  D. 

Through  a  given  point  either  within  or  without  a  given  circle, 
draw  a  straight  line  cutting  off  a  segment  coutaiuing  a  given 
angle.     Is  the  problem  always  possible? 


PROPOSITION  3.5.     Theorems. 
If  two  chords  of  a  circle  cut  one  another,  the  rectcmgle  con- 
tained by  the  segments  of  the  one  shall  he  equal  to  the 
rectangle  contained  by  the  segments  of  the  other. 
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Converselij :  If  two  sfrahjht  lines  cut  one  another  so  that  the 
rectangle  contained  by  the  segments  of  the  one  is  equal 
to  the  rectangle  contained  by  the  segments  of  the  other, 
the  four  extremities  of  the  tico  straight  lines  are 
concyclic.* 


c 

(1)  Let  AC,  BD  two  chords  of  the  circle  ABC  cut  one 
another  at  E : 

it  is  required  to  prove  AE  •  EC  =  BE  •  ED. 

Find  F  the  centre  of  the  O  ABC,  III.  1 

and  from  it  draw  FG  _L  AC,  and  FH  ±  BD.  I.  12 

Join  FB,  EC,  FE. 

Eecause  FQ  drawn  from  the  centre  is  J_  AC, 
.*.  AG  is,  bisected  at  G.  III.  3 

Because  ^C'is  divided  into  two  equal  segments  ^46^,  GC, 
and  also  internally  into  two  unec][ual  segments  AE,  EC, 
.-.     AE-EC^  GC-^         -  GE\  116 

=  {EC-  -  FG-^)  -  {FE^  -  FG-^),  I.  47,  Cor. 
EC'  -  FE\ 

Bimihvly,  BE  ■  ED  =  FB-^  -  FE\ 

But  EC'  =  FB^ ; 
.-.  FC^  -  FE'^  =  FB^  -  FE-^ ; 
AE.EC  =  BE-ED. 

(2)  Let  the  tAvo  straight  lines  AC,  BD  cut  one  another 
at  E,  so  that  AE  ■  EC  =  BE  ■  ED  : 

it  is  required  to  2'>rove  the  foiir  points  A,  B,  C,  D  concyclic. 

*  The  second  part  of  tliis  proposition  is  not  given  by  Euclid. 
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Since  a  circle    can   always  be   described    tlirough   three 
points  -which  are  not  in  the  same  straight  line, 
let  a  circle  be  described  through  A,  B,  C.         III.  1,  Cor.  2 
If  this  circle  do  not  pass  also  through  D,  let  it  cut  BD 
or  BD  produced  at  the  point  D'; 

tiien  AE  ■  EC  =  BE  ■  ED'.  III.  3.5 

But   AE-  EC  =  BE-  ED;  Hyp. 

.-.   BE-  ED'  =  BE-ED; 

ED'  =  ED,  which  is  impossible ; 

.'.  the  circle  which  passes  through  A,  B,  C  must  pass  also 
through  D. 

Cor. — If  two  chords  of  a  circle  when  produced  cut  one 
another,  the  rectnngle  contained  b^'  the  segments  of  the 
one  shall  be  equal  to  the  rectangle  contained  by  the  seg- 
ments of  the  other ;  and  conver.?ely. 

A 


Let  AC,  BD,  two  chords  of  the  O  ABC,  cut  one  another 
when  produced  at  E  : 
U  is  required  to  prove  AE  -  EC  =  BE  ■  ED. 
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Find  F  the  centre  of  the  O  ABC,  III.  1 

and  from  it  draw  FG  1.  AC,  and  FH  ±  BD.  I.  12 

Join  FB,  FC,  FE. 

Because  FG  drawn  from  the  centre  is  _L  AG, 
.'.  ACh  bisected  at  G.  III.  3 

Because  ^C  is  divided  into  two  equal  segments  AG,  GC, 
and  also  externally  into  two  unequal  segments  AE,  EC, 
.'.AE-EC^    "      GE-^         -  GC^;  11.  G 

=  (FE^-  -  FG^)  -  (FC^  -  FG%  I  47,  Cor. 
FE'2  -  FC\ 

SimilsiTly,  BE  ■  ED  =  FE-^        -  FR\ 

But  FC-  =  FB^; 
...  FE'^  -  FC-^  -  FE-^  -  FB"- ; 
AE-EC  =  BE-ED. 

The  converse  is  proved  in.  exactly  the  same  way  as  the 
converse  of  the  proposition. 

Note. — It  was  proved  in  the  proposition  that 
AE  ■  EC  =  FC"-  -  FE^. 

Now,  if  the   ©   ABC  and  the  point  E  be  fixed,  FC  and  FE  are 
constant  lengths,  and  .•.  FC-  -  FE-  is  a  constant  magnitude. 
Hence  AE  ■  EC  is  constant. 
But  A  C  is  any  chord  through  E  ; 

.'.  the  rectangles  contained  by  the  segments  of  all  the  chords  that 
can  be  drawn  through  E  are  constant ; 

or,  in  other  words,  if  a  variable  chord  pass  through  a  fixed  point 
inside  a  circle,  the  rectangle  contained  by  the  segments  which  the 
point  makes  on  it  is  constant. 

This  constant  value  may  be  called  the  internal  potency  of  the  point 
with  respect  to  the  circle. 

It  was  proved  in  the  cor.  that  AE  •  EC  =  FE^  -  FC-. 
Heuce,  as  before,  if  the  ©  ABC  and  the  point  E  be  fixed,  AE  •  EC 
is  constant ; 

that  is,  if  a  variable  chord  pass  through  a  fixed  point  outside  a 
circle,  the  rectangle  contained  by  the  segments  which  the  point 
makes  on  it  is  constant. 
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This  constant  value  may  be  called  the  external  potency  of  the 
point  with  respect  to  the  circle. 

When  the  point  is  situated  on  the  C^^  of  the  circle,  its  potency 
■with  respect  to  the  circle  is  zero. 

[The  phrase  'potency  of  a  point  with  respect  to  a  ciixle'  is  due 
to  Steiner.     See  Jacob  Steiuer's  Gesammelte  Werke,  vol.  i.  p.  22.] 

1.  If  t'.vo  circles  intersect,  and  through  any  point  in  their  common 

chord  two  other  chords  be  drawn,  one  in  each  ciixle,  their 
four  extremities  are  concyclic. 

2.  ABC  is  a  triangle,  AX,  BY,  CZ  the  perpendiculars  from  its 

vertices  on  the  opposite  sides,  intex'secting  at  0.  Prove 
AOOX  =  BOOY=CO-  OZ. 

3.  ABC  is  a  triangle,  right-angled  at  C ;  from  any  point  D  m  AB, 

or  AB  pro  luced,  a  perpendicular  to  AB  is  drawn,  meeting 
AC,  or  AC  produced,  in  E.     Prove  AB  ■  AD  =  AC  •  AE. 

4.  ABC  is  any  triangle  ;  D  and  E  are  two  points  ou  AB  and  AC, 

or  on  A B  and  A  C  produced  either  througli  the  verte.x  or  below 
the  base,  such  that  L  ADE  =  i  ACB.  Prove  AB  •  AD 
=  AC-AE. 

5.  Through  a  point  P  within  a  circle  a  chord  APB  is  drawn  such 

tliat  APPB  =  a  given  square.     I  etermine  the  stpiare. 
G.  Prove  VI.  B,  and  VI.  C. 


PROPOSITIOX  36.     Theorem. 

If  from  a  point  icitlwut  a  circle  a  secant  and  a  tangent  h", 
ck-aivn  to  the  circle,  the  rectangle  contained  hy  the 
secant  and  its  external  segment  shall  he  equal  to  the 
square  on  the  iiingent. 
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Let  ABC  be  a  circle,  and  from  the  point  E  without  it 
let  there  be  drawn  a  secant  ECA  and  a  tangent  EB  : 
it  is  required  to  prove  AE  •  EC  =  EB'-. 

Find  F  the  centre  of  the  O  ABC,  III.  1 

and  from  it  draw  FG  ^_  AC.  /.  12 

Join  FB,  FC,  FE. 

Because  FB  is  drawn  from  the  centre  of  the  circle  to  B, 
the  point  of  contact  of  the  tangent  EB, 
.-.  L  i^^£  is  right.  ///.  18 

Because  EG,  drawn  from  the  centre,  is  _L  ^C, 
.'.  ^C  is  bisected  at  G.  ILL  3 

Because  AC  '\%  divided  into  two  equal  segments  AG,  GC, 
and  also  externally  into  two  unequal  segments  AE,  EC, 
.'.     AE'  EC  =  GE'^         -  GC\  II.  6 

=  {FE^  -  FG^)  -  (FC-^  -  FG-),  I.  47,  Cor. 
FE^         -  FC\ 

FE'-         -  FB^, 

EBl  I.  47,  Cor. 

I.  Prove  tlie  proposition  when  the  secant  passes  through  the  centre 

of  the  circle.     (Euclid  gives  this  particular  case.) 
i.  If  two  circles  intersect,  their  common  chord  produced  bisects  their 
common  tangents. 

3.  If  two  circles  intersect,  the  tangents  drawn  to  them  from  any 

point  in  their  common  chord  produced  are  equal. 

4.  ABC  is  a  triangle,  AX,  BY,  CZ  the  perpendiculars  from  its 

vertices  on  the  opposite  sides.  Prove  ^C-^  7  —  AB-  AZ, 
BC-BX  =  BA'  BZ,  CA'CY^CB-  CX. 

5.  Fi'om  a  given  point  as  centre  describe  a  circle  to  cut  a  given 

straight  line  in  two  points,  so  that  the  rectangle  contained 
by  their  distances  from  a  fixed  point  in  the  straight  line  may 
be  equal  to  a  given  square. 

6.  Show,  by  revolving  the  secant  EBD  (fig.  to  III.  35,  Cor.)  round 

£,  that  this  proposition  is  a  particular  case  of  III.  35,  Cor. 
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PTJ0P08ITI0N"  37.     Theokem. 

Jf  from  a  point  wUhout  a  circle  two  straight  lines  be  drawn, 
one  of  tcliich  cuts  the  circle,  and  the  other  meets  it, 
caul  if  the  rectangle  contained  by  the  secant  and  its 
exft  nial  segment  be  equal  to  the  square  on  the  line 
which  meets  the  circle,  that  line  shcdl  be  a  tangent. 


V, 

Let  ABC  he  a  circle,  and  fiuin  the  point  E  without  it 
let  there  be  drawn  a  secant  ECA  and  a  straight  line  EB 
to  meet  the  circle ;  also,  let  AE  ■  EC  =  EB- : 
it  iti  retquired  to  prove  that  EB  is  a  tangent  to  the  O  ABC. 

Draw  EG  toiichin<f  the  circle  at  G, 
and  join  the  centre  F  to  B,  G,  and  E. 

'I  lien  L  FGE  =  a  rt.  L  . 
Now,  since  EG  is  a  tangent,  and  ECA  a  secant, 
EG^  =  AE.EC, 

=  EB'; 
EG  =.  EB. 

(  EB  =  EG 
In  As  EBF,  EGF,     HF  =  GF 
{ EF  =  EF; 
.  .  L  EBF  =  L  EGF,  1.  8 

=  a  rt.  L  ; 
.  EB  is  a  tangent  to  the  O  ABC.  HI.  16 


///. 

17 

IIL 

18 

IIL 

36 

Hyp. 
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1.  Prove  the  proposition  indirectly  by  supposing  EB  to  meet  the 

circle  again  at  D. 

2.  Piove  the  proposition  indirectly  by  drawing  the  tangent  EG  on 

the  other  side  of  EF,  and  using  I.  7. 

3.  Describe  a  circle  to  pass  through  two  given  poinls,  and  touch  a 

given  straight  line. 

4.  Describe  a  circle  to  pass  through  one  given  point,  and  touch  two 

given    straight   lines.      Show  that  to  this  and  the  previous 
problem  there  are  in  general  two  solutions. 

5.  Describe  a  circle  to  touch  two  j^^iven  straight  lines  and  a  given 

circle.     Show  that  to  this  problem  there  are  in  general  four 

solutions. 
5.  Describe  a  circle  to  pass  through  two  given  points,  and  touch  a 

given  circle.     Show  that  to  this  problem  there  are  in  general 

two  solutions. 
7.  AB  '\s  a,  stiaight  line,  C  and  D  two  points  on  the  same  side  of 

it ;  find  the  point  in  AB  at  which  the  distance  CD  subtends 

the  greatest  angle. 

[The  thinl,  fourth,  fifth,  and  sixth  deductions,  along  with  IV.  4,  5, 
«ire  cases  of  the  general  problem  of  the  Tangencies,  a  subject  on  which 
ApoUonius  of  Perga  (about  222  B.C.)  composed  a  treatise,  now  lost. 
This  problem  consists  in  describing  a  circle  to  pass  through  or  touch 
anj'  three  of  the  following  nine  data :  three  points,  three  straight 
lines,  three  circles.  It  comprises  ten  cases,  which,  denoting  a  point 
by  P,  a  straight  line  by  L,  and  a  circle  by  C,  may  be  sj-mbolised 
thus:  PPP,  PPL,  PPG,  PEL,  PLC,  PCC,  LLL,  LLC,  LCC, 
CCC.  An  excellent  historical  account  of  the  solutions  given  to 
this  problem  in  its  various  cases  will  be  found  in  an  article 
by  T.  T.  Wilkinson,  '  De  Tactionibus,'  in  the  Transactions  of 
tJie  Historic  Society  of  Lancashire  and  Cheshire  (1872).  To  the 
authorities  there  mentioned  should  be  added  Das  Problem  des 
ApoUonius,  by  C.  Helhvig  (1856)  ;  Das  Problem  des  Pappus  von  den 
Berillmingen,  by  W.  Berkhan  (1857);  'The  Tangencies  of  Circles 
and  of  Spheres,'  by  Benjamin  Alvord,  published  in  1855  in  the 
8th  vol.  of  the  Smith.-onian  Cotitributions,  and  'The  Intersection  of 
Circles  and  the  Intersection  of  Spheres,'  by  the  sama  author  in  tb.e 
American  Journal  of  Mathematics,  vol.  v.,  ];i).  25-44.] 
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APPENDIX  III. 

PiADiCAL  Axis. 
Def.  1. — The  locus  of  a  point  whose  potencies  (both  external  or 
both  internal)  with  respect  to  two  circles  are  equal,  is  called  the 
radical  axis*  of  the  two  circles. 


Proposition  1. 
The  radical  axis  of  two  circles  is  a  straight  line  perpendicular  to  tht 
line  of  centres  of  the  two  circles. 

C 


Let  A  and  B  be  the  centres  of  the  given  circles,  whose  radii  are 
a  and  b,  and  suppose  C  to  be  any  point  on  the  required  locus. 

Join  CA,  CB,  and  from  C  draw  CD  ±  AB  the  Une  of  centres. 
Since  the  potency  of  C  with  respect  to  circle  A  =  AC-  -  a-,  Def. 
and  since  the  potency  of  G  with  respect  to  circle  B  —  BC-  -  b- ;  Def, 

.-.  AC-^  -  a2      =  BC-^  -If-', 

.-.  AC^  -  BC"-  =    a2     -  62. 

But  since  the  circles  A  and  B  are  given,  their  radii  (a  and  b)  ar« 
constant ; 

.*.  the  squares  on  the  radii  [a-  and  b")  are  constant  ; 

.•.  the  difference  of  the  squares  on  the  radii  [a-  -  b")  is  constant; 

.-.  AC-  -  BC^  is  constant. 
Hence  the  locus  of  C  is  a  straight  line  l.  AB.  A  pp.  II.  5 

*  This  name,  as  well  as  that  of  '  radical  centre,'  was  introduced  by 
L.  Gaxdtier  de  Tours.  See  Journal  de  VEcole  polytechnique,  16e  cahier, 
tome  ix.  (181.3),  pp.  1.39, 143. 
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Cor.  1. — Tangents  drawn  to  the  two  circles  from  any  point  in 
their  radical  axis  are  equal. 

Cor.  2. — The  radical  axis  of  two  circles  bisects  their  common 
tangents.  Hence  may  be  derived  a  method  of  drawing  the  radical 
axis  of  two  circles. 

Cor.  3. — If  the  two  circles  are  exterior  to  each  other  and  have  no 
common  point,  the  radical  axis  is  situated  outside  both  circles. 

Cor.  4. — If  the  two  circles  touch  each  other  either  externally  or 
internally,  their  radical  axis  consists  of  the  common  tangent  at  the 
point  of  contact. 

Cor.  5. — If  the  two  circles  intersect  each  other,  their  radical  axis 
consists  of  their  common  chord  produced. 

Cor.  6. — If  one  circle  is  inside  the  other  and  does  not  touch  it, 
their  radical  axis  is  situated  outside  both  circles. 

CoR.  7. — The  radical  axis  of  two  unequal  circles  is  nearer  to  the 
centre  of  the  small  circle  than  to  the  centre  of  the  large  one,  but 
nearer  to  the  O "  of  the  large  circle  than  to  the  O  "^  of  the  small 
oae. 


Proposition  2. 
The  radical  axes  of  three  circles  taken  in  I'lairs  are  concun'enV 


Let  A,  B,  C  he  three  circles,  who.se  radii  are  a,  h,  c: 
if  is  required  to  prove  that  the  radical  axis  of  A  and  B,  that  of  B  and 
G,  and  that  of  C  and  A  all  meet  at  one  point. 

*  This  theorem,  in  one  of  its  cases,  is  attributed  to  Monge  (1746-1818), 
in  Poncelet's  Proprietes  Projectices  des  Figures,  §  71. 
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Suppose  the  centres  of  the  three  circles  not  to  be  in  the  same 
straight  line. 

Then  DE,  the  radical  axis  of  B  and  C,  and  DF,  the  radical  axis  of 
C  and  A,  will  meet  at  some  i)oint  D  ; 

for  they  are  respectively  ±  BC  and  CA,  and  BC  and  CA  aare  not  in 
the  same  straight  line. 

Since  Z>  is  a  point  on  the  radical  axis  of  B  and  C ; 

.-.  BD^  -  62  =  CD^  -  C-. 
Since  Z)  is  a  point  on  the  radical  axis  of  C  and  A  ; 

,-,   CD^  -  c^  =  AD'  -  a~; 

.-.  AD^  -  a^  =  BD'  -  62; 

.•.  Z>  is  a  point  on  the  radical  axis  of  A  and  B, 
that  is,  the  radical  axis  of  A  and  B  passes  through  D. 

Def.  2. — The  point  of  concourse  of  the  radical  axes  of  three  circles 
taken  in  pairs,  is  called  the  radical  centre  of  the  three  circles. 

Cor.  1. — When  the  three  circles  all  cut  one  another,  the  radical 
centre  lies  either  within  or  without  all  the  three  circles. 

Cor.  2. — When  the  centres  of  the  three  circles  are  in  one  straight 
line,  the  radical  axes  are  all  parallel,  and  the  radical  centre  therefore 
is  infinitely  distant. 

CoR.  3. — When  the  three  circles  all  touch  one  another  at  the 
same  point,  the  common  tangent  at  that  i)oint  is  tlie  radical  axis 
of  all  three,  and  the  radical  centre  therefore  is  indeterminate — that 
is,  any  point  on  the  common  radical  axis  will  be  a  radical  centre. 

OOR.  4. — In  all  other  cases  the  radical  centre  is  outside  the  three 

Cor.  5. — If  from  the  radical  centre  tangents  be  drawn  to  the 
three  circles,  their  jjoints  of  contact  will  be  concyclio. 
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CoK.  G. — If  there  be  several  points  from  which  equal  tangents  can 
be  drawn  to  three  circles,  these  three  circles  must  have  the  same 
radical  axis,  and  the  several  points  must  be  situated  on  it. 

CoE.  7. — The  orthocentre  of  a  triangle  is  the  radical  centre  of  the 
circles  whose  diameters  are  the  sides  of  the  triangle,  and  also  the 
radical  centre  of  the  circles  whose  diameters  are  the  segments  of  the 
perpendiculars  between  the  orthocentre  and  the  vertices. 


Proposition  3. 
To  find  the  radical  axis  of  two  circles  which  have  no  common  point. 


Let  A  and  B  be  the  two  circles. 

Describe  any  third  circle  G  so  as  to  cut  the  circles  A  and  B. 
Draw  FH  the  common  chord  of  A  and  C,  and  EK  the  common 
cnord  of  B  and  C,  and  let  them  meet  at  D. 
From  D  draw  DG  X.  AB. 

Then  FD  is  the  radical  axis  of  A  and  C,  and  ED  the  radical  axis 

of  5  and  C;  App.  III.  1,  Cor.  5 

.'.  D  is  the  radical  centre  of  A,  B,  and  C ;  Apjx  III.  2 

.•.  Z>  is  a  point  on  the  radical  axis  of  A  and  B ; 

,'.  DG  is  the  radical  axis  of  A  and  B.  Ap>p.  III.  1 

Cor.  1. — The  radical  axis  of  A  and  B  may  also  be  obtained  thus  : ' 
After  finding  D,  draw  a  fourth  circle  to  intersect  A   and  B.     A 
second  pair  of  common  chords  will  thus  be  obtained  whose  intersec- 
tion will  determine  another  point  on  the  radical  axis  of  A  and  B. 
Join  D  with  this  other  point. 
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Cor.  2. — The  radical  centre  of  three  circles  which  have  no  common 
point  may  be  found  by  describing  two  circles  each  of  which  shall  cut 
all  the  three  given  circles. 


DEDUCTION'S. 

1.  Find  a  point  inside  a  triangle  at  which  the  three  sides  shall 

subtend  equal  angles.     Is  this  always  possible  ? 

2.  Given  two  intersecting  circles,  to  draw,  through  one  of  tlie  jioints 

of  intersection,  a  straight  line  terminated  by  the  circles,  and 
such  that  (a)  the  sum,  {b)  the  difiference,  of  the  two  chords 
may  =  a  given  length. 

3.  Of  all  the  straight  lines  which  can  be  drawn  from  two  given 

points  to  meet  on  the  convex  0*="  of  a  circle,  the  sum  of 
those  two  will  be  the  least,  which  make  equal  angles  with 
the  tangent  at  the  point  of  concourse. 

4.  With  the  extremities  of  the  diameter  of  a  semicircle  as  centres, 

any  two  other  semicircles  are  drawn  touching  each  other 
externally,  and  a  straight  line  is  drawn  to  touch  them  both. 
Prove  that  this  straight  line  will  also  touch  the  original 
semicircle. 

5.  Find  a  point  in  the  diameter  produced  of  a  given  circle,  such 

that  a  tangent  drawn  from  it  to  the  circle  shall  be  of  given 
length. 

6.  ^J5C  is  a  triangle  having  z  BAC  acute;   prove  BC- less  than 

AR-  +  AC"  by  twice  the  square  on  the  tangent  drawn  from 
A  to  the  circle  of  which  BC  is  a  diameter. 

7.  ABC  is  a  triangle,  .4 A',  BY,  CZ,  the  perpendiculars  from  its 

vertices  on  the  opjiosite  sides.  Prove  that  these  perpendiculars 
bisect  the  angles  of  A  X  YZ,  and  that  us  AYZ,  XBZ,  X  YG, 
ABC  are  mutually  equiangular. 

8.  If  the  perpendiculars  of  a  triangle  be  produced  to  meet  the  circle 

circumscribed  about  the  triangle,  the  segments  of  these 
jierpendiculars  between  the  orthoccntre  and  the  O"®  are 
bisected  by  the  sides  of  the  triangle. 

9.  If  0  be  the  orthocentre  of  A  ABC,  the  circles  circumscribed 

about  AsABCAOB,  BOC,  CO  A  are  equal. 
10.  If  D,  E,  F  be  situated  respectively  on  BC,  CA,  AB,  the  sides 
of  A  ABC,  the    O*^'^  of  the  circles  circumscribed  about  the 
three    As  AEF,  BFD,   CDE  will  pass  through  the   same 
point. 
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1 1.  K  on  the  three  sides  of  any  triangle  equilateral  triangles  be 

described  outwardly,  the  straight  lines  joining  the  circum- 
scribed centres  of  these  triangles  will  form  an  equilateral 
triangle. 

Construct  a  triangle,  having  given  the  base,  the  vertical  angle,  and 

12.  The  perpendicular  from  the  vertex  to  the  base. 

13.  The  median  to  the  base. 

14.  The  projection  of  the  vertex  on  the  base. 

15.  The  point  where  the  bisector  of  the  vertical  angle  meets  ihe  base. 

16.  The  sum  or  difference  of  the  other  sides. 

17.  Construct  a  triangle,  having  given  its  orthocentric  triangle. 

18.  Draw  all  the  common  tangents  to  two  circles.      Examine  the 

various  cases.  (One  pair  are  called  direct,  the  other  pair 
transverse,  common  tangents.) 

19.  Of  the  chords  drawn  from  any  point  on  the  O  "^*  of  a  circle  to  the 

vertices  of  an  equilateral  triangle  inscribed  in  the  circle,  the 
greatest  =  the  sum  of  the  other  two. 

20.  If  two  chords  in  a  circle  intersect  each  other  perpendicularly, 

the  sum  of  the  squares  on  their  four  segments  =  the  square 
on  the  diameter.  (This  is  the  11th  of  the  Lemmas  ascribed 
to  Archimedes,  287-212  B.a) 

21.  A  quadrilateral  is  inscribed  in  a  circle,  and  its  sides  form  chords 

of  four  other  circles.  Prove  that  the  second  points  of  inter- 
section of  these  foiu:  circles  are  concyclic. 

22.  If  four  circles  be  described,  either  all  inside  or  all  outside  of 

any  quadrilateral,  each  of  them  touching  three  of  the  sides  or 
the  sides  produced,  their  centres  will  be  concyclic. 

23.  The  opposite  sides  of  a  quadrilateral  inscribed  in  a  circle  are 

produced  to  meet.  Prove  that  the  bisectors  of  the  two 
angles  thus  formed  are  ±  each  other. 

24.  If  the  opposite  sides  of  a  quadrilateral  inscribed  in  a  circle  be 

produced  to  meet,  the  square  on  the  straight  line  joining  the 
points  of  concourse  =  the  sum  of  the  squares  on  the  two 
tangents  from  these  points.     (A  converse  of  this  is  given  in 
Matthew  Stewart's  Propositiones  Geometricae,  1763,  Book  i., 
Prop.  39.) 
25.  If  a  circle  be  circumscribed  about  a  triangle,  and  from  the  ends 
of  the  diameter  JL  the  base,  perpendiculars  be  drawn  to  the 
other  two  sides,  these  perpendiculars  will  intercept  on  the 
sides  segments  =  half  the  sum  or  half  the  difference  of  the  sides. 
O 
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26.  In  the  figure  to  the  preceeling   deduction,  find  all  the  angles 

which  are  =  half  the  sum  or  half  the  difference  of  the  base 
angles  of  the  triangle. 

27.  If  from  any  point  in  the  O  "^^  of  the  circle  circumscribed  aboitt  a 

triangle,  perpendiculars  be  drawn  to  the  sides  of  the  triangle, 
the  feet  of  these  perpendiculars  are  coUinear.  (This  theorem 
is  frequently  attributed  to  Robert  Simson,  16S7-1768.  I 
have  not  been  able  to  find  it  in  his  works.) 

28.  If  from  any  point  in  the  O  '^®  of  the  circle  circumscrilied  about  a 

triangle,  straight  lines  be  drawn,  making  with  the  sides,  in 
cyclical  order,  equal  angles,  the  feet  of  these  straight  lines 
are  collinear. 

29.  If  P  be  any  point  in  the  C"  of  the  circle  circumscribed  about 

A  ABC,  X,  Y,  Z,  its  projections  on  the  sides  BC,  CA,  AB, 
the  circle  which  passes  through  the  centres  of  the  circles 
circumscribed  about  As  AZY,  BXZ,  CYX  is  constant  in 
tnagnitude. 

30.  If  a  straight  line  cut  the  three  sides  of  a  triangle,  and  circles  be 

circumscribed  aljout  the  new  triangles  thus  formed,  these 
circles  will  all  pass  through  one  point ;  and  this  point  will  be 
concyclic  with  the  vertices  of  the  original  triangle.  (Steiner'a 
GesammeUa  Werke,  vol.  i.  p.  223.) 

31.  If  any  number   of  circles   intersect   a   given    circle,  and   pass 

through  two  given  points,  the  straight  lines  joining  the  inter- 
sections of  each  circle  with  the  given  one  will  aU  meet  in  the 
same  point. 

32.  A  series  of  circles  touch  a  fixed  straight  line  at  a  fixed  point ; 

show  that  the  tangents  at  the  points  where  they  cut  a  parallel 
fixed  straight  line  all  touch  a  fixed  circle. 

33.  A  BCD  is  a  quadrilateral  having  AB  —  AD,  and   l  C  =  L  B 

+  L  D;  prove  AC  =  AB  or  AD. 

34.  From  C  two  tangents  CD,  CE  are  drawn  to  a  semicircle  whose 

diameter  '\%  AB ;  the  chords  AE,  BD  intersect  at  F.  Prove 
that  C/^  produced  is  X.  AB.  (This  is  the  12th  of  the  Lemmas 
ascribed  to  Archimedes,  and  the  preceding  deduction  is 
assumed  in  the  jiroof  of  it.) 

35.  On  the  same  supposition,  prove  that  if   the  chords  AD,  BE 

intersect  at  F',  F'C  jiroduced  \s  X  AB. 

36.  A  series  of  circles  intersect  each  other,  and  are  such  that  the 

tangents  to  them  from  a  fixed  point  are  equal ;  prove  that  the 
liommon  chords  of  each  pair  jiass  through  this  point. 
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37.  Find  a  point  in  the  O"^®  of  a  given  circle,  the  sum  of  whose 
distances  from  two  given  straight  lines  at  right  angles  to  eacli 
other,  which  do  not  cut  the  circle,  is  the  greatest,  or  the 
least  possible. 

3S.  From  a  given  point  in  the  O*^®  of  a  circle  draw  a  chord  which 
shall  be  bisected  by  a  given  chord  in  the  circle. 

39.  From  a  point  P  outside  a  circle  two  secants  PAB,  P DC  axe 
drawn  to  the  circle  ABCD;  AC,  ED  are  joined  and  intersect 
at  0.  Prove  that  0  lies  on  the  chord  of  contact  of  the 
tangents  drawn  from  P  to  the  circle.  (See  Poudra's  G^tUTes 
cle  Lesargues,  tome  !.,  pp.  1S9-192,  273,  274.) 

4.0.  Hence  devise  a  method  of  drawing  tangents  to  a  circle  from  an 
external  point  by  means  of  a  ruler  onlJ^ 

Loci. 

Find  the  locus  of  the  centres  of  the  circles  which  touch 

1.  A  given  straight  line  at  a  given  point. 

2.  A  given  circle  at  a  given  point. 

3.  A  given  straight  line,  and  have  a  given  radius. 

4.  A  given  circle,  and  have  a  given  radius. 

5.  Two  given  straight  lines. 

6.  Two  given  equal  cu'cles. 

7.  A  series  of  parallel  chords  are  placed  in  a  circle  ;   find  the  Iocs 

of  their  middle  points. 

8.  A  series  of  equal  chords  are  placed  in  a  circle ;  find  the  locus  of 

their  middle  points. 

9.  A  series  of   right-angled  triangles  are  described  on  the  .^ame 

hypotenuse  ;  find  the  locus  of  the  vertices  of  the, right  angles. 

1 0.  A  variable  chord  of  a  given  circle  passes  through  a  fixed  point ; 

find  the  locus  of  the  middle  point  of  the  chord.  Examine  the 
cases  when  the  fixed  point  is  inside  the  circle,  outside  the 
circle,  and  on  the  o  "^^ 

1 1.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base,  and  their  vertical  angles  equal  to  a  given  angle. 

12.  Of  the  A  ABC,  the  base  BC  is  given,  and  the  vertical  angle  A; 

find  the  locus  of  the  point  D,  such  that  BD  =  the  sum  of  the 
sides  BA,  AC. 

1 3.  Of  the  A  A  BC,  the  base  BC  is  given,  and  the  vertical  angle  A  ; 

find  the  locus  of  the  point  D,  suck  that  BD  =  the  difference 
of  the  sides  BA,  AC. 
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14.  ^Z?  is  a  fixed  chord  in  a  given  circle,  and  from  any  point  C  in 

t'le  arc  ACB,  a  perpendicular  CD  is  drawn  to  AB.  With  C 
aa  centre  and  CD  as  radius  a  circle  is  described,  and  from  A 
and  B  tangents  are  drawn  to  this  circle  which  meet  at  P ; 
fiud  the  locus  of  P. 

15.  A  quadrilateral  inscribed  in  a  circle  has  one  side  fixed,  and  the 

opposite  side  constant  ;  fiud  the  locus  of  the  intersection  of 
the  other  two  sides,  and  of  the  intersection  of  the  diagonals. 

16.  Two  circles  touch  a  given  straight  line  at  two  given  points,  and 

also  touch  one  another ;  find  the  locus  of  their  point  of 
contact. 

17.  Find  the  locus  of  the  points  from  which  tangents  drawn  to  a 

given  circle  may  be  perpendicular  to  each  other. 
J  8.  Find  the  locus  of  the  points  from  which  tangents  drawn  to  a 

given  circle  may  contain  a  given  angle. 
.19.  Find  the  locus  of  the  points  from  which  tangents  drawn  to  a 

given  circle  may  be  of  a  given  length. 

20.  From  any  point  on  the  o  ''^  of  a  given  circle,  secants  are  drawn 

such  that  the  rectangle  contained  by  each  secant  and  its 
exterior  segment  is  constant ;  find  the  locus  of  the  ends  of  the 
secants. 

21.  .4  is  a  given  point  and  BC  a  given  straight  line  ;  any  point  P 

is  taken  on  BC,  and  AP  is  joined.  Find  the  locus  of  a  point 
Q  taken  on  ^P  such  that  AP  •  AQ  is  constant. 

22.  The  hypotenuse  of  a  right-angled  triangle  is  given  ;  find  the  loci 

of  the  corners  of  the  squares  described  outwardly  on  the  sides 
of  the  triangle. 

23.  A  variable  chord  of  a  given  circle  passes  through  a  fixed  point, 

and  tangents  to  the  circle  are  drawn  at  its  extremities;  prove 
that  the  locus  of  the  intersection  of  the  tangents  is  a  straight 
line.  (Thi3  straight  line  is  called  the  polar  oi  the  given  fixed 
point,  and  the  given  fixed  point  is  called  the  pole,  with  refer- 
ence to  the  given  circle.  See  the  reference  to  Desargues  on 
p.  221.) 

24.  Examine  the  case  when  the  fixed  point  is  outside  the  circle. 


